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Preface

Professor Masatoshi Fukushima is one of the most influential probabilists of our times.
His fundamental work on Dirichlet forms and Markov processes made Hilbert space
methods a tool in stochastic analysis and by this he opened the way to several new
developments. His impact on a new generation of probabilists in his native country as
well as in many other countries can hardly be overstated.

In publishing a selection of his seminal papers we aim to serve the community, and
at the same time we want to express our appreciation of a highly respected, humane
scholar.

All owners of copyrights of papers being included in the Selecta (see the list at
the end of this volume) followed the old and good tradition to grant permission for a
reproduction in a Selecta without any charge. Unfortunately this is no longer a policy
adopted by all publishers. Therefore we are especially grateful to those who by their
generosity continue to support the mathematical community in keeping the tradition
of publishing selected or collected works alive.

The editors’ thanks go to all who supported us in our enterprise, in particular we
want to mention Professor T. Uemura (Kansai University), Dr. K. P. Evans (Swansea
University) as well as S. Albroscheit and Dr. R. Plato (Walter de Gruyter).

Swansea, Kumanoto and Sendai
Fall 2009 Niels Jacob

Yōichi Ōshima
Masayoshi Takeda
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Professor Masatoshi Fukushima – Scholar and Mentor

Let me start with some remarks on the scientific achievement of Professor Fukushima.
First investigations of Professor Fukushima were related to diffusions under boundary
conditions and this led him to consider related Hilbert spaces. From here the road was
open to Dirichlet forms, Beurling’s and Deny’s axiomatisation of the notion of energy
in potential theory. The breakthrough was the 1971 paper in the Transactions of the
American Mathematical Society where a Hunt process was constructed associated to
a given regular Dirichlet form. This result was immediately recognised by experts
as an outstanding one, already 1978 Professor Fukushima was an invited speaker in
the session on Probability Theory in the ICM in Helsinki. Adding to this I would
like to mention two other honours Professor Fukushima received: The Analysis Prize
from the Japanese Mathematical Society and being an Invited Lecturer of the London
Mathematical Society.

The 1971 paper and the book “Dirichlet forms and Markov Processes” published in
1980 in English changed the landscape of modern probability theory. Of course there
are many other contributions of Professor Fukushima’s worth mentioning:

exceptional sets and refinements

plurisubharmonic functions (especially the Acta Mathematica Paper with M. Okada)

stochastic analysis on fractals

boundary behaviour and traces of Markov processes

and many more. Of particular importance was and is the influence of his work to
mathematical physics. The construction of diffusion processes on infinite dimensional
state spaces highly depend on his seminal contribution. The impact of the “new” book
“Dirichlet Forms and Symmetric Markov Processes” written jointly with Y. Oshima
and M. Takeda can hardly be overstated.

In 1990 when participating in a conference organised by Professor Kunita in Nago-
ya, I once had a coffee with Professor Shinzo Watanabe. In our discussion Professor
Watanabe stated that for him in the 1970’s there had been two major breakthroughs
in probability theory: Malliavin calculus and Fukushima’s theory of Hunt processes

This is a slightly modified version of a banquet speech given during a meeting to celebrate Professor
Fukushima’s 70th birthday.
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Professor Masatoshi Fukushima – Scholar and Mentor

associated with Dirichlet forms – Professor Watanabe is a very modest person – he
should have added his own contributions too. However there is no doubt, Professor
Fukushima’s work is of lasting impact.

Mathematics is an international subject and Professor Fukushima was and is acting
on the international stage. This is natural to all the outstanding Japanese probabilists
raised in Professor K. Itô’s school. Professor Fukushima’s work on the 1971 paper
was partly done when being in the U.S.A. with the late Professor Doob. Here he
also established contacts to Martin Silverstein and he, Professor Fukushima, always
emphasised Professor Silverstein’s contributions to our subject. Professor Fukushima
was very engaged in the series of Japanese-Russian seminars on probability theory
and a frequent visitor to European countries. In addition he was a great help and
supporter of many young non-Japanese mathematicians, Y. Lejan, J. Kim, Z.-M. Ma,
Z.-Q. Chen, J. Ying, . . . , and of course I have to mention myself.

Being a world-open mathematician, a scholar who has visited (partly for longer
periods) many countries is one aspect of Professor Fukushima. There is another one:
As many cosmopolitans he is deeply rooted in his own culture, i.e. in the traditional
Japanese culture. This makes any encounter with him also an encounter with Japan.
Through him I myself as well as quite a few of my students and colleagues learnt to
appreciate Japan’s great culture.

Professor Fukushima belongs to the generation whose childhood was in war-time
– I recommend everyone to read Kappa Senoh’s “A Boy Called H” to get a feeling
of what this meant to his generation. He as many other Japanese scientists, writers
and artists of his generation took on the difficult task to assure his country a respected
place in the modern post-war world – and they were rather successful.

A final more personal word. Due to his relations to the late Professor Heinz Bauer
we met first in Erlangen. I am very happy that I could build on Professor Bauer’s
contacts and could even extend them. This refers to the Oberwolfach meetings on
Dirichlet forms or a German-Japanese exchange programme supported by DFG and
JSPS. Moreover I am grateful that several of my own (former) PhD students could not
only visit Japan but could start to build up their own contacts bringing the collabora-
tion to the next generation.

You, Professor Fukushima, have made lasting contributions to Mathematics and
you have been over the years of great support to many of us. For this we are grateful
and we are looking forward to many further years to come with your company.

Niels Jacob
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Probab. Theory Relat. Fields 106, 521–557 (1996)

c Springer-Verlag 1996

Construction and decomposition of reflecting
diffusions on Lipschitz domains with Hölder cusps

Masatoshi Fukushima1, Matsuyo Tomisaki2

1 Department of Mathematical Science, Faculty of Engineering Science, Osaka University, Toyonaka,
Osaka, Japan
(e-mail: fuku@sigmath.es.osaka-u.ac.jp)
2 Department of Mathematics, Faculty of Education, Yamaguchi University, Yamaguchi, Japan
(e-mail: tomisaki@po.yb.cc. yamaguchi-u.ac.jp)

Received: 4 October 1995

Summary. We consider a d -dimensional Euclidean domain D whose boundary
is Lipschitz continuous but admits locally finite number of outward or inward
Hölder cusp points. Using a method of Stampacchia and Moser for PDE, we
first construct a conservative diffusion process on the Euclidean closure of D
possessing a strong Feller resolvent and associated with a second order uniformly
elliptic differential operator of divergence form with measurable coefficients aij .
The sample path of the constructed diffusion can be uniquely decomposed as
a sum of a martingale additive functional and an additive functional locally of
zero energy. The second additive functional will be proved to be of bounded
variation with a Skorohod type expression whenever aij is weakly differentiable
and the Hölder exponent at each outward cusp boundary point is greater than
1 2 regardless the dimension d .

Mathematics Subject Classification (1991): 60J60, 60J55, 35J25, 31C25

1 Introduction

Let D be a domain in the d -dimensional Euclidean space Rd and D = D D
Rd be its closure. The d -dimensional Lebesgue measure is denoted by m = m(dx )
or simply by dx . Given measurable functions aij (x ) 1 i j d on D such
that

aij = aji
1 2

1 i j d

aij (x ) i j
2 x D Rd (1.1)

for some constant 1, we consider a Dirichlet form on L2(D) = L2(D ;m)
defined by



375

522 M. Fukushima, M. Tomisaki

[ ] = H 1(D) (u ) =
D 1 i j d

aij (x ) i u(x ) j (x )dx u H 1(D)

(1.2)
where H 1(D) = u L2(D) : i u L2(D) 1 i d the Sobolev space
of order 1. Let Tt t 0 be the strongly continuous semigroup of Markovian
symmetric operators on L2(D) associated with the Dirichlet form .

We denote by C0(D) [resp. B0(D)] the space of continuous functions [resp.
bounded measurable functions] on D with compact support [resp. vanishing out-
side a bounded set]. We further denote by C (D) [resp. C0(D)] the space of
bounded continuous functions on D [resp. the restrictions to D of functions in
C0(Rd )]. Suppose that the Dirichlet form is regular on L2(D) rather than on
L2(D) in the sense that H 1(D) C0(D) is dense in the space H 1(D). This is
the case for instance when the domain D is of class C in the sense that D is
locally expressible as a graph of a continuous function of d 1 variables ([16]).
According to general theorems ([13]), there exists then a conservative diffusion
process M = (Xt Px ) on D associated with the Dirichlet form in the sense
that the transition probability pt (x E ) = Px (Xt E ) of M satisfies that

pt f is a version of Tt f for any f B0(D) (1.3)

However we are now concerned with a highly non-trivial problem of constructing
the process M on D with a strong Feller resolvent:

G (B0(D)) C (D) (1.4)

which particularly implies the absolute continuity of the transition probability:

pt (x ) m for any t 0 and x D (1.5)

If both the conditions (1.3) and (1.5) are fulfilled, then we can invoke a
general decomposition theorem in [13] of additive functionals (AFʼs in abbrevi-
ation) in the strict sense to conclude that the sample path Xt = (X 1t X d

t ) of
M admits the unique decomposition

X i
t X i

0 = M
i
t + N

i
t 1 i d Px a s for any x D (1.6)

where M i
t are martingale additive functionals (MAFʼs in abbreviation) in the

strict sense with covariations

M i M j
t = 2

t

0
aij (Xs )ds 1 i j d Px a s for any x D (1.7)

and N i
t are continuous additive functionals (CAFʼs in abbreviation) in the strict

sense locally of zero energy. N i
t are not necessarily of bounded variation (on

each finite time interval) but locally of zero quadratic variation in a certain sense
([13]).

Natural questions arise:
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(I) Under what condition on the domain D , there exists a conservative diffusion
process M = (Xt Px ) on D satisfying (1.3) and (1.5) ?

