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Preface

Professor Masatoshi Fukushima is one of the most influential probabilists of our times.
His fundamental work on Dirichlet forms and Markov processes made Hilbert space
methods a tool in stochastic analysis and by this he opened the way to several new
developments. His impact on a new generation of probabilists in his native country as
well as in many other countries can hardly be overstated.

In publishing a selection of his seminal papers we aim to serve the community, and
at the same time we want to express our appreciation of a highly respected, humane
scholar.

All owners of copyrights of papers being included in the Selecta (see the list at
the end of this volume) followed the old and good tradition to grant permission for a
reproduction in a Selecta without any charge. Unfortunately this is no longer a policy
adopted by all publishers. Therefore we are especially grateful to those who by their
generosity continue to support the mathematical community in keeping the tradition
of publishing selected or collected works alive.

The editors’ thanks go to all who supported us in our enterprise, in particular we
want to mention Professor T. Uemura (Kansai University), Dr. K. P. Evans (Swansea
University) as well as S. Albroscheit and Dr. R. Plato (Walter de Gruyter).

Swansea, Kumanoto and Sendai
Fall 2009 Niels Jacob
Yoichi Oshima
Masayoshi Takeda
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Professor Masatoshi Fukushima — Scholar and Mentor*

Let me start with some remarks on the scientific achievement of Professor Fukushima.
First investigations of Professor Fukushima were related to diffusions under boundary
conditions and this led him to consider related Hilbert spaces. From here the road was
open to Dirichlet forms, Beurling’s and Deny’s axiomatisation of the notion of energy
in potential theory. The breakthrough was the 1971 paper in the Transactions of the
American Mathematical Society where a Hunt process was constructed associated to
a given regular Dirichlet form. This result was immediately recognised by experts
as an outstanding one, already 1978 Professor Fukushima was an invited speaker in
the session on Probability Theory in the ICM in Helsinki. Adding to this I would
like to mention two other honours Professor Fukushima received: The Analysis Prize
from the Japanese Mathematical Society and being an Invited Lecturer of the London
Mathematical Society.

The 1971 paper and the book “Dirichlet forms and Markov Processes” published in
1980 in English changed the landscape of modern probability theory. Of course there
are many other contributions of Professor Fukushima’s worth mentioning:

 exceptional sets and refinements

* plurisubharmonic functions (especially the Acta Mathematica Paper with M. Okada)
* stochastic analysis on fractals

* boundary behaviour and traces of Markov processes

and many more. Of particular importance was and is the influence of his work to
mathematical physics. The construction of diffusion processes on infinite dimensional
state spaces highly depend on his seminal contribution. The impact of the “new” book
“Dirichlet Forms and Symmetric Markov Processes” written jointly with Y. Oshima
and M. Takeda can hardly be overstated.

In 1990 when participating in a conference organised by Professor Kunita in Nago-
ya, I once had a coffee with Professor Shinzo Watanabe. In our discussion Professor
Watanabe stated that for him in the 1970’s there had been two major breakthroughs
in probability theory: Malliavin calculus and Fukushima’s theory of Hunt processes

*This is a slightly modified version of a banquet speech given during a meeting to celebrate Professor
Fukushima’s 70th birthday.



Professor Masatoshi Fukushima — Scholar and Mentor

associated with Dirichlet forms — Professor Watanabe is a very modest person — he
should have added his own contributions too. However there is no doubt, Professor
Fukushima’s work is of lasting impact.

Mathematics is an international subject and Professor Fukushima was and is acting
on the international stage. This is natural to all the outstanding Japanese probabilists
raised in Professor K. Itd’s school. Professor Fukushima’s work on the 1971 paper
was partly done when being in the U.S.A. with the late Professor Doob. Here he
also established contacts to Martin Silverstein and he, Professor Fukushima, always
emphasised Professor Silverstein’s contributions to our subject. Professor Fukushima
was very engaged in the series of Japanese-Russian seminars on probability theory
and a frequent visitor to European countries. In addition he was a great help and
supporter of many young non-Japanese mathematicians, Y. Lejan, J. Kim, Z.-M. Ma,
Z.-Q. Chen, J. Ying, ..., and of course I have to mention myself.

Being a world-open mathematician, a scholar who has visited (partly for longer
periods) many countries is one aspect of Professor Fukushima. There is another one:
As many cosmopolitans he is deeply rooted in his own culture, i.e. in the traditional
Japanese culture. This makes any encounter with him also an encounter with Japan.
Through him I myself as well as quite a few of my students and colleagues learnt to
appreciate Japan’s great culture.

Professor Fukushima belongs to the generation whose childhood was in war-time
— I recommend everyone to read Kappa Senoh’s “A Boy Called H” to get a feeling
of what this meant to his generation. He as many other Japanese scientists, writers
and artists of his generation took on the difficult task to assure his country a respected
place in the modern post-war world — and they were rather successful.

A final more personal word. Due to his relations to the late Professor Heinz Bauer
we met first in Erlangen. I am very happy that I could build on Professor Bauer’s
contacts and could even extend them. This refers to the Oberwolfach meetings on
Dirichlet forms or a German-Japanese exchange programme supported by DFG and
JSPS. Moreover I am grateful that several of my own (former) PhD students could not
only visit Japan but could start to build up their own contacts bringing the collabora-
tion to the next generation.

You, Professor Fukushima, have made lasting contributions to Mathematics and
you have been over the years of great support to many of us. For this we are grateful
and we are looking forward to many further years to come with your company.

Niels Jacob
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A CONSTRUCTION OF REFLECTING BARRIER BROWNIAN
MOTIONS FOR BOUNDED DOMAINS

Masarosar FUKUSHIMA
(Received February 20, 1967)

1. Introduction

Let D be an arbitrary bounded domain of the N-dimensional Euclidean space
RYN,

We will call a function G,(x, y) (>0, x, y& D, x=y) a (continuous)
resolvent density on D if the following conditions are satisfied:

(G. 1) Ga(x, )20, a>0, x yeD, x+y.
(G.2) agDG,,,(x, Wdy=1, a>0, x=D.»
(G-3)  Galt, )—GCialo, )+ (@ B) | Gulo, )Gz, 3)da=0,
a, >0, x, yeD, x+y.
(G.4) For fixed a>0, G,(x, y) is continuous in (x,y) on DxD off the

diagonal.

A resolvent density on D is called conservative if the equality holds in (G.2)
for all @>0 and all x= D.

In this paper, we will construct a conservative resolvent density on D and
show that it determines a diffusion process (that is, a strong Markov process
having continuous trajectories) which takes values in a natural enlarged state
space D¥. When the relative boundary 8D of D is sufficiently smooth, our
diffusion process is shown (Theorem 6) to be the well known reflecting barrier
Brownian motion on DUdD. For this reason, our process for an arbitrary D
may be considered the reflecting barrier Brownian motion in an extended sense.

A function p(t, x, y), t>0, x, y= D, will be called a (continuous) transition
density on D, if it satisfies the following conditions:

(T. 1)  p( %, 9)=20,t>0, x, yeD.

1) dy denotes the Lebesgue measure on D.

3



184 M. FUKUSHIMA

(T.2) S Pt x, y)dy=1, 1>0, xD .
D

(T.3)  p(t+s, x, y):g plt, %, 2)p(s, 2, y)dz, t, s>0, x, yeD .
D

(T.4)  p(t, x, ) is continuous in (¢, x, ¥)E (0, +-00)X DX D .

A trausition density for which the equality holds in (T. 2) for all >0 and
all x= D will be called conservative.

Let p(¢, ¥, ) be the transition density corresponding to the absorbing barrier
Brownian motion on D?. Set

oo

1.1 GYx, y)=\ e p°(t, x, y)dt, a>0, x,y=D,
y P y y

0

then G(x, y) is a resolvent density on D and can be expressed in the form,
(1.2)  GYx, y)=IL,(x, y)—E (e TI,(X,, y)) a>0,xycD,

where,

Hm(x: y):S | we_wt* !

Nﬂe*dx*yﬂ/m dt, x, yERN 3 ,
0 (27tt)

E, is the expectation with respect to the standard Brownian measure P,, x& D,
and 7 1s the first exist time from D of the Brownian path X,.
A function u defined on an open set U of RM will be called a-harmonic on

U if

<a———% A> u(x)=0, x& U, where A is the Laplacian; A== i 882 . For func-
i=10x°

tions u#, v on D, we set

1.3) v):S u(x)o(x)dx ,

D
D(u, v):S (grad u, grad v)(x)dx .
D
For each a>0, let H, be the Hilbert space formed by all a-harmonic functions
on D with the following norm:
(1. 4) D,(u, u)=D(u, u)-+2a(u, u)<--oo .
In section 2, we shall prove the following.
Theorem 1.

(1) For each a>0 and each x=D, there exists a unique y-function Ri(y)
=R, (x, y) in H, such that the equation

2) cf. [8].
3) [x—y/ denotes the distance between x and y.

4



A ConsTRUCTION OF REFLECTING BarriER BROWNIAN MOTIONS 185

(1.5) DRz, o)+ 2a(Rs, v)=20(x)
holds for all ve H,.
(i) Set
Golx, 7)=Go%, y)+Ru(x, 3), @>0, % yeD.

Then G ,(x, V) is a conservative resolvent density on D, symmetric in x, yE D.
(iii)y Denote by B(D) (resp. C(D)) the collection of all bounded measurable (resp.
bounded continuous) functions on D. The operator G, defined by

(1.6)  Guf()={ Gul-,)/0)dy, fEBD),

maps B(D) into C(D). Moreover, if f€ C(D), then wlim aG,fx)=f(x), x D.
(iv) Suppose that K, and K, are compact, D, is open and K,CD,CK,CD.
Then, sup G,(x, y) is finite.

IEKl,}’ED*KZ

(v) There is a unique transition density p(t, x, y) on D satisfying
4o
(1.7)  Gax, y):S et p(t, x, y)dt, a>0, x yeD.

p(t, x, y) is conservative and S p(t, %, ¥)f(y)dy is continuous in (¢, x) (0, + o)
D
X D for any fe B(D).

When 0D is suffciently smooth, the transition density in Theorem 1 turns

out to be the fundamental solution of the heat equation <%—%A,‘>u(t, x)
¢
=0, t>0, x€ D, with the boundary condition aiu(t, x)=0, t>0, x€0dD,
n

x

where n_ is the inner normal at the point x&0D. Indeed, assuming that
0D is in class C°, let us denote the latter by p(¢, %, ), t>0, », yeD. Then,
it is a transition density and

R (x, y):SM et p(t, x, y)dt-—Gy(x, y) is an ¢-harmonic function in the class
(:“(DL.JGD) Oas a function of y». Hence, we have only to show that
Riz=R,(x, +) satisfies equation (1.5). Applying the Green formula to the
identity —%»Rz(y):a%Gg(x, y), yE0D, we see that

y y

(1.8) LD, o)k, O=—{ LGl y)e)o)

4) cf. [7]. CYDUGID) denotes the totality of continuously differentiable functions on
DuaD.



186 M. FUKUSHIMA

holds for every ve=C'(DUOD), o(dy) standing for the surface Lebesgue
measure of 0D. The right hand side of (1.8) is the a-harmonic function
with the boundary value v. A usual limiting procedure leads us to the validity
of (1.5) for Rz and for every ve H,».

We call a compact set D* a compactification of D if D* contains D as an
open dense subset and the relative topology of D in D* is equivalent to the
original Euclidean topology there. In Sections 3 and 4, the following theorem
will be proved.

Theorem 2.

(1) There is a compactification D* of D such that p(t, x, y), >0, of Theorem 1
is extended to (x, y)& D* X D uniquely in a certain way and the extended function
(denoted again by p(t, x, y)) satisfies conditions (T. 1), (T. 2) and (T. 3) for
xeD* and yeD.

(ii) There exists a Markov process X={X,, P,, x&D*} possessing the following
properties.