(II) Under what additional conditions on the domain D and coefficients aij , the
second terms N i

t of X
i
t are of bounded variation Px a.s. for any x D ?

When D is a general bounded Lipschitz domain and aij = 1
2 ij 1 i j d ,

Bass and Hsu gave affirmative answer to the both questions (I) and (II) in [2]
and [3] respectively. Actually [2] and its refinement [13; Example 5.2.2] gave an
explicit expression of N i

t as

N i
t =

1
2

t

0
ni (Xs )dLs 1 i d Px a s for any x D (1.8)

where n = (n1 nd ) is the inward unit normal vector at the boundary D
and Lt is a positive continuous additive functional (a PCAF in abbreviation)
in the strict sense associated with the surface measure on D ; the local time
of Xt on the boundary. In this case, the diffusion M is called the (normally)
reflecting Brownian motion on D and the decomposition (1.6) with (1.8) is called
its Skorohod representation. The first process (M 1

t M d
t ) appearing in (1.6) is

the standard d -dimensional Brownian motion starting at the origin in this case.
On the other hand, by extending a work of S.R.S.Varadhan and R.J.Williams

on an infinite two-dimensional wedge [22], DeBlassie and Toby [7] have formu-
lated under a submartingale problem a normally reflecting Brownian motion on
a two-dimensional standard outward cusp domain

C = (x y) R2 : y x 0 1

and constructed it from the normally reflecting Brownian motion on the upper half
plane by means of a conformal map and a random time change. They have also
shown in [8] that the constructed process admits the Skorohod representation if

1
2 but otherwise the process starting at the origin fails to be a semimartingale.

By thinking of the direct product of the DeBlassie-Toby reflecting Brownian
motion on C with the standard d 2-dimensional Brownian motion, we see that
1
2 is still the critical value of the Hölder exponent for the semi-martingale property
of the reflecting Brownian motion on the special Hölder domain C Rd 2 Rd .

It is therefore tempting to consider the problem (I) for a general Hölder do-
main D and further look for a critical value of the Hölder exponent with regard
to the question (II). In this paper, we do not deal with a most general Hölder
domain. However we assume that D is a general (not necessarily bounded) Lips-
chitz domain allowing locally finite number of outward or inward cusp boundary
points with Hölder exponents uniformly bounded away from zero. Our first aim
is to give an affirmative answer to the problem (I) (Theorem 2.1 and Theorem
2.2) by employing the PDE methods of Stampacchia and Moser. We then assume
that

j aij Lloc(D) 1 i j d (1.9)
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and give an affirmative answer to the question (II) under the condition that the
Hölder exponent at each outward cusp boundary point is greater than 1

2 regardless
the dimension d . Actually an explicit expression of N i

t using the boundary local
time Lt will be derived in this case by invoking an extended version of a general
theorem in [13] to characterize N i

t and by combining the Sobolev inequalities
obtained in Sect. 3 with the upper bounds of transition functions due to Carlen-
Kusuoka-Stroock [5] (Theorem 2.3).

Furthermore, we shall see that the diffusion process constructed in Theo-
rem 2.2 can be, under the condition that j aij L (D), related to a submartin-
gale problem (Theorem 2.4), and accordingly, identified in law with Varadhan-
Williamsʼs [resp. DeBlassie-Tobyʼs] normally reflecting Brownian motion when
aij (x ) = 1

2 ij and D is a wedge [resp. a cusp C ] in R2.
The present paper is an essential improvement of the previous one [14] where

we gave affirmative answers to questions (I) and (II) only under the restriction
that the Hölder exponents at cusps are uniformly greater than d 1

d , which was
technically required in getting a modified Sobolev inequality of Moserʼs type - a
key inequality in our construction of a strong Feller resolvent. This requirement
now turns out to be unnecessary thanks to a specific transformation of a standard
cusp domain onto a rectangular set exhibited in the last section.

In the next section, we shall formulate a precise condition on the domain D
and state main theorems answering the questions (I) and (II). Their proof will be
carried out in the subsequent sections.

2 Statement of main theorems

Let F be a real valued function defined on a set E Rk including the origin
such that F (x ) = x + f (x ), where 0 1 R, and f is a k -dimensional
Lipschitz continuous function vanishing at the origin. Here denotes the Eu-
clidean norm. In this paper we call such F a Hölder function and we denote its
Hölder exponent, Hölder constant and Lipschitz constant respectively by

Exp(F ) = Höl(F ) =

Lip(F ) = Lip(f ) = min K 0 : f (x ) f (y) K x y x y E

For x = (x1 xd ) Rd , we let x = (x1 xd 1) so that x = (x xd ).
Let us now consider the following condition (H) on a domain D Rd with

d 2:
(H) There are four constants (0 1) 0 A 1 M 0 and a locally
finite open covering Uj j J of D satisfying the following properties :

(i) For each j J , there are a Hölder function Fj of d 1 variables and a
constant rj such that

Fj is defined on the d 1-dimensional ball centered at the origin with
radius rj ,
Exp(Fj ) ,
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Höl(Fj ) = 0, or 1 A Höl(Fj ) A, or A Höl(Fj ) 1 A,
Lip(Fj ) M ,
Uj D = = ( d ) : rj Fj ( ) d , for some Cartesian coor-
dinate system = ( d ).

(ii) D
j J

Uj , where Uj = x Uj : dist(x Uj ) .

When D is bounded, condition (H) reduces to a simple one that every point
x of D has a neighbourhood Ux such that D Ux is the graph of a Hölder
function of d 1 variables.

For later convenience, we let

J+ = j J : Höl(Fj ) 0

J0 = j J : Höl(Fj ) = 0

J = j J : Höl(Fj ) 0

For j J , denote by aj ( D) the origin of Uj with respect to the coordinate
system . aj is called an outward [resp. inward ] cusp boundary point of D if
j J+ [resp. j J ].

In what follows, we work with the Dirichlet form H 1(D) on L2(D)
given by (1.1) and (1.2). Let G 0 be the associated resolvent on L2(D).
It is then Markovian in the sense that 0 G f 1 whenever 0 f 1 and
it is well defined as a bounded linear operator on Lp(D) for any p [1 ].
Denote by C D the space of those functions in C D vanishing at infinity.

Theorem 2.1 Assume that a domain D Rd satisfies condition (H). Then G
enjoys the following properties :
(i) G L2(D) Lp(D) C D p 1 + (d 1) .
(ii) G C D is a dense subspace of C D .
(iii) There is a function G (x y) continuous on D D off diagonal such that

G f (x ) =
D
G (x y)f (y) dy x D f C D (2.1)

As will be seen in Sect. 4, Theorem 2.1 is still valid under condition (A)
stated in Sect. 3. Condition (A) is weaker but less concrete than (H) so that we
employ (H) in formulating main theorems.

Theorem 2.1 (i) means that G has a strong Feller property. By virtue
of Theorem 2.1 (ii) and the Hille-Yosida theorem, there exists a strongly
continuous Markovian semigroup Tt t 0 on C D such that G f =

0 e tTt f dt f C D . We have then a Feller transition function by
Tt f (x ) = D pt (x dy) f (y), which gives rise to a Hunt process (cf. [13; Theo-
rem A.2.2]) M = (Xt Px ) on D such that

Px (Xt A) = pt (x A) t 0 x D A D

M is associated with the Dirichlet form H 1(D) of (1.2) since the re-
solvent G is. Since G C0 D is dense in the Dirichlet space, Theorem 2.1
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(ii) implies that the Dirichlet form is regular. Therefore we can apply gen-
eral theorems in [13] to the associated pair and M. In particular, pt (x ) is
absolutely continuous because G (x ) is ([13; Theorem 4.2.4]). Since has
the strong local property and aij are uniformly bounded, we can invoke [13;
Theorem 4.5.4]) and [13; Theorem 5.7.2, Example 5.7.1] to conclude that M is
a conservative diffusion process on D . Summing up what has been mentioned,
we get

Theorem 2.2 Under condition (H), there exists a conservative diffusion process
M = (Xt Px ) on D with resolvent G of Theorem 2.1. M is associated with the
Dirichlet form given by (1.1) and (1.2), and the transition function pt (x ) of M
satisfies (1.3) and (1.5).

We next formulate a decomposition of the sample path ofM and its Skorohod
representation.

Theorem 2.3 Consider a domain D Rd satisfying condition (H).
(i) The sample path Xt = (X 1t X d

t ) of the conservative diffusion processM on
D constructed in Theorem 2.2 admits a unique decomposition (1.6) with MAFʼs
M i
t in the strict sense satisfying (1.7) and CAFʼs N

i
t in the strict sense locally of

zero energy.
(ii) Assume condition (1.9) for aij . We also require the condition that

Exp(Fj )
1
2

j J+ (2.2)

for the domain D. Then N i
t has the following representation :

N i
t =

d

j=1

t

0
j aij (Xs ) ds +

d

j=1

t

0
aij (Xs ) nj (Xs ) dLs

1 i d t 0 Px a.s. for any x D

(2.3)

where Lt is a unique PCAF in the strict sense with Revuz measure being the
surface measure on D.

Note that (2.3) reduces to (1.8) when aij = 1
2 ij . The above three theorems

extend those results of R.F.Bass and P.Hsu in [2] and [3] formulated for a general
bounded Lipschitz domain D and for aij = 1

2 ij .
Let us denote by + the set of all outward cusp boundary points. C 2

b D
will stand for the set of twice continuously differentiable functions on Rd that
are together with their first and second partial derivatives bounded on D .