(a) For each Borel set A of D¥,
Px(X,eA)ZS 2, %, y)dy, >0, x=D*.
pna

(b) X is continuous;
P (X, is continuous in t for every t=0)=1, xeD*,

(c) X has the strong Markov property.
(d) The part of X on the set D is the absorbing barrier Brownian motion there;
for every x& D and Borel set A of D,

P (X,cA4; t<T)=S P, % 9)dy, >0,
A

T being the first exit time from D.
(e) There exists a Borel subset D * of D* containing D such that

P (X;=x)=1, x&D*,
P(X,=x)=0, x=D*—D*.

Moreover X is conservative on D*; P(X,eD* for every t=0)
=1, xeD*.

5) For veH, we can find a sequence of functions v,= CY{DU8D) which converges to
v with respect to the norm v D(v, v) I 2a(v, v). The boundary function of v,, then, con-
verges to that of v (which is determined by v, g-almost everywhere on 8D) in L?(s) sense.

6



A CoNSTRUCTION OF REFLECTING BARRIER BROWNIAN MOTIONS 187

Let D* be the completion of D of the Martin-Kuramochi type with respect
to the resolvent density G (x, y) of Theorem 19. In Section 3, we will show
that this D* satisfies condition (i) of Theorem 2 and we will derive a right
continuous strong Markov process X on D¥* satisfying the condition (ii, a).
Moreover, the property (i1, d) will be verified.

We now give some conments on the completion in Theorem 2. The first
remark is that the validity of Theorem 2 (i) for our D* owes essentially to the
conservativity of the resolvent density of Theorem 1. The second remark is
concerned with the strong Markov property of X in the theorem. D. Ray [20]
proved that, under certain hypotheses, to a resolvent on a compact space cor-
responds a strong Markov process. One of Ray’s hypotheses is that the given
resolvent makes invariant the space of all continuous functions. This condition,
however, is not necessarily satisfied by the resolvent (operator) induced by the
density function G.(x, y) on the extended space D*. Therefore, Ray’s original
theorem is not enough to verify the strong Markov property of our X. We will
reproduce the proof of H. Kunita and H. Nomoto [9]; they treat a wide class
of Markov processes including ours. (T. Watanabe pointed out that there is
another nice completion for which Ray’s original results can be applied in them-
selves. Under this completion, Theorem 2 is still valid and the conservativity
of the resolvent density is irrelevant. See [11].) Third, we note that D¥*—D *
is the set of all branching points in Ray’s sense [20]”. Finally, statements (b)
and (e) imply that almost all trajectories starting from a non-branching point
never contact with branching points.

In order to complete the proof of Theorem 2, we must show the continuity
of trajectories of X. Section 4 will be devoted to the proof of the above feature
of X by a potential-theoretic method. First, G,(x, ¥) of Theorem 1 will be
extended to (x, y)= D*x D* and every summable 1-excessive function will be
expressed as the integral of the kernel G,(x, y) with a unique measure on D *
(Theorem 3). Second, we will introduce the notion of the Dirichlet norm

I[lulll x of the function u(x)zx G\(x, ¥)/(y)dy, x= D*, f= B(D), with respect to
D
our process X and we will then show (Theorem 4) that the equality |||u|||%
:S (grad u, grad u) (x) dx holds for each function of above type. This is a charac-
D

teristic feature of reflecting barrier Brownian motions. Owing to the result of
M. Motoo and S. Watanabe [18], this characteristic property of X permits us
to conclude that, for any additive functional 4, of X such as E,(A4,)==0 and

E (A7) <+t oo, xeD* t>0, the stochastic integral S Xpr—pdA, vanishes

6) cf. [12] and [13].
7) For x&eD¥*—D* the life time of our path X, is either infinity or zero P,-almost
every-where (see Lemma 3.4 and 3.5).



188 M. FukusHIMA

identically (Theorem 5). Here, Xp+—p is the indicator function of D *—D.
This property of X will exclude the possibility that the trajectories of X have
jumps on D, *— D with positive probability.

Acknowledgement. K. Ito and N. Tkeda suggested me the problem treated
here and encouraged me throughout the research. The analysis of the con-
tinuity of trajectories pérformed in §3 and §4 is in debt to valuable advices by
H. Kunita and S. Watanabe. T wish to thank them all for their kindness.
Thanks are due to K. Sato and T. Watanabe for their kind and useful opinion
on the manuscript.

2. Construction of resolvent density (proof of Theorem 1)

From now on, we fix an arbitrary bounded domain D of R¥. The following
criterion for a function on D to be a-harmonic is easily verified and it will be
frequently used in this paper.

Lemma 2.1. Let a be positive number. A function u on D is a-harmonic,
if and only if, for each ball B with closure contained in D, it holds that
uw={_ s, y)uG)o(dy), *=B,
9B
1 8 5

where a(dy) is the surface Lebesgue measure of B and hZ(x, y)zja— Gao%, V),

b4

xE B, yE 0B, BG(x, y) being the resolvent density defined by (1. 1) for the ball B.
For functions # and v on D, define D(u, v) and (u, v) by (1.3). Put

2.1) D,(u, v)=D(u, v)+2a(u, v), a>0.
Denote by H, the space of all a-harmonic functions u satisfying D,(u, u) <+ oo.

Lemma 2.2. For each a>0, H, forms a real Hilbert space with the inner
product Dy(u, v). Moreover, any Cauchy sequence of functions in H, with respect
to the norm \/ D,(u, u) converges on D uniformly on any compact subset of D.

Proof. Suppose thatu,= H,,n=1, 2,---, and D (u,—u,,, u,—u,,) — 0.

Let K be any compact subset of . Choose £>0 smaller than the distance
of K with 8D. Let Byx) be the ball with radius & centered at x in K. Ap-
plying Lemma 2. 1 to the a-harmonic function u,—u,,, we have

(2.2) U, (%) — (%)

- Ti: Ssg(x)n“( |y =2 Y yy—tn(y)) dy, xS K,

where V, is the volume of B,(x), | y—=x| is the distance between x and y, and
74(r) is a function of real >0 which depends only on a>0 and satisfies

8



A CONSTRUCTION OF REFLECTING BARRIER BROWNIAN MOTIONS 189

0<7,(r)<1. The Schwarz inequality applied to (2.2) leads to

1
Ve

(un(x) - um(x))z é

1
2aV,

(un-um ’ un_um)

=

D,(u,—u,,, uv,—u,), xK.