Theorem 2.4 Under condition (H) for the domain and the assumption that

i aij L (D) 1 i j d (2.4)

the conservative diffusion processM = (Xt Px ) of Theorem 2.2 enjoys the follow-
ing properties : for each x D,
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1. Px (X0 = x ) = 1,

2. f (Xt )
t

0

d

i j=1

i aij j f (Xs ) ds is a Px -submartingale,

whenever f C 2
b D , f is constant in a neighbourhood of + and

d

i j=1

i f (x ) aij (x ) nj (x ) 0 -a.e. on D (2.5)

3. Ex
0

I + (Xs ) ds = 0.

When d = 2, aij (x ) = 1
2 ij and D = C the standard outward cusp domain,

R.D. DeBlassie and E.H. Toby [7] have shown the existence and the uniqueness
of the corresponding submartingale problem for a probability measure Px on
= : is a continuous function from [0 ) into C : for each fixed

x C ,

1 Px ( (0) = x ) = 1

2 f ( (t))
1
2

t

0
f (s) ds is a Px -submartingale

whenever f C 2
b (C ) f is constant in a neighbourhood of the origin

and f (x ) n(x ) 0 on C

3 Ex
0

I0 (s) ds = 0

Hence, by virtue of Theorem 2.4, the diffusion process of Theorem 2.2 coincides
in law with DeBlassie-Tobyʼs one in [7] in this special case.

In exactly the same way, we see that, when d = 2, aij (x ) = 1
2 ij and D is a

wedge : 0 R2 for a fixed (0 2 ), the diffusion process of
Theorem 2.2 is identical in law with Varadhan-R.Williamsʼs normally reflecting
Brownian motion [22].

3 Lp-estimate, local estimate and Harnack inequality

In this and the next sections, we shall work under another condition (A) on a
domain D Rd which will be seen to be more general than (H) (Proposition 4.1).
In this section, we derive some estimates for harmonic solutions of equations
associated with H 1(D) under condition (A).

In order to state condition (A), we employ the following notations:

B (a ) = x Rd : x a

B ( ) = B (0 )

B+( ) = (x xd ) B ( ) : xd 0

C ( ) = (x xd ) B ( ) : x xd

Q ( ) = (x xd ) B ( ) : x xd
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for a Rd 0 (0 1). For a Lipschitz mapping from a set E Rk

into Rl such that (x ) (y) K x y x y E , for some constant K 0,
we also denote by Lip( ) the smallest constant K of this property.

We now state condition (A) on a domain D Rd :
(A) The following properties hold for an at most countable index set I , a
constant (0 1) and positive constants r M :

(i) There are a point ak D and its neighbourhood Vk associated with each
k I such that
(i-1) D Vk Vl = k l I k = l ;
(i-2) there are a constant k [ 1) and a one to one mapping k from
B ( ) onto Vk with k (0) = ak , Vk D equals either k C k ( ) or

k Q k ( ) , Lip( k ) M , Lip( 1
k ) M .

(ii) For any a D k I Vk , there are its neighbourhood Wa and a one
to one mapping a from B (r ) onto Wa such that a (0) = a a (B+(r )) =
Wa D Lip( a ) M Lip( 1

a ) M .

In our previous paper [14], we considered the same condition as above, but
we assumed (d 1) d . Further we did not consider the case Vk D =
k Q k ( ) , namely, we assumed in [14] that every ak is an outward cusp
boundary point but not an inward one. Under those assumptions, we got the same
estimates as in this section following the PDE argument due to Stampacchia
[18] and Moser [17]. The PDE argument is based on a Sobolev inequality of
Moserʼs type formulated in Proposition 3.1 below. As will be proved in the last
section, we need not the previous assumption (d 1) d for the validity
of Proposition 3.1. Once it is established, we can follow the PDE argument
developed in [14] without any change so that we shall state the results of this
section omitting the proof and only referring to the corresponding results in [14].

In the rest of this section, we assume (A).
First of all, we note the following easily verifiable observation : if is a

one to one mapping from an open set U Rd onto an open set in Rd with
Lip 1 M and if B (a r) U and (a) = a , then

B (a r M ) B (a r) (3.1)

This observation particularly leads us to the following property of the domain
D (see [14; Lemma 3.1]). We set

IC = k I : Vk D = k C k ( )

IQ = k I : Vk D = k Q k ( )

ak for k IC [resp. IQ ] may be called an outward [resp. inward] cusp boundary
point. A collection of open sets is said to have a finite intersection property if
there exists an integer M such that any subcollection of cardinality greater than
M has an empty intersection.
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Lemma 3.1 For any (0 ], there exist positive constants r and m for
which D satisfies the following : For every a D# D k I k (B ( )),
there are a neighbourhood V a of a and a one to one mapping a from B r
onto V a such that a (0) = a a B+ r = V a D Lip( a )
m Lip( 1

a ) m .
Furthermore, for any r (0 r ] we have a subset A D# and a positive

constant = (r) such that a (B+(r)) a A has a finite intersection property,
and for every b D, the set B (b ) D is contained in one of the following
sets: k C k ( ) for k IC , k Q k ( ) for k IQ , a (B+(r)) for a A.

In the following we set

Ck ( ) = k C k ( ) k IC
Qk ( ) = k Q k ( ) k IQ
Ba (r) = a (B+(r)) a D#

for 0 0 r r . Since a Sobolev inequality of Moserʼs type
formulated in Lemma 2 in [17] is valid for u H 1 (B+(r)), we immediately
obtain by means of the map a in Lemma 3.1 that for any (0 ]
(0 1] q [2 2d (d 2)] ( q [2 ) if d = 2 ) there is a positive constant
C1 = C1( q) such that

Ba (r)
u qdx

1 q

C1 r
d 1

q
1
2

N
u 2dx + r2

d

i=1 Ba (r)
i u

2dx

1 2

(3.2)
for u H 1 Ba (r) N Ba (r) with N Ba (r) 0 r r , and
a D#. Here E denotes the Lebesgue measure for measurable sets E . (C1
and the other constants C2 C3 etc. below also depend on d r M and
in some cases on and . However we omit indicating them.)

Actually (3.2) also holds for u H 1 Ck ( ) and u H 1 Qk ( ) :

Proposition 3.1 (i) For any (0 1] there is a positive constant C2 = C2( )
such that

Ck ( )
u q dx

1 q

C2
d 1+ k

k
1
q

1
2

N
u 2 dx + 2

d

i=1 Ck ( )
i u

2 dx

1 2

(3.3)

for u H 1 Ck ( ) N Ck ( ) with N Ck ( ) , 0 2 q
2(d 1 + k ) (d 1 k ), and k IC .

(ii) Let 2 q in case d = 2 or 2 q 2d (d 2) in case d 3. Then
for any (0 1] there is a positive constant C3 = C3( q) such that
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Qk ( )
u q dx

1 q

C3
d 1

q
1
2

N
u 2 dx + 2

d

i=1 Qk ( )
i u

2 dx

1 2

(3.4)
for u H 1 Qk ( ) N Qk ( ) with N Qk ( ) , 0 and k IQ .

The proof of Proposition 3.1 will be carried out in the last section by em-
ploying a specific transformation of a standard cusp domain onto a rectangular
set.

The following Sobolev inequality in an ordinary sense follows from (3.2),
(3.3), (3.4) and Lemma 3.1 ([14; Proposition 3.2 (ii)]).

Proposition 3.2 (i) There is a positive constant C4 such that

D
u qdx

1 q

C4
D
u 2dx +

d

i=1 D
i u

2dx

1 2

(3.5)

for u H 1(D) 2 q 2(d 1 + ) (d 1 ).
(ii) Assume the absence of outward cusp boundary point : IC = . Then the

above statement is valid for 2 q 2d (d 2) in case d 3 and for 2 q
in case d = 2.

We denote the norm of the Sobolev space H 1(E ) by H 1(E ). For an open
set E D , let us consider the following spaces :

C (E ) = u C 1(E ) : u H 1(E ) u = 0 on E D (3.6)

H (E ) = the completion of C (E ) with respect to the norm H 1(E ) (3.7)

Note that H (E ) coincides with H 1
0 (E ) if E D . When E = Ck ( ) Qk ( ) or

Ba (r), we can derive the following Sobolev inequalities from Proposition 3.1
([14; Proposition 3.3]).

Proposition 3.3 (i) For any (0 1), there is a positive constant C5 = C5( )
such that

Ck ( )
u q dx

1 q

C5

d

i=1 Ck ( )
i u

2 dx

1 2

(3.8)

for u H (Ck ( )) 0 2 q 2(d 1 + k ) (d 1 k ) k IC .
(ii) For any (0 1) and for any 2 q 2d (d 2) (2 q if d = 2),
there is a positive constant C6 = C6( q) such that

Qk ( )
u q dx

1 q

C6

d

i=1 Qk ( )
i u

2 dx

1 2

(3.9)

for u H (Qk ( )) 0 k IQ .
(iii) Let 0 0 1 and 2 q 2d (d 2) (2 q if
d = 2). Then there is a positive constant C7 = C7( q) satisfying
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Ba (r)
u q dx

1 q

C7

d

i=1 Ba (r)
i u

2 dx

1 2

(3.10)

for u H (Ba (r)) 0 r r a D#.

We now turn to the Dirichlet form H 1(D) given by (1.1) and (1.2). We

also consider the following form E H (E ) for an open set E D .