Thus, u, converges to a function # on D uniformly on any compact subset of
D. By virtue of Lemma 2. 1, u is also @-harmonic on D and the first derivatives
of u, converge to those of u uniformly on any compact subset of D. On the
other hand, since u,, n=1, 2 ,---, form a Cauchy sequence with respect to the
norm D,, one can find, for any £€>0, a compact subset K CD such that

[ lgradu,i@avr2|  ulerae<e

SD

uniformly in #n. Hence, ue H, and D,(u,—u, u,—u) ———-> 0.
n— -+ oo

Lemma 2.3. Let a>0 be fixed.
(1) For each x= D, there exists a function w* < H, uniquely such that

(2.3) D,(u®, v)==2v(x), for any ve H, .

(ii) The function u® in (i) is a unique element of H, minimizing the value of the
Sunctional V(u)=D,(u, u)—4u(x) on H,.

Proof. (i). For a fixed x€ D, define the linear mapping & from H, to R'
by ®(v)=2v(x), vE H,. ® is continuous by the latter half of Lemma 2.2.
The Riesz theorem implies (i).

(i). We have only to notice the equality W(u)=L(u™)+D,(u—u™,
w—u®), us H,.

DeriniTiON 1. For >0 and x, ye D, denote by Ri(y)=R.(x, ), yeD,
the function #™(y) of Lemma 2.3.

DrerintTioN 2. Let G3(x, y) by the resolvent density defined by (1.1).
Define the function G,(x, y), a>0, x, ye D, by

Gau(%, y)=Gal(x, ) +-Ralx, ¥) -

Before examining those properties of G,(x, y) stated in Theorem 1, we
prepare three lemmas.

An exhaustion of D is a sequence of domains D,, n=1, 2 ,---, such that
the closure of D, is contained in D, , and D, converges monotonically to D.
An exhaustion {D,} of D is called regular if 8D, are of class C°.

9



190 M. FukusHIMA

Lemma 2.4. Let a>0 be fixed.
(1) Any non-negative c-harmonic function on D is either identically zero on D or
strictly positive on D.
(ity The function w=1—aGSl is strictly positive on D. Moreover w is the
unique element in H, satisfying

2.4) D,(w, v)=2a(l, v) for all v H, .

Proof. (i). Since Lemma 2.1 implies that the value of an «-harmonic
function at any point of D is a weighted volume mean on the ball centered at the
point, property (i) is verified in the same manner as in the case of harmonic
functions.

(). It is evident, by expression (1.2) of G, that w is a-harmonic and
strictly positive on D. In order to show identity (2.4), consider a regular ex-
haustion {D,} of D.

Put w,=X, —a”GXp,, where X, is the indicator function of
D,, ”G;XDn(x):j "Gi(x, y)dv and "GY(x, y) is the resolvent density (1. 1) for

D

D,. The function w, is @-harmonic in D,,, converges to w monotonically and
(consequently) uniformly on any compact subset of D. On account of Lemma
2. 1, the derivatives of =, converge to those of w on D. Denote byDy( , )
the integral (2. 1) on D,. Since w, belongs to C(D,U08D,), we can apply
Green’s formula to =, and o9& H,, obtaining Djyw,, v)=2a(Xp,, v).
This equality implies the inequality Dxw,, w,)—4a(Xp,, w,) =Dy(v, v)
—4a(Xp,, v) for all v H,. Letting n tend to infinity and using Fatou’s
lemma, we obtain

D,(w, w)——{a(l, wy < D,(v, v)—4a(l, v) .

Thus, we H,, and if we put, instead of v, w-+&v in the inequality above, we
arrive at (2.4). The proof of the uniqueness is straightforward.

Lemma 2.5. Take an exhaustion {D,} of D arbitrarily. Let "Ri(y) and
"Gu(x, y), >0, x, yE D,, be the functions defined by Definition 1 and Definition 2
for the domain D,. Then, lim"G,(x, y)==G,(x, y), a>0, x, yED, x=+y.

Moreover, for each x< D, the equality

(2.5)  lim "RY(y)=Ri(y), yED,

holds and the convergence is uniform in y on any compact subset of D.

Proof. Let "GS(x, y) be the resolvent density defined by (1. 1) for the
domain D,. Since "GY(x, y) increases to G§(x, y) we have only to discuss the
convergence of "R, to RY,.

10
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Let us fix x&=D. We can assume that x is in D,. For each D,,, denote its
associated a-Dirichlet norm by Dj and its associated Hilbert space by HJ.
It is clear that, if m<n, the restriction of the function of H?% to D,, is an element
of H™.

If m<n, we have

DJ("R;—™R5, "Ra—"Rz2)

—D("Rz, "Ry)—2D("R:, "R2)+ Di("R:, "Rz .
We will apply Lemma 2. 3 to each term of the last expression. 'The first term
is not greater than DJ(*R%, "R%)=2"Ri(x). The second and third terms are

equal to —4"R7(x) and 2"Ri(x), respectively. 'Therefore, for each IV, it holds
that

(2.6)  0<DY("Rz—™Rz, "Ri—"Rz)<2("Rz(x)—"R2(x)),

for any m and # such that N<m<n. Inequality (2. 6) implies that "R}(x) is
non-increasing in # and since "RZ(x)=4 D}("R%, "RZ) is non-negative, "R%(x)
converges. 'T'hus, inequality (2. 6) and Lemma 2. 1 show that "R3(y) converges
to an a-harmonic function R%(y) on D uniformly on any compact subset of
D, and for each N, the restriction of "R% to Dy converges to that of Rz in the
norm DY .