E (u ) =
d

i j=1 E
i u(x ) j (x )aij (x ) dx u H (E ) (3.11)

with aij 1 i j d satisfying (1.1). Since E H (E ) is a Dirichlet form on

L2(E ), we have the associated Markovian resolvent GE 0 on L2(E ).
Let T be a functional defined by

T =
D
f0 dx +

d

i=1 D
fi i dx H 1(D) (3.12)

for fi L2(D) i = 0 1 d . Since T is a continuous linear functional on
H 1(D), there is for each 0 a unique element u H 1(D) such that

(u ) = T H 1(D) (3.13)

Here ( ) = ( ) + ( )L2(D). We denote this function u by G T . If T is
defined by (3.12) with D and H 1(D) replaced by E and H (E ) respectively and
if every fi belongs to L2(E ), then we have for each 0 a unique u H (E )
denoted by GE T such that

E (u ) = T H (E ) (3.14)

where E ( ) = E ( ) + ( )L2(E ).
Obviously G T [resp. GE T ] coincides with G f [resp. GE f ] in the case

where T = (f ) for f L2(D) [resp. f L2(E )]. If E = Ck ( ) Qk ( ) or
Ba (r), then the norm H 1(E ) is equivalent to H (E ) E ( )1 2 in view

of Proposition 3.3. Therefore there exists GE 0T H (E ) satisfying (3.14) with
= 0.
Using Sobolev inequalities (3.5), (3.8), (3.9), (3.10) and following a standard

argument as in [18; Theorem 4.1] (see also [10]), we can get the following Lp-
estimates.

Theorem 3.1 (i) Let p (d 1) +1 and 0. Then it holds that, for some
C8 = C8(p ) 0,

G T L (D) C8

d

i=0

fi L2(D) + fi Lp (D) (3.15)
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where T is given by (3.12) with fi L2(D) Lp(D) i = 0 1 d.
(ii) Let k IC p (d 1) k + 1 and 0 1. Then there is a positive
constant C9 = C9(p ) such that

GE T L (E ) C9
1
p p 1 d 1

k

d

i=0

fi Lp (E ) (3.16)

where E = Ck ( ) 0 0, and T is a continuous linear functional
given by (3.12) with fi Lp(E ) and H (E ).
(iii) Let p d and 0 1. Then there is a positive constant C10 = C10(p )
such that

GE T L (E ) C10
(p d ) p

d

i=0

fi Lp (E ) (3.17)

where E = Qk ( ) k IQ 0 0, and T is a continuous linear
functional given by (3.12) with fi Lp(E ) and H (E ).
(iv) Let 0 p d and 0 1. Then there is a positive constant
C11 = C11(p ) such that

GE T L (E ) C11r
(p d ) p

d

i=0

fi Lp (E ) (3.18)

for 0 E = Ba (r) 0 r r a D#, and for T defined by (3.12) with

E H (E ) fi Lp(E ) instead of D H 1(D) fi Lp(D) respectively.

We are next concerned with local estimates for subsolutions of the equations
associated with E . A function u H 1(E ) is called a subsolution if

E (u ) 0 0 H (E ) (3.19)

In the same way as in [18; Theorem 5.1] or in [17; Theorem 1], we obtain the
following local estimates from Proposition 3.3 or (3.2) ([14; Theorem 3.2]).

Theorem 3.2 (i) Let 0 for some (0 1) and E = Ck ( ) with
k IC . Then every nonnegative subsolution u H 1(E ) of (3.19) satisfies

ess sup
Ck (s)

u C12( s)
d 1+ k
2 k

Ck ( )
u2 dx

1 2

0 s (3.20)

for some C12 = C12( ) 0.
(ii) Let 0 for some (0 1) and E = Qk ( ) with k IQ . Then every
nonnegative subsolution u H 1(E ) of (3.19) satisfies

ess sup
Qk (s)

u C13( s) d 2

Qk ( )
u2 dx

1 2

0 s (3.21)
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for some C13 = C13( ) 0.
(iii) Let 0 0 1 0 r r a D# and E = Ba (r). Then
every nonnegative subsolution u H 1(E ) of (3.19) satisfies

ess sup
Ba (s)

u C14(r s) d 2

Ba (r)
u2 dx

1 2

0 s r (3.22)

for some C14 = C14( ) 0.

If u H 1(E ) satisfies

E (u ) = 0 H (E ) (3.23)

for some 0, then u 0 and ( u) 0 are both nonnegative subsolutions
of (3.19). Therefore as an immediate consequence of Theorem 3.2 we get the
following result.

Corollary 3.1 (i) Let 0 for some (0 1) and E = Ck ( ) with
k IC resp. Qk ( ) with k IQ . Then every solution u H 1(E ) of (3.23)
satisfies (3.20) [ resp. (3.21) ] with u being replaced by u .
(ii) Let 0 0 1 0 r r a D# and E = Ba (r). Then
every solution u H 1(E ) of (3.23) satisfies (3.22) with u being replaced by u .

Finally, by means of Proposition 3.1 and Theorem 3.2, we can get the fol-
lowing Harnack inequality for solutions u H 1(E ) of the equation (3.23) with
= 0 ([14; Theorem 3.3]).

Theorem 3.3 (i) Let k IC resp k IQ 0 0 1
and E = Ck ( ) resp. Qk ( ) . If u H 1(E ) is a nonnegative solution of
(3.23) with = 0 and satisfies x : u(x ) 1 Ck ( 2) Ck ( 2)
resp. x : u(x ) 1 Qk ( 2) Qk ( 2) , then there is a positive con-
stant C15 = C15( ) such that

ess inf
Ck ( 4)

u C15 resp. ess inf
Qk ( 4)

u C15 (3.24)

(ii) Let 0 0 r r a D# 0 1 and set E =
Ba (r). If u H 1(E ) is a nonnegative solution of (3.23) with = 0 and satisfies
x : u(x ) 1 Ba (r 2) Ba (r) , then there is a positive constant C16 =

C16( ) such that

ess inf
Ba (r 4)

u C16 (3.25)
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4 Strong Feller resolvent

In this section, we will show that the resolvent G associated with the Dirichlet
form H 1(D) has the same properties as those of Theorem 2.1 under con-
dition (A). At the end of this section, we will show that condition (H) reduces
to (A) and hence Theorem 2.1 follows.

Theorem 4.1 Under condition (A), G satisfies the same properties as in Theo-
rem 2.1. Namely,
(i) G L2(D) Lp(D) C D p 1 + (d 1) .
(ii) G C D is a dense subspace of C D .
(iii) There is a function G (x y) continuous on D D off diagonal such that

G f (x ) =
D
G (x y)f (y) dy x D f C D (4.1)

Theorem 4.1 is obtained essentially by the same argument as in [14; Sect. 4]
but we give the proof here for completeness.

Theorem 4.1 (i) is an immediate consequence of the following theorem.

Theorem 4.2 Assume condition (A). Let p (d 1) + 1 T be a functional
given by (3.12) with fi L2(D) Lp(D) i = 0 1 2 d, and 0. Then
G T is uniformly continuous in D and accordingly G T can be extended to a
continuous function on D.

Proof Put u = G T . Fix a k IC and an s (0 2] arbitrarily. Set E = Ck (s).
Let GE 0(T u) H (E ) be the solution of the equation (3.14) with = 0
and T = T u . We see by means of Theorem 3.1 (i), (ii),

L (E ) C9(p 1 2)s
1
p p 1 d 1

k f0 u Lp (E ) +
d

i=1

fi Lp (E )

c1s
1
p p 1 d 1

d

i=0

fi L2(D) + fi Lp (D) (4.2)

for some positive c1 independent of s and k . Since u belongs to H 1(E )
and satisfies (3.23) with = 0, following the same argument as in [17] we get
by means of Theorem 3.3 (i)

Osc ;Ck (s 4) 1
1
2
C15(1 2) Osc ;Ck (s)

c2Osc ;Ck (s)

for c2 (0 1) independent of s and k . Here Osc( ;F ) denotes the oscillation of
a function over a set F : Osc( ;F ) = ess supF ess infF . Hence

Osc u;Ck (s 4) Osc ;Ck (s 4) + Osc ;Ck (s 4)

2 L (E ) + c2Osc ;Ck (s) 4 L (E ) + c2Osc u;Ck (s)
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Combining this with (4.2) and using [18; Lemma 7.3], we get

Osc u;Ck (s) c3s 1 0 s 4 k IC (4.3)

for some constants c3 0 and 1 (0 1). In the same way we also get

Osc u;Qk (s) c4s 2 0 s 4 k IQ (4.4)

for some constants c4 0 and 2 (0 1). Recall r and D# appearing in
Lemma 3.1. Similarly, for any (0 2], there then exist a c5 0 and a
3 (0 1) such that

Osc u;Ba (s) c5s 3 0 s r 4 a D# (4.5)

The estimate for oscillations on open balls with closures contained in D , which
is due to Stampacchia [18], asserts that

Osc (u;B (a s)) c6s 4 0 s 4 a D D (4.6)

Here is a positive number fixed arbitrarily, D = x D : dist(x D) ,
and constants c6 0 and 4 (0 1) depend on but are independent of a
D D .

For an 0 fixed arbitrarily, we see by virtue of (4.3) and (4.4) that there
exists an s1 = s1( ) (0 4] such that

Osc u;Ck (s1) k IC (4.7)

Osc u;Qk (s1) k IQ (4.8)

By means of (4.5), we further find an s2 = s2( s1) (0 rs1 4] such that

Osc u;Ba (s2) a D#
s1 (4.9)

In view of Lemma 3.1, we can find an o 0 such that

every pair x y D o with x y o is

simultaneously contained in one of sets

Ck (s1) with some k IC Qk (s1) with some k IQ

Ba (s2) with some a D#
s1 (4.10)

(4.6) with this o leads us to

Osc (u;B (a s3)) a D D
o 2 (4.11)

for some s3 = s3( o) (0 o 8].
We now set = ( o 2) s3. Let x y D with x y . If x or y

belongs to D
o 2, then u(x ) u(y) by (4.10), (4.7), (4.8), (4.9). Otherwise,

u(x ) u(y) by (4.11).

Employing Corollary 3.1 in place of Theorem 3.1 (i) in getting (4.2), we
obtain the following in the same way as above :
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Theorem 4.3 Let W be an open set of Rd and E = W D. Every solution
u H 1(E ) of (3.23) for some 0 is uniformly continuous in W1 D for every
open set W1 satisfying W1 W .

We next give

Proof of Theorem 4.1 (ii) We first follow an argument in [20; Proposition 5.1]
to show

G C D C D (4.12)

Since C0 D is dense in C D , it suffices to show that

G C0 D C D (4.13)

in the case where D is unbounded.
Let C0 D and 0. Choose an R1 0 such that

Supp[ ] B (R1) D c1 G L2(D B (R1)) (4.14)

c1 being a positive constant specified later. We next take an R2 R1 satisfying
the following :

Ck ( ) D B (R1) for k IC with ak D B (R2)
Qk ( ) D B (R1) for k IQ with ak D B (R2)
Ba (r ) D B (R1) for a D# B (R2)

We set JC = k IC : ak D B (R2) JQ = k IQ : ak D B (R2) , and
A = D#

2 B (R2). Then, on account of (3.1), there is a constant (0 R2 R1)
depending on but not on R1 R2 such that

D2 B (R2)
k JC

Ck 2
k JQ

Qk 2
a A

Ba
r 2

2

We consider the set K = k JC JQ
ak A D D2 B (R2) and, for

each a K we define a constant s and a set Ea (s) as follows :

Ea (s) =

Ck (s) s = if a = ak k JC
Qk (s) s = if a = ak k JQ
Ba (s) s = r 2 if a A

B (a s) s = if a D D2 B (R2)

Note that

D B (R2)
a K

Ea (s 2)
a K

Ea (s) D B (R1) (4.15)

and
Ea (s) (G ) = ( ) = 0 H (Ea (s))

By virtue of Corollary 3.1, we then have
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G L (Ea (s 2)) c1 G L2(Ea (s)) (4.16)

where we used a local estimate due to Stampacchia [18] or Moser [17] in the
case that a D D2 B (R2). It should be noted that c1 is a positive constant
independent of a R1 and R2. By (4.14), (4.15) and (4.16), we find that

G L (D B (R2)) c1 G L2(D B (R1)) (4.17)

which along with Theorem 4.2 proves (4.13).
We next adopt Kunitaʼs argument [15]. Let denote by C0 D the space of

the restrictions to D of all infinitely continuously differentiable functions on Rd

with compact support. For each u C0 D , we define a functional Lu by

Lu =
d

j=1 D

d

i=1

aij i u j dx H 1(D)

Then T = u Lu satisfies the condition of Theorem 3.1 (i) and u = G T for
each 0. By virtue of Theorem 3.1 (i), there is for any 0 a C0 D
such that

u G L (D)

Since C0 D is dense in C D , we thus obtain the denseness of G C D
in C D .

Proof of Theorem 4.1 (iii) Since G is Markovian, there exists a function
G (x y) satisfying (4.1) by virtue of Theorem 3.1 (i) and Theorem 4.2. Hence it
is enough to show that

G (x ) belongs to H 1(U ) and is continuous on U (4.18)

for any open set U with U D x , where x D and 0.
Let us denote the dual space of H 1(E ) by H 1(E ) . There exists for each

0 and T H 1(D) a unique element u H 1(D) such that

(u ) = T H 1(D)

We denote this function u by G T . (We already used this notation for T given by
(3.12) which is actually a general expression of T H 1(D) (cf. [16; 1.1.14]).)

For a while we fix an x D arbitrarily. We define a set Ex (s) according as
three different cases.

(Case 1) x is a cusp point, that is, x = ak for some k I . In this case we take
an s (0 ].

(Case 2) x is a boundary point but not a cusp point, that is, x D k I ak .
Choose (0 ] such that x D k I k (B ( )). Then for an r given
in Lemma 3.1 we take an s (0 r ].

(Case 3) x is an interior point of D . In this case we take an s (0 dx 2],
where dx = dist(x D).



391

538 M. Fukushima, M. Tomisaki

Let us put

Ex (s) =

Ck (s) if k IC in Case 1
Qk (s) if k IQ in Case 1

Bx (s) in Case 2

B (x s) in Case 3

Then there exists a unique element x
s H 1(D) such that

x
s =

1
Ex (s) Ex (s)

(y) dy H 1(D) (4.19)

Here we note the following lemma which is obtained by the same method as
in [14; Lemma 4.3].

Lemma 4.1 Let U be an open set such that U D x . Then G (x ) U
H 1(U ) and x

s U converges to G (x ) U weakly in H 1(U ) as s 0.

Take an open set V of Rd such that U V and x V and set E = V D .
On account of Lemma 4.1, G (x ) E H 1(E ) and x

s E G (x ) E weakly
in H 1(E ) as s 0. Take any C (E ) and extend it to D by putting = 0 on
D E . Then

E (G (x ) E ) = lim
s 0

E
x
s E

= lim
s 0

x
s = lim

s 0

1
Ex (s) Ex (s)

(y) dy = 0

This implies that G (x ) E H 1(E ) is a solution of (3.23) and hence, in view
of Theorem 4.3, G (x ) is continuous in U .

We finally note the following proposition which along with Theorem 4.1
implies Theorem 2.1.

Proposition 4.1 Condition (H) reduces to condition (A).

Proof For each j J , a Hölder function Fj in (H) (i) is given by

Fj (x ) = j x j + fj (x )

where j 1 j = 0 or 1 A j A or A j 1 A according
to j J0 or j J+ or j J , and fj is a Lipschitz continuous function defined
on the d 1-dimensional closed ball x Rd 1 : x rj with fj (0) = 0 and
Lip(fj ) M . Then

Uj D = (j ) (j )
d B (rj ) : Fj

(j ) (j )
d

for some Cartesian coordinate system (j ) = (j ) (j )
d = (j )

1
(j )
2

(j )
d .

Let us put I = J+ J . For k I , ak is the point of D corresponding to the
origin in (k )-coordinate system. ak : k I is then the totality of cusp
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boundary points. For each k I , the neighbourhood Uk of ak contains no cusp
boundary point other than ak , and hence ak al k = l k l I .

For each k I , we define a mapping k from Ek (x xd ) : x rk xd
R into (k )-space by

k (x xd ) = (k ) (k )
d

(k ) = x (k )
d = k xd + fk (x )

We then have Lip k 1 + A + M and Lip 1
k 1 + A + AM . Put =

2(1 + A +M ) Vk = k (B ( )) and M1 = (1 + A)(1 +M ). Then we see from
(3.1) that Vk k I satisfies (A) (i) with = and M = M1 . In particular,
Vk D = k C k ( ) if k 0 = k Q k ( ) if k 0.

We next show (A) (ii). Let o be the positive solution of the equation 2 + 2 =

o
2
for o = 1. We then take a constant R 1 satisfying

1 +M + A
R 1
R o

1
o

R

and put r = o R. This r will play the role of r in (A) (ii).
Let us fix a p D k I Vk arbitrarily. By means of (H) (ii), there is a

j J such that p Uj . Denote the (j )-coordinate of p by (p(j ) p(j )d ). We shall
define a mapping p and a neighbourhood Wp in two cases j I and j I
separately.

In the case that j I , (p(j ) p(j )d ) belongs to j (Ej ). Putting (p pd ) =
1

j p(j ) p(j )d , we have that (p pd ) Ej B ( ) and pd = p j in

accordance to the sign of j . We then define a mapping p from the set
Gp (x xd ) : x + p rj xd R into (j )-space as follows:

p(x xd ) =
(j ) (j )

d

(j ) = x + p
(j )
d = j x + p

j + xd + fj x + p

Notice that, on the region x Gp : x o S for S 1, Lip p 1+M +

A S 1
S o

j 1
. Since the distance of p = p(0) from p(Gp) is greater than

, we can conclude from (3.1) that B (r ) Gp for the above chosen r = o R.
In the case that j I , we define a mapping p from the set Gp (x xd ) :

x + p(j ) rj xd R into (j )-space by

p(x xd ) = (j ) (j )
d

(j ) = x + p(j ) (j )
d = xd + fj x + p(j )

In both cases, B (r ) Gp . Accordingly we put Wp = p(B (r )). It is easy
to see that p is one-to-one, p(0) = p, p(B+(r )) = Wp D , and Lip( p)

M2 Lip( 1
p ) M2 where M2 = 1 +M + A R 1

R o
1
.
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Thus (H) reduces to (A) with I r as above and M = M1 M2 .

5 Decomposition of the sample path and additive functionals

This section is devoted to the proof of Theorem 2.3 and Theorem 2.4. To this end,
we first prepare an extended version of a general theorem [13; Theorem 5.5.5]
to characterize the second term in the decomposition (1.6).

Let X be a locally compact separable metric space, m be a positive Radon
measure on X with full support and ( ) be a strongly local regular Dirichlet
form on L2(X ;m). We assume that there exists a conservative diffusion process
M = (Xt Px ) on X associated with the form whose transition function pt (x )
is absolutely continuous with respect to m for any t 0 and x X .

Then the resolvent of M admits a symmetric density G (x y) with respect
to m which is -excessive in two variables x y . The potential of a measure
is denoted by G (x ) = X G (x y) (dy). The integral of a function f against a
measure is denoted by f or f . A positive Radon measure on X is
said to be of finite energy integral if there exists a constant C17 such that

X
(x ) (dx ) C17 1( ) (5.1)

for some special standard core of . The totality of such measures is denoted
by S0. It is known that S0 if and only if G is finite and that, in this
case, G is a -excessive and quasi-continuous version of the potential U
considered in [13; Sect. 2.2]. We further introduce two classes of positive Radon
measures on X by

S00 = : (X ) sup
x X

G (x )

S01 = : S0 G (x ) x X

Obviously S00 S01 S0. In our later application, the family S01 turns out to
be more useful than S00.

An increasing sequence E of finely open sets is said to be an exhaustive
sequence if =1 E = X A positive Borel measure on X is called smooth in the
strict sense if there exists an exhaustive sequence E of finely open sets such
that IE S00 = 1 2 Let S1 be the totality of smooth measures in the
strict sense. S1 is known to be in one to one correspondence with the (equivalence
classes of) positive continuous additive functionals (PCAFʼs in abbreviation) in
the strict sense of M under the Revuz correspondence ([13; Theorem 5.1.7]).