Let us prove that R%(y)=R%(y), y&D. Since RZ belongs to H”., Lemma
2. 3 (i1) implies

Di("R;, "RE)—4"R(x) = DR, R)—4R3(x).
Letting # tend to infinity, we have, for each N,

DJ(R;, R;)—4Ry(x)< Do(Rz, R7)—4R(x) .
Let N tend to infinity, then

Dy(R;, Ry)—4Ri(x) < Du(RZ, RY)—4R3(x) .

Thus, we see that RZ< H,, and that, by Lemma 2. 3 (i1), the inequality above 1s
just the equality and RZ(y)=RZ(y), y&D. The proof of Lemma 2. 5 is com-
plete.

We have seen (in the paragraph following Theorem 1) that, if 8D, is of
class C° "G,(x, v) is nothing but the Laplace transform of the fundamental.

solution of the heat equation on D, with the boundary condition 9 4o

ny

and this solution is a transition density on D,. Hence, we have

Lemma 2.6. Let {D,}, {"R.(x, y)} and {*(G.(x, v)} be those in Lemma
2.5. If D, is regular, then we have

11
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(2.7) "Gulx, )20, a>0, x yeD,, x*y.

(2. 8) "Ru(x%, y)=0, a>0, x, yeD,.

2.9) ag "G, y)dy<1, a>0, xeD,.
Dy

(2.10) "G, »)~"Cilx, 3)+@—B) | "Gulx, 2)"Gyls, )ds=0,
a, B3>0, x yeD,, x*y. "

We note that (2. 8) follows from (2. 7).
Now, let us complete the proof of Theorem 1 by the following series of
lemmas.

Lemma 2.7. R,(x, y) is non-negative for a>0, x, yeD and
ag Gulx, y)dy =1, for a>0, xeD. G,(x, y) is symmetric in x, yED and
D
continuous in (x, y) on DX D off the diagonal.

Proof. The first part of LLemma 2. 7 is an immediate consequence of
Lemma 2. 5 and T.emma 2. 6. It is well known that G(x, y) is symmetric in
x, y€ D and continuous in (x, y)& DX D off the diagonal set. R,(x, y) is sym-
metric because D,(RZ, RY)=2Ri(y)=2RY(x), x, yeD.

We shall show that R,(x, y) is continuous in (¥, y)DXD. Since Ru(x, ¥) 1s

a-harmonic in x and in y, applying Lemma 2. 1 for any x, y=D and for

sufficiently small balls B, and B, containing x and y, respectively, we have

R, (x, J’):S S h5i(x, 2)R,(2, &' )hE(y, 2')o,(dz)o(dz"), where o(dz) and
9B, 0

o,(dz') are the surface Lebesgue measures of 9B, and 0B,, respectively.

While, R,(z, 2’) being continuous in 2’ for each z,g R,(z, ')o(dz’) 1s
B,

finite and a-harmonic in 2. Thus,
[ S Rz, &) o(dz) ol dz’) <o .
0B, Jon,

Since R, is non-negative, Lebesgue’s convergence theorem implies continuity of
R (%, ). The proof of the latter half of LLemma 2. 7 is complete.
We will show assertion (iv) of Theorem 1.

Lemma 2.8. Let K, and K, be compact subsets of D such that K, and the
closure of D-K, are disjoint. Then, sup  Gu(x, y) is finite.

rEE,VED-K,

Proof. Without loss of generality, we can assume that S=98(D—K,)ND
is sufficiently regular. Consider a regular exhaustion {D,} of D such that
D DK, let xbe fixed in K;,. For a fixed n, set D'’=D,—K, and u(y)

12
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_n

="Gu(x, ¥), y&D"UBD’. Since 8—8~u(y):0,yE8D,,, we see by Green’s
ny

formula that D,’(u, v—u)=0 holds if v&C (D’ U8D’) and v=u on S®. Hence,
the equality

(2.11)  D,(u, wy=D, (v, v)— D, (u—v, u—v)

is valid for each v belonging to ®,= {v; v is square summable on D’, v has
square summable weak-derivatives on D’, v&C(D'US) and v=u on S}°.
Set &= sup u(y) and wu,(y)= min (u(y), §), yeD'US. Obviously, D,'(u, u)

=D,'(u,, u;). But, since ,€9,, (2. 11) holds for v=u, and consequently

u(y)=u(y) on D",
We have proved that, if xK, and yeD,—K,, then "G,(x, y)
=< sup "Ga(x, y). Letting n tend to infinity, we see by virtue of Lemma 2. 5,

Gulx, y)= sup G.(x, v), x€K,,yeD—-K,. Thus,

sup  Go(x, y)= sup_ Ga(x, y).
(= 1,VE

YEKpYeED-K,

The right hand side above is finite by Lemma 2. 7.
Let us show statement (iii) of Theorem 1.

Lemma 2.9. The operator G, defined by (1. 6) maps B(D) into C(D).
Moreover, if f = C(D), then lim aG,f(x)=f(x), x& D.

Proof. We note that G| has those properties in Lemma 2. 9”. For

feB(D), Ra,f(x):g R, (x, y)f(y)dy is a-harmonic and bounded on account
D

of Lemma 2. 1 and Lemma 2. 7. Moreover, we see by Lemma 2. 1 that, for
any x& D and sufficiently small ball B containing x.,

|aRuf() = | HE(w, )| aRuf(9) | ()

< sup 7)1 12, ) oldy) — ——0.

The proof of Lemma 2. 9 is complete.
The following lemmas are statements (ii) and (v) of Theorem 1.

8) D, denotes the integral (2.1) on D’.
9) We call f the weak derivative of o with respect to the coodinate x;, if (f, ¢)nr

= —(v, 3% go)ly holds for every infinitely differentiable function on D’ with a compact sup-
i

port, ( , )p being the integral (1. 3) on D’,
10) See (1. 2),

13
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Lemma 2.10. G,(x, y) is a conservative vesolvent density on D. R,(x, y)
1s strictly positive.

Proof. We must prove that G,(x, y) satisfies conditions (G. 1)~(G. 4)
stated in the beginning of Section 1 and the conservativity condition. Con-
dition (G. 1), (G. 2) and (G. 4) were already proved in Lemma 2. 7.