Lemma 5.1 S1 if and only if there exists an exhaustive sequence E of
finely open sets such that IE S01 = 1 2
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Proof It suffices to show that any S01 admits an exhaustive sequence E
of finely open sets such that IE S00 = 1 2 We may choose E as
follows:

E = x O : G (x ) = 1 2

where O is an exhaustive sequence of relatively compact open sets. Then,
(IE )(X ) = (E ) is finite, and further G (IE )(x ) for m-a.e. x X by
the maximum principle ([13; Lemma 2.2.4]) and hence for every x X by the
absolute continuity of the transition function.

We denote by u the energy measure of u loc . The Dirichlet form is
expressible as

(u ) =
1
2 u (X ) u

by using the co-energy measure u . The second assertion of the next propo-
sition replaces S00 in [13; Theorem 5.5.5] by S01.

Proposition 5.1 (i) Suppose that a function u satisfies the following conditions:
1. u is finite valued, finely continuous and u loc .
2. IG u S00 for any relatively compact open set G.

Then we have the unique decomposition

u(Xt ) u(X0) = M
[u]
t + N [u]

t t 0 Px a e x X (5.2)

where M [u] is a CAF in the strict sense such that, for any relatively compact open
set G,

Ex M [u]
t G

= 0 Ex M [u]
t G

2
= Ex Bt G x G (5.3)

B being the PCAF in the strict sense with Revuz measure u and G being the

first leaving time from G. N [u]
t is a CAF in the strict sense locally of zero energy.

(ii) Assume further the following property of u:
= (1) (2) with IG (1) IG (2) S01 for any relatively compact

open set G and

(u ) = (5.4)

for some special standard core of .
Then

N [u] = A(1) + A(2) Px a s x X (5.5)

where A(1) and A(2) are PCAFʼs in the strict sense with Revuz measures (1) and
(2) respectively.

Proof The first assertion is a consequence of [11; Theorem 2]. Since (1) (2)

in (ii) are in the class S1 by the preceding lemma, we can see the validity of
identity (5.5) on account of [12; Theorem 3.3, Corollary 3.1].
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We are in a position to prove Theorem 2.3. We fix a domain D Rd

possessing the property (H) and a data aij satisfying (1.1). We now apply the
general theory prepared above to the specific Dirichlet form (1.2) on L2(D ;m),
the resolvent G of Theorem 2.1 and the conservative diffusion M of Theorem
2.2. Here m denotes the d dimensional Lebesgue measure. M will be called the
reflecting diffusion on D (associated with aij ). Accordingly G will be called the
resolvent of the reflecting diffusion on D .

Notice that, under the condition (H) for the domain D , the surface measure
on D is well defined with a local expression

(E ) =
E

1 + Fj ( ) 2d E Uj D (5.6)

where E = : ( Fj ( )) E . Further, with the unit inward normal vector
n( ) = (n1( ) nd ( )) making sense -a.e. on D according as

n( ) = ( Fj ( ) 1) 1 + Fj ( ) 2 Uj D

we have the divergence theorem

D xi
dm =

D
ni d 1 i d C0 (D)

This formula extends to a wider class of functions and in particular the con-
dition (1.9) for aij guarantees the identity

D
j (aij ) dm =

D
aij nj d C0 (D) (5.7)

Denote by i the coordinate functions: i (x ) = xi 1 i d Then, i

H 1
loc(D), and the co-energy measures i j

with respect to the Dirichlet form
(1.2) are given by (cf. [13; Example 5.2.1])

i j
= 2aij m 1 i j d (5.8)

Let us denote by B an arbitrary ball in Rd . Since aij are bounded, we have

IB D i
S00

The PCAF in the strict sense with Revuz measure m is just a constant functional
t . Therefore Proposition 5.1 (i) implies the decomposition (1.6) where M i 1
i d are CAFʼs in the strict sense satisfying (1.7) with t being replaced by
t B D . Owing to the boundedness of aij however, we can let B Rd to get
(1.7), proving Theorem 2.3 (i).

Turning to the proof of Theorem 2.3 (ii), we have under the condition (1.9)

( i ) =
D
(x ) (dx ) with =

d

j=1

( j aij ) m
d

j=1

aij nj (5.9)
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holding for any C0 (D) because

( i ) =
d

j=1 D
aij (x ) j (x )m(dx )

=
d

j=1 D
j aij dm +

d

j=1 D
j (aij ) dm

which equals to the right hand side of (5.9) by virtue of (5.7).
Suppose that the surface measure satisfies

IB D S01 for any ball B Rd (5.10)

We then have from the boundedness of aij and condition (1.9)

IB D S01

Hence (5.9) and Proposition 5.1 (ii) lead us to the expression (2.3) in terms of
a PCAF L in the strict sense with Revuz measure being the surface measure ,
proving Theorem 2.3 (ii).

It only remains to show (5.10) for the proof of Theorem 2.3.

Theorem 5.1 If (2.2) holds, namely, each outward cusp boundary point is of
Hölder exponent greater than 1

2 , then the surface measure on D satisfies con-
dition (5.10).

For any ball B , the compact set B D can be covered by finite number
of open sets Uj appearing in the condition (H) (ii) for the domain D . Besides
G (x y) is jointly continuous off diagonal by Theorem 2.1 (iii). For the proof
of (5.10), it is therefore sufficient to show

I S0 and G I (x ) x (5.11)

where

= = ( d ) : d = Fj ( ) Uj D

for each fixed j J and rj . Exp(Fj ) will be denoted by j . c1 c2 will
denote some positive constants. We further let

= : ( Fj ( )) ( : )

Lemma 5.2 Let j J+ J .
(i) I S0 whenever d 3. When d = 2, this is true if j

1
2 .

(ii) I S0 for any 0 where = : .
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Proof (i) In view of (1.1) and (5.1), it suffices to prove the inequality

u( Fj ( )) (d ) c1 D(u u) + (u u)L2(D) u C0 (D) (5.12)

where D(u u) denotes the Dirichlet integral of u on D . On account of (5.6), the
surface measure has a density ( ) with respect to d satisfying

( ) c2 j 1 (5.13)

Hence the square of the left hand side of (5.12) is dominated by

c22 u( Fj ( ))2d 2 j 2d (5.14)

The second factor equals 0 r
2 j+d 4dr , which is finite under the stated condition.

Consider a function C0 (U ) taking value 1 on the set . Then from the
expression

u( Fj ( )) =
r2 2

Fj ( ) d
( d )u( d ) d d

we see that the first factor of (5.14) is dominated by

c3
U D

(u2 + u 2)d

arriving at (5.12).
(ii) Since ( ) is bounded on = : ( Fj ( )) , (5.12) with
being replaced by holds for any 0.

In order to complete the proof of (5.11), we prepare a lemma on a comparison
of resolvent densities.

Lemma 5.3 Let K be a compact subset of D and U be a bounded domain
containing K such that the domain D1 = D U possesses the property (H).
Denote by G1(x y) x y D1, the resolvent density of the reflecting diffusion on
D1. Then,

G (x y) G1(x y) + C18 x y K x = y (5.15)

for some positive constant C18 depending on the set K .

Proof Consider the set F = D U and the resolvent density G0(x y) x y F ,
of the part MF of M on the set F . MF is obtained from M by killing the sample
paths upon leaving the set F . Then by Dynkinʼs formula

G (x y) = G0(x y) + Ex e G (X y) x y F

where denotes the leaving time from the set F . Take an open set W such that
K W W U . The second term of the right side of the above identity with
y being restricted to D W is dominated by
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C18 = sup
x D U y D W

G (x y)

which is finite owing to the off diagonal continuity Theorem 2.1 (iii).
Let M1 be the reflecting diffusion on D1 and M1

F be its part on the set
F ( D1). On account of [13; Theorem 4.4.3], MF and M1

F share a common
Dirichlet form F on L2(F ) given by

F (u ) = (u ) u [ F ]

[ F ] = H (D1)

where H (D1) is defined by (3.7). Therefore we have the inequality

G0(x y) G1(x y)

holding for m m-a.e. (x y) F F . In view of the continuity of G and G1,
we get (5.15) for every x F and every y D W .

We return to the set Uj D specified before Lemma 5.2.

Lemma 5.4 Following inequalities hold for x y x = y and a positive
constant C19 depending on the set Uj D :
(i) If j J+ and d 2, then

G (x y) C19 x y
d 1 j

j (5.16)

(ii) If j J0 J and d 3, then

G (x y) C19 x y d+2 (5.17)

(iii) If j J0 J and d = 2, then

G (x y) C19 x y for any 0 (5.18)

Proof (i) Notice that the Sobolev inequality in the statement of Proposi-
tion 3.2 (i) holds with D and being replaced by Dj = Uj D and j respec-
tively. Since the domain Dj is bounded, we can invoke Carlen-Kusuoka-Stroock
[5] to conclude in the same way as in [3; Sect. 2] that the resolvent density
G1(x y) of the reflecting diffusion on Dj admits the estimate

G1(x y) c1 x y x y Dj (5.19)

for = 4 (q 2). In particular, by taking q = 2(d 1 + j ) (d 1 j ) we see
that (5.19) is valid for = (d 1 j ) j . We can then use Lemma 5.3 to get
(5.16).
(ii), (iii) In these cases, Proposition 3.2 (ii) is applicable to the domain Dj =
Uj D and we see the validity of (5.19) for = d 2 [resp. = 0 ] by
taking q = 2d (d 2) [resp. q = 4 +2 ]. We again use Lemma 5.3 to get (5.17)
[resp. (5.18)].
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Lemma 5.5 Let j J+ J . Assume that j
1
2 in case j J+. Then G I

( ) .

Proof Keeping the expression

G I ( ) = G ( ( F ( )) ( )d

and the bound (5.13) of in mind, we first prove the finiteness of the potential
for = 0 in case that j J+ and j

1
2 . From (5.16), we have the bound

G I (0) c1
2 + F ( ) 2

d 1 j
2 j 1 j

1

d (5.20)

Since

2 + F ( ) 2
d 1 j
2 j

j

2

d 1 j

j d 1 j

for some 0, where j = Höl(Fj ), we obtain

G I (0) c2
0
rd+ j 3 (d 1 j ) dr + c3

d 1 j

j r d+ j 3 dr

In the case that j J , we get the finiteness of G I (0) from (5.17) and
(5.18) in a similar manner to the above.

Next take a = 0 We can choose a neighbourhood V of such that
0 V V Uj and D1 = V D is a Lipschitz domain. Let ˜ = V Then the
same reasoning as the proof of Lemma 5.3 works to see that G ( ) ˜

is dominated by c4 d+2 in case that d 3 and by c5 0, in
case that d = 2. Since ( ) is bounded on ˜ , we see the finiteness of G I ˜ ( )
and hence of G I ( ).

Proof of Theorem 5.1 We divide the situation into four cases :

(I) j J+ j 1 2 (II) j J d 3

(III) j J d = 2 (IV) j J0

In view of Lemma 5.2 and Lemma 5.5, we see that (5.11) holds in cases (I) and
(II). Hence it remains to prove (5.11) in cases (III) and (IV). We can instead
prove a stronger property

sup
x

G I (x ) (5.21)

in these cases.
Indeed, when j J and d = 2, we have the bound (5.18) of G (x y) for any
0, and we can proceed in a similar manner to the proof of Theorem 6.1 in

our preceding paper [14] in getting (5.21) by choosing smaller than j . When
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j J0, then we have the bound (5.17) or (5.18) of G (x y) which, together with
the uniform boundedness on of the density function of the surface measure,
readily leads us to (5.21).

Proof of Theorem 2.4 Take any function f as is stated in the theorem and denote
by W a neighbourhood of + on which f is constant. Then

IB ( D W ) S01 for any ball B Rd (5.22)

To see this, it suffices to show

I W S0 and G I W (x ) x (5.23)

for the set Uj D appearing in (5.11) and exclusively for j J+. Since
W for some 0, the first assertion in (5.23) follows from Lemma 5.2 (ii).
The second one for x = 0 [resp. for x = 0] is immediate from the continuity of
G (0 y) [resp. from Lemma 5.5].

Now just as computations made in (5.8) and (5.9), we have

f f = 2
d

i j=1

aij i f j f m (5.24)

and

(f ) =
D
(x ) (dx ) C0 D

with

=
d

i j=1

i aij j f m
d

i j=1

i f aij nj I D W (5.25)

I D W can be inserted in the last expression because i f vanishes on W .
In view of (2.4), (5.22), (5.24) and (5.25), Proposition 5.1 applies and we get

f (Xt ) f (X0) = M
[f ]
t + N [f ]

t Px -a.s. x D (5.26)

where M [f ] is a MAF in the strict sense with

M [f ]
t = 2

t

0

d

i j=1

aij i f j f (Xs ) ds (5.27)

and

N [f ]
t =

t

0

d

i j=1

i aij j f (Xs ) ds +
t

0

d

i j=1

i f aij nj (Xs ) dLs (5.28)

Here Lt is a PCAF in the strict sense with Revuz measure I D W . (5.27) and
(5.28) are valid Px -a.e. for every x D . Under the condition (2.5) for f , the
second functional in the right hand side of (5.28) is a PCAF in the strict sense.
Therefore the desired conclusion follows from (5.26) and (5.28).
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6 Sobolev inequality of Moser type

In this section we will show Proposition 3.1. Throughout this section we assume
condition (A).

Proposition 3.1 is immediate from the following two propositions.

Proposition 6.1 For any (0 1] there is a positive constant C20 = C20( ,
M d ) such that

Ek ( )
u 2 dx C20

N
u 2 dx + 2

d

i=1 Ek ( )
i u

2 dx (6.1)

for Ek ( ) = Ck ( ) resp. Qk ( ) , u H 1 Ek ( ) N being a Borel subset of
Ek ( ) with N Ek ( ) , 0 and k IC resp. k IQ .

Proposition 6.2 (i) Let k IC and 1 p (d 1 + k ) k . Take a q
satisfying p q p d 1+ k (d 1 + k k p) if p (d 1 + k ) k ,
or p q if p = (d 1 + k ) k . Then there is a positive constant C21 =
C21(p q M d ) such that

Ck ( )
u q dx

1 q

C21
d 1+ k

k
1
q

1
p

Ck ( )
u p dx + p

d

i=1 Ck ( )
i u

p dx

1 p

for u H 1 Ck ( ) 0 .
(ii) Let 1 p d and take a q satisfying p q pd (d p) if p d, or p
q if p = d. Then there is a positive constant C22 = C22(p q M d )
such that

Qk ( )
u q dx

1 q

C22
d 1

q
1
p

Qk ( )
u p dx + p

d

i=1 Qk ( )
i u

p dx

1 p

for u H 1 Qk ( ) 0 k IQ .

The part (i) of Proposition 6.2 is obtained by the same method as in [1; pp.128–
135] if we employ a transformation (x ) defined below in place of the trans-
formation rk (x ) in [1; p.130]. The part (ii) is also obtained following argument
in [1; pp.103–104]. So we omit the proof of Proposition 6.2.

In order to show Proposition 6.1 with Ek ( ) = Ck ( ), we make use of a
mapping (x ) from a cusp C ( ) onto a direct product set ( ). We begin with
the definition of . Let Rd+ = (x xd ) Rd : xd 0 and d be the following
product space:
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d =
(r t) : 0 r t if d = 2
(r t ) : 0 r 0 t d 2 if d 3

where d 2 = 1 2 d 2 : 0 j (j = 1 d 3) 0 d 2

2 . Given (0 1), we define the mapping : Rd+ d as follows :
When d = 2, we set for x = (x1 x2) R2+

(x ) = (r t) r = x ( 0) t = x1x
1

2 ( R);

When d 3, we set for x = (x xd ) Rd+

(x ) = (r t )

r = x ( 0) t = x x 1
d ( 0)

=
(0 0) ( d 2) if x = 0
( d 2) satisfying 1( ) d 1( ) = x x if x 0

Here 1( ) d 1( ) is the spherical polar coordinate of S d 2, that is, for
= 1 d 2 d 2,

1( ) = cos 1

2( ) = sin 1 cos 2

...

d 2( ) = sin 1 sin 2 sin d 3 cos d 2

d 1( ) = sin 1 sin 2 sin d 3 sin d 2

For each r 0, we identify the points (r 0 ) d 2 by regarding them as
a same point. Under this identification, is one to one from Rd+ onto d and
the inverse mapping 1 is as follows : For (r t) 2, let = (r t) be the
(unique) positive solution of the equation

t2 2 + 2 = r2 (6.2)

Then
1(r t) = (x1 x2) x1 = t

1 ( R) x2 = ( 0) (6.3)

For (r t ) d with d 3, let = (r t) be the positive solution of the
equation (6.2). Then

1(r t ) = (x1 x2 xd )
xi = t 1

i ( ) ( R) i = 1 2 d 1 xd = ( 0)
(6.4)

We next note that

: C ( ) ( ) one to one, onto

where ( ) is a subset of d given by

( ) =
(r t) : 0 r 1 t 1 if d = 2
(r t ) : 0 r 0 t 1 d 2 if d 3

(6.5)
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For the sake of convenience, we write (r t ) ( ) in case d = 2 too, and use
(6.4) with the convention that 1( ) 1. Since = (r t) is the solution of the
equation (6.2), (x1 xd ) = 1(r t ) satisfies the following relations :

xd
r
=

r

+ (1 )t2 2 1
(6.6)

xd
t
=

t 2

+ (1 )t2 2 1
(6.7)

xd
j
= 0 (j = 1 2 d 2) (6.8)

and for i = 1 2 d 1,

xi
r
=
1
t 1 1 xd

r i ( ) (6.9)

xi
t
= 1 +

1
t 1 1 xd

t i ( ) (6.10)

xi
j
= t 1 i ( )

j
(j = 1 2 d 2) (6.11)

In the following, A1 A2 denote positive constants depending only on
and d . Let 1 0 and (x1 x2 xd ) = 1(r t ) (r t )
( ). Then we get the following estimates by means of (6.2), (6.3), (6.4), (6.6),

(6.7) :
A1 r xd r (6.12)

A2
xd
r

A3 (6.13)

xd
t

A4 r (6.14)

Further we see that the Jacobian determinant is given by

J (r t ) =
(x1 xd )

(r t 1 d 2)
= ( 1)d+1x (d 1)

d

xd
r
td 2 Sd ( ) (6.15)

where

Sd ( ) =
1 if d = 2
sind 3

1 sin
d 4

2 sin d 3 if d 3
(6.16)

for = 1 d 2 d 2. By means of (6.12) – (6.16), we readily get

J (r t ) A3 r
(d 1) (6.17)

A5
(d 1) +1 C ( ) =

( )
J (r t ) dr dt d A6

(d 1) +1 (6.18)

We next note the following fact:
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Lemma 6.1 Let 1 0 and x (i ) C ( ) i = 0 1 x (0) =
x (1). Set r (i ) t (i ) (i ) = x (i ) (i ) = (i )

1
(i )
d 2 i = 0 1. For 0 s

1, put
r (s) = r (0) + s r (1) r (0)

t (s) = t (0) + s t (1) t (0)

(s) = (s)
1

(s)
d 2

(s)
j = (0)

j + s (1)
j

(0)
j j = 1 2 d 2

(6.19)