Proof of the resolvent equation (G. 3). Take a regular exhaustion {D,}
of D. Let f and g be non-negative continuous functions on D with compact
supports. Owing to equation (2. 10) of Lemma 2. 6, we have for suffictently large
n,

(2 12) (f) ”ng)n_(f» nGﬂg)n"’_(a‘B)(nwa; ”Gﬁg)n:() y

where (u, v), denotes the integral of # v on D,,.

Note that 0<"G, f(x)"Gpg(x) é% sup f(x)-sup g(x) and that "G,g converges to
a reD =D

G,g on D (since, "Gig increases to GSg and "Rj(y) converges uniformly on
any compact subset).
Hence, we can delete both superscript and subscript # in (2. 12). Owing to
Lemma 2. 8 and Lemma 2. 9, the left hand side of (G. 3) is, for each x= D,
continuous in ye D— {x}, and we can see that the resolvent equation (G. 3) is
valid.

Proof of conservativity. If we show that R,1= H, and that

(2.13)  Dy(aR,l, v)=2a(1, v),

holds for all ve H,,, then, we have, by (ii) of Lemma 2. 4, | —aGil=aR,1 and
aGul=1.

Let D, be an exhaustion of D. Integrating D,(Rj, R{)=2R,(x, y) on
D,, X D,, we obtain

(2.14)  DyRuXp,, RXp)=2| S Ry(x, y)dxdy .
Dy

VD

Here, we have used the Fubini theorem, which is valid for the following reason:
if m<n,

! S axdy| |(grad Ri(z), grad. RY(=)dz
D d Dy D

=( | VDR R)V DR, Reydnay
D

Dy ”

(S V2R (%, x) dx)2§ZS R,(x, x)dx X Lebesgue measure of D,
Dy

Dy

l

the integral in the last expression being finite by Lemma 2.7. In view of

14
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Lemma 2.7, R,(x, y)=0 and S S R (x, v) dxdygix Lebesgue measure of D.
DJD [04

Therefore, R,Xp,, forms a Cauchy sequence in H, and, by Lemma 2.2,
converges to R,1 in H,. We have D,(R,1, R,1)=2(1, R,1). In the same
way, identity (2. 13) is obtained. Strict positivity of R,(x, ) follows from
Lemma 2. 4.

Lemma 2.11.  There is a unique transition density p(t, x, y) on D satisfying
the following conditions.

(i) Guw,y)= e pt, 5, 9)dt, a>0.
(ii) For each t>0, f = B(D),

S p(t, x, ¥)f(y)dy is continuous in (¢, x)= (0, + o) x D.
D

(i)  p(t, x, y) is symmetric in x, y= D and it is conservative.
(iv)  Set v(t, x, y)=p(t, x, y)—p°(t, %, y), then

%,S v(t, x, y)dy —t——0—+ 0 uniformly in x on any compact subset of D.
D —>

Proof. First of all, we will show the existence of a non-negative function
v(t, x, ¥) continuous in £>0, satisfying

(2. 15)  R,(x, y):g+ e "y(t, x, y)dt, a>0, x yeD.
0

If x&y, R,(», y) is completely monotonic in @& (0, +oo). In fact, by the

resolvent equation (G. 3) for G, and G, we have, if x+y,

(2. 16) (—1)";?;%1{,(90, y)=n! [GEI(x, y)— (GO N(x, )], n=0,1,2,--.

Here GL(x, )=G (%, y) and GI""Nx,y)=\ GUl(x, 2)G,(z, y)dz, n=1,2,---.
Y] y b y

(G is defined similarly. Evidently, the right hand side of (2. 16) is non-
negative and, by Lemma 2. 8, finite. Hence, R,(x, ) is expressed by a measure
on [0, 4 o0) as

| oo
(2.17)  R,(x, y):g e “o(ds, x,,y), xFy, a>0.

0

Take a ball B with closure contained in D. Since R,(x, y) is a-harmonic in
x, we see, by Lemma 2. 1, for any x& B and any ye D,

2.18)  Ru(x, y):SthE(x, 2) Ra(z, ¥)o(dz) .

15
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Note that £5(x, 2) is written in the form

+oo
(2.19) &, z):S e “hB(t, x, 2)dt, z=B, 0B,

0

where h5(t, x, z):% 9

pi(t,x, 2), p% being the transition density p° for B. Let

z

us put, for t>0, x& B and y= D,

2.20) (2, x,y):SaB SthB(t—s, %, 2)7(ds, %, y)o(dz) .

0
Owing to equations (2. 17), (2. 18) and (2. 19), the function (¢, %, y) of (2. 20)
satisfies the desired equation (2. 15). On the other hand, for any ball B" such
as B"U0B'C B, the obvious idenity A5(t, x, z):S /Sth"'(t—-s, x, ") hE(s, 2', )
aB" Jo
dso'(dz'), x&B’, 2=0B,
leads us to the relation

@21 ot w =] (W 5 ) 2 pasoas,
)

0

>0, xB' yeD,

which implies the continuity of v(¢, x, ¥) in (¢, x)=(0, + o)X B".
Here, we have used the following estimate which is a consequence of (2. 17),

(2. 20) and Lemma 2. 8.
(2.22) sup  v(t, x, y)<C-e”+ sup R(z, y)<-foo,

OIET, 3B YED €98, )ED

where T is an arbitrary positive number and C is a constant determined by 7,
B and B’. Hence, we see that, for any x and y in D, v(t, %, y) defined by
(2. 20) is independent of ball B such that x&B and BUABCD, because it
satisfies (2. 15) and it is continuous in #. It is symmetric in x, ¥ because of the
symmetry of R,(x, y) (Lemma 2.7). Henceforce, it is continuous in y, and
(2. 21) and (2. 22) imply its continuity in (¢, x, y)=(0, +o0)x DxD. In view
of (2. 22), we see that S v(t, %, ¥)f(v)dy is continuous in (¢, x)= (0, +co)x D
D
for each f € B(D).
Now put, for >0, x, y= D,

(2.23)  p(t, % y)=p't, %, y) (2 %, ) .