Then r (s) t (s) (s) belongs to ( ) for 0 s 1. Moreover the following
estimate holds :

J r (0) t (0) (0) J r (1) t (1) (1)

J r (s) t (s) (s)
A7

(d 1) (6.20)

for 0 s 1 if d = 2 and

for 0 s 1 if d = 3 and t (0) + t (1)
d 3

j=1

sin (0)
j + sin (1)

j = 0

Proof In view of (6.5) it is obvious that r (s) t (s) (s) ( ) 0 s 1.We

now assume that t (0) + t (1) d 3
j=1 sin (0)

j + sin (1)
j = 0 in case d 3. Let 0

s 1 in case d = 2, and 0 s 1 in case d 3. Then J r (s) t (s) (s) 0
by virtue of (6.12), (6.13), (6.15) and (6.16). Moreover

J r (0) t (0) (0) J r (1) t (1) (1)

J r (s) t (s) (s)

r (0)r (1)

A1 r (s)

(d 1)
A23
A2

t (0)t (1)

t (s)

d 2 Sd (0) Sd (1)

Sd (s)

Note that
r (s) r (0) r (1) and hence r (0)r (1) r (s)

and if d 3, then

t (s) t (0) t (1) and hence t (0)t (1) t (s) 1

and for j = 1 2 d 3,

sin (s)
j

sin (0)
j if (0)

j 2 (1)
j 2

sin (1)
j if (0)

j 2 (1)
j 2

consequently

0
Sd (0) Sd (1)

Sd (s)
1

We thus get (6.20).
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For an open set E Rd , denote by C 1 E the restrictions to E of all
continuously differentiable functions on Rd . c1 c2, etc. appearing in what follows
denote positive constants depending only on and d .

Lemma 6.2 For any (0 1], there is a positive constant C23 =
C23( d ) such that

C ( )
u 2 dx C23

N
u 2 dx + 2

d

i=1 C ( )
i u

2 dx (6.21)

for u C 1 C ( ) , a Borel subset N C ( ) with N C ( ) 1
and 0 .

Proof Let 1 and 0 . For u C 1 C ( ) , we set

x = 1(r t ) C ( )

u(r t ) = u 1(r t ) = u(x )

u(r t ) =
d

i=1

u
xi

1(r t )

By virtue of (6.8) – (6.11),

u
r
(r t ) =

1
t x 1 1

d

d 1

i=1

u
xi
(x ) i ( ) +

u
xd
(x )

xd
r

u
t
(r t ) = x 1d

d 1

i=1

u
xi
(x ) i ( )

+
1
t x 1 1

d

d 1

i=1

u
xi
(x ) i ( ) +

u
xd
(x )

xd
t

u

j
(r t ) = t x 1d

d 1

i=j

u
xi
(x ) i

j
( ) j = 1 2 d 2

Combining these with (6.12), (6.13), (6.14), we find that

u
r
(r t ) A8 u(r t ) (6.22)

u
t
(r t ) A9 r u(r t ) (6.23)

u

j
(r t ) A10 rt u(r t ) j = 1 2 d 2 (6.24)

Let 0 1 N C ( ) with N C ( ) x (0) C ( ) and x (1) N .
Put (i ) = r (i ) t (i ) (i ) = x (i ) i = 0 1. Then
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u x (0) u x (1) = u (0) u (1) =
1

0 s
u (s) ds

where (s) = r (s) t (s) (s) , and r (s) t (s) (s) are those given by (6.19). Inte-
grating over x (1) N , we find that

N u x (0)
N
u dx +

(1) ( )
J (1) d (1)

1

0 s
u (s) ds

Here d (i ) denotes the product measure dr (i )dt (i )d (i ) for each i = 1 2. From
this

N 2

C ( )
u 2 dx

2 C ( )
N
u dx

2

+2
(0) ( )

J (0) d (0)
(1) ( )
0 s 1

s
u (s) J (1) d (1)ds

2

2(I + II ) (6.25)

Obviously,

I C ( ) 2
N
u 2 dx (6.26)

On account of Lemma 6.1 and (6.17),

II
(0) ( )

d (0)
(1) ( )
0 s 1

s
u (s)

2

J (s) J (1) d (1)ds

(1) ( )
0 s 1

J (0) J (1)

J (s)
d (1)ds

A3A7
2(d 1)

(0) ( )
(1) ( )
0 s 1

s
u (s)

2

J (s) d (0)d (1)ds

(1) ( )
0 s 1

d (1)ds

= c1
2(d 1) +1

(0) ( )
(1) ( )
0 s 1

s
u (s)

2

J (s) d (0)d (1)ds (6.27)

On the other hand, we get from (6.22)–(6.24)
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s
u (s) u

r
(s) r (0) r (1) +

u
t

(s) t (0) t (1)

+
d 2

j=1

u

j

(s) (0)
j

(1)
j

c2

d

i=1

u
xi

1 (s) (6.28)

Denoting
u
xi

1 by i and substituting (6.28) into (6.27), we arrive at

II c3
2(d 1) +3

d

i=1
(0) ( )
(1) ( )
0 s 1

i
(s) 2 J (s) d (0)d (1)ds

c3
2(d 1) +3

d

i=1

IIi ( ) (6.29)

By fixing (0) = r (0) t (0) (0) ( ) and 0 s 1, we make use
of the transformation (1) = r (1) t (1) (1) (s) = r (s) t (s) (s) . Putting
= (r t ) = r (s) t (s) (s) , we find that the Jacobian determinant is given by
(1) = s d . Moreover = (r t s) exhausts a set (0) s specified by

(1 s)r (0) r s + (1 s)r (0)

ad + (1 s)t (0) t s + (1 s)t (0)

(1 s) (0)
j j j s + (1 s) (0)

j j = 1 2 d 2

where ad = 1 if d = 2, = 0 if d 3, and j = (j = 1 2 d 3) d 2 = 2 .
So we get, for each i = 1 2 d ,

IIi ( ) = (0) ( )
0 s 1

d (0)ds
(1) ( )

i
(s) 2 J (s) d (1)

=
(0) ( )
0 s 1

d (0)ds
( (0) s)

i ( )
2 J ( ) s d d

By exchanging the order of integration,

IIi ( ) =
( )

0 s 1

i ( )
2 J ( ) s d r

1 s
r s
1 s

0

t
1 s

1
t s
1 s

ad

d 2

j=1

j

1 s j
j j s
1 s

0 d ds

2d+1 d 2

( )
i ( )

2 J ( ) d
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Combining this with (6.29) and (6.18), we have

II c4
2(d 1) +4

d

i=1 ( )
i ( )

2 J ( ) d

c5
2 C ( ) 2

d

i=1 C ( )
i u

2 dx (6.30)

Since N C ( ) , (6.25), (6.26) and (6.30) lead us to (6.21).

Lemma 6.3 Let 0 and E ( ) be the following subset of Rd with d 2.

E ( ) = (x xd ) B ( ) : xd (x )

where is a continuous function on x Rd 1 : x such that (0) = 0
and (x ) 0 x . Then the statement of Lemma 6.2 with C ( ) replaced
by E ( ) above holds.

Proof Let u C 1 E ( ) and N ( E ( )) be a Borel subset satisfying N
E ( ) . For x = (x xd ) E ( ), we set x = (x xd ). We also use the polar

coordinate with center x : y = x + r r = y x = (y x ) r S d 1. The
following inequality is obvious :

N u(x )
N
u(y) dy + N u(x ) u x

+
N
u(y) u y dy +

N
u x u y dy

from which we obtain

N 2 u(x ) 2

c1
N
u dy

2

+ N 2
xd

xd
d u(x s) ds

2

+
y E ( ) yd 0

dy
yd

yd
du(y s) ds

2

+
d

i=1 y E ( ) y=x+r
dy

r

0
i u x + s ds

2

c1 E ( )
N
u 2 dy + 2 E ( ) 2

xd

xd
d u(x s) 2 ds

+2 E ( ) 2

E ( )
du

2 dy

+4 E ( ) d+1
d

i=1 z E ( ) zd 0

i u(z ) 2

x z d 1 dz
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where we used the following estimate for the last term.

y E ( ) y=x+r
dy

r

0
i u x + s ds

2

4 E ( )
y E ( ) y=x+r

dy
r

0
i u x + s 2 ds

= 4 E ( )
y E ( ) y=x+r

rd 1 drd
r

0
i u x + s 2 ds

4 E ( ) d+1

z E ( ) zd 0

i u(z ) 2

x z d 1
dz

Therefore we have

N 2

E ( )
u(x ) 2dx

c2 E ( ) 2
N
u 2 dy + E ( ) 2 2

E ( )
du

2 dx

+ E ( ) d+1
d

i=1 z E ( ) zd 0
i u(z )

2 dz
E ( )

dx
x z d 1

c3 E ( ) 2
N
u 2 dy + E ( ) 2 2

E ( )
du

2 dx

+ E ( ) d+2
d

i=1 E ( )
i u

2 dx

Noting that c4 d E ( ) c5 d , we get the conclusion.

Proposition 6.1 now follows from Lemmas 6.3 and 6.4.

Proof of Proposition 6.1 Let k IC 0 , and N be a Borel subset
of Ck ( ) satisfying N Ck ( ) . In view of [16; Theorem 1.1.7], u k

H 1 C k ( ) provided u H 1 Ck ( ) . By means of [1 : Theorem 3.18], u k

is approximated by functions belonging to C 1 C k ( ) in H 1-norm. Noting that
1

k (N ) is a Borel subset of C k ( ) and satisfies
1

k (N ) C k ( ) for some
(0 1], we obtain (6.1) with Ek ( ) = Ck ( ) from Lemma 6.3. Similarly (6.1)

with Ek ( ) = Qk ( ) follows from Lemma 6.4.
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