Then, p(t, x, ¥) is continuous in (¢, x, y)=(0, +o0)XDxD and satisfies
conditions (i), (i) and the first half of Lemma 2. 11 (iii). In particular,

SDp(t, %, y)dy is continuous in ¢, so that, the conservativity of p(, x, y) follows

16
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from that of Gy(x, y). For each «x, y&D, p(t+s, x, y) and S P, x, 2)
D

p(s, 2, y)dz are continuous in (f, s)&(0, +o0)x (0, +o0), and so, they are
identical by virtue of (G. 3) for G,(x, v). Thus, p(¢, %, ¥} is a transition den-
sity. Assersion (iv) of Lemma 2.11 follows from (2.21) and the inequality

S v, %, v)dy=1, t>0,x&D.
D

3. Compactification of D. Construction of a strong Markov
process on the compactified space

Consider the resolvent density G,(x, v), «>0, x, y= D, in Theorem 1.
Let x,&D, n=1, 2 ,---, be a sequence having no accumulation point in D and
{D;, I=1, 2 ,---} be an exhaustion of D. For each J, there exists N such that
x,&D—D,,,, n=N. By Theorem 1 (iv), the family of functions {G,(x,, y),
n=N} of y is uniformly bounded in y&D,,,. Moreover, Lemma 2. 1 implies
that, for n= N, the first derivatives of G (x,, y); n= N, are also uniformly bounded
in y& D, and that functions G,(x,, y), n= N, are equi-continuous there. Hence,
a subsequence of G,(x,, y) converges uniformly on each D, and consequently,
by Lemma 2. 1, the limit function is 1-harmonic in D.

A sequence x,&D, n=1, 2,--- having no accumulation point in D is
called fundamental, if ,EI}LG‘(x"’ y) exists for each ye D.

Two fundamental sequences {x,} and {x,’} are called equivalent, if
lim G(x,, y)==lim G\(x,’, ¥), y&D. This defines a usual equivalence relation

among fundamental sequences.

DEeriNTTION 3.
(1) Denote by A the collection of equivalent classes of fundamental
sequences.
(ii) For xc A, define G,(x, y) by G (x, y):nlim G\(x,, v), yD, where,

{x,} is a fundamental sequence belonging to x.
(iii) Set D¥*=DU A. For x,, x,&D¥, set

— |G1(x1ay)_G1(xzv y)[
(3 1) p(xn xZ)_SDl_’_lGl(xl’y)_Gl(xz’y)i'

Evidently, p defines a metric on D*.

dy .

Lemma 3.1.
(i) (D*, p) is a compactification of D.
(i) For each y in D, the extended function G (x,y) is p-continuous in x on

D*—{y} and the class of functions (of x), {G\(x, y), yE D}, separates points of
D*,

17
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(iii) If K is a compact subset of D and F is a closed subset of D*—K, then
sup G\(x, y)is finite.
XEF,VEK,

(iv) When the relative boundary 9D of D in RN is of class C°, DUOD coincides
with D* up to a homeomorphism which is the identity on D.

Proof. Martin’s original proof (cf. [13], §2, Theorem T and I} can be
applied with no change to obtain the statements (i) and (ii). Third assertion
is a consequence of Theorem 1 (iv). Suppose that 3D is of class C°. As we
have seen in Section 1, G,(x, y) of Theorem 1 is the Laplace transform of a
fundamental solution p(¢, x, ¥) of a boundary problem of the heat equation.
p(¢, x, y) and G,(x, y) can be continuously extended to DU®8D as functions

of ¥ and it holds that, for each xEDUvaD, fec(DuaD), Iims P2, %, y)
t>0 JD

fiy)dy=f(x)>,  which  implies }iIPwaSDGw(x, () dy=[(x). Hence,
{G\(x, y), yE D} separate points of DU8D. Therefore, DU8D is homeomor-
phic to D* (cf. [1], §9).

Denote by B(D*) the o-field of all Borel subsets of D¥. B(D*), C(D¥)
and C,(D) will stand for the classes of all bounded Borel measurable functions
on D*, p-continuous functions on D¥* and continuous functions on D with
compact supports in D, respectively. FEach feCy(D) will be considered as a
function on D* by setting f(x)=0, xE A.

As an immediate consequence of Lemma 3. 1 and Theorem 1 (iii), we have

Corollary. The operator G,, defined by G, f(x):SD Gi(x, y)f(y)dy, x= D¥,

maps Cy(D) into C(D*} and the collection of functions G.f, f€ C(D), separates
points of D¥.
Now, let us extend every function G,(x, y), >0, as follows.

DerInNITION 4. Tor a>0, x€ A, ye D, define G,(x, y) by
(3-2)  Gu(x y)=0G\(x y)—(a—1) SD Gy(x, )Gz, y)dz.
Lemma 3.2. For each x& /\, G,(x, y) has the following properties:

(G. 1) Gyx, y), a>0, ye D, is non-negative, finite and ca-harmonic in yE D ,
(G.2) aGlx)=Glx)<1, a>0,

where G,1(x)= SD G, y)dy.

(G. 3) Gy, y)—Gal(x, y)+(a~B)SDGw(x, 2) Gz, y)dz=0, a, >0, ye D.

1) cf. [7].
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Proof. Let us fix x& A. By Fatou’s lemma,
(3.3) Glx)=1.

By virtue of (3. 3), assertion (iii) of Lemma 3. 1 and assertion (iv) of Theorem
1, the integral appering in (3. 2) turns out to be finite for >0 and yeD. When
a<<1, G,(x, vy) is clearly non-negative. By Fatou's lemma, G,(x, y)=0 for
a>1. We can easily verify

<a—% Ay> Gu(x, )=0, a>0, yeD.

Integrating both sides of (3. 2) in y and noting the conservativity of G, of
Theorem 1, we get aG,1(x)=G,1(x), «>0. The equation (G. 3)’ is obtained
from (3. 2) by a simple calculation.

We now extend p(t, x, y) of Thoerem 1 (v) from D to D* with respect to x.

Lemma 3.3. For each x& /\, there is one and only one function p(t, x, ),
t>0, ye D, which is continuous in t and satisfies

(3. 4) Ga,(x,y):sme"a”p(t, x, y)dt, a>0, yeD.

Moreover the function p(t, x, y) has the following properties:

(T. 1) It is non negative.

(T. 2)’ Sp(t, %, Y)dy=G,1(x)<1, >0.
D

(1. 3y S p(t, %, 2)p(s, 2, y)dz=p(t+s, x,y), t, s>0, yeD.
D

(T.4) For each x= /\, it is continuous in (t, )< (0, 4-c0)xX D and, for each
t>0 and y= D, it is measurable in x on /. Moreover, for any f< B(D¥) and

xeEN, S p(t, %, ¥)f(y)dy is continuous in t>0.
D

Proof. In view of (G. 3)" of Lemma 3. 2, we see that G,(x, y), x= A,
ye D is completely monotonic in @< (0, +o0). By (G. 1)’ of Lemma 3. 2, it is
a-harmonic in ye D. Hence, we can construct p(¢, x, y), t>0, x& A, yeD,
satisfying (3. 4), (T. 1) and the first half of (T. 4)’ in the same manner as the
construction of y(¢, x, y) of Lemma 2. 11.

As consequences of properties (G. 2)" and (G. 3)’ of Lemma 3. 2, the equation
in (T. 2)" holds for almost all £>0 and relation (T. 3)" holds for almost all
t, s>0. By virtue of (2. 22), the left hand side of ('T. 3)’ is continuous in §>0
for each ¢ satisfying ('T. 2)’. So the equation ('T'. 3)" holds for almost all £>0
and for all s>>0. In view of property ('T'. 3) of the transition density p(¢, x, y),
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t>0, x, ye D, (T. 3)" holds for all ¢, s>0. (T.3)" implies that the left hand
side of (T. 2)" is a constant in £. Hence (T. 2)" holds for all t>0. It follow

from the first half of ('T. 4)" that S p(t, x, ¥)f(y)dy 1s lower semi-continuous in
D
¢t for each non-negative bounded function f on D. Moreover, on account of
('T. 2)', it 1s continuous in z. Thus, S p(t, %, ¥)f(v)dy is continuous in >0
D

for each f & B(D*) and xE A.

Now, we are in a position to construct the Markov process (on D¥*) associ-
ated with p(¢, x, y), x&D*, ye D, and investigate its properties.

Add a point 8 to D* as an isolated point. B(D* Ua) will stand for the
collection of sets whose restrictions to D* are the elements of B(D*). Denote
by B(D* Ud) (C(D*Ud)) the aggregate of all the functions on D* U3 whose
restrictions to D¥* are the elements of B(D*) (resp. C(D¥)). Each element f
of B(D*) will always be considered as the one of B(D* U ) by setting f(8)=0,
unless particularly mentioned. Let p(¢, x, ¥) be the function defined for ¢>0,
xeD* and yeD by Theorem 1 (v) and Lemma 3.3. For E€B(D*U0),
define
6.5 ot B)={_ plt, 3 3)dH(1—g@)Xe(0), EDF,

EU

P(t’ 9, E):XE(a) ’

where X is the indicator function of the set E, and

3.6)  gx)= S G (x, y)dy, xED*.
D
We put for f € B(D* U 9),

T )= (e x dn)f0),
(3.7) o

Gof(x)= S e T, fx)dt, x€D*U0, >0, a>0.
G,f 1s expressed in the form

CufW={ Culos 9)f0)ty+1=1010), xeD*,
(3.8)

G112,

By virtue of Theorem 1 (v) and Lemma 3. 3, p(¢, x, E) defined by (3. 5) is a
transition function on D*U®; p(t, x, +) is a probability measure on D* U39,
p(+, «, E) is, for each E&B(D* Ud), measureable in (¢, x)(0, + o) x {D* U d}
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and it satisfies the Chapmann-Kolmogorov equation.

Let Q be the product compact space {D* U8} *+=, Denote by X, (o)
the #-th coodinate of we=Q. Let <z‘?(%,) be the o-field of subsets of Q
generated by the cylindrical open sets of Q (resp. cylindrical open sets
depending on the coodinates up to and including #). Denote by 2 the o-field
of subsets of Q0 generated by all open set of Q. For each x&D*U0, there
is a unique Radon measure' P, over (), 2) which is a probability measure and
satisfies the following conditions.

(3.9)  P(X,€E)=p(t, x, E),
>0, x&D*Usd, E=B(D*Ud),

(3.10) For each AP, and bounded F-measurable function F on Q,
EF.(6,0); A)=E,(Ex,(F); A), x€D* U8,

where E, denotes the integration with respect to P,-measure and 6,; £>>0, is
the shift from Q to Q defined by X (,0)=2X,, (), s>0.

Lemma 3.4.
(i) Set Q= {w; X(0)=D* for every t>0} and Q,={w: X(0)E {0} for
every t>0}. Then, P (Q)=¢q(x), P (Q,)=1—q(x), x&D* and Py (Q,)=1.
(i) For each x= D* U0, we have P(X, has the right limits for all t=0 and the
left limits for all t>0)=1.

Proof. (i). Relations (3. 5), (3. 9) and (3. 10) imply P,(X,=D*,
X,={0})=0 for every ¢, s such as £>s>0 and for every x&D* Since
{X,, P}, x&D*, is separable,”® we see P,(Q,)= lim P, (X,&D*)=¢(x) and

P(0,)= lim P(X,& 8})=1—q(x).

(ii). Denote by C7(D) the collection of all non-negative functions in Cy(D) and

by S,(D) a countable dense subset of C3(D) in uniform norm. By virtue of

Corollary to Lemma 3. 1, functions G,f, f&S,(D), are continuous on D¥* and

separate points of D*. Moreover, {Z,=e ‘G ,f(X,), &, P.}, fES(D),

x<D¥*, is a bounded supermartingale. Hence, we have assertion (ii) by a
14)

standard argument®.
It follows from Lemma 3. 5 that there is well defined X,(w)= lim X,(o) for
vt

every =0 almost everywhere (P,), x&D*Ud. X, is right continuous in =0
and has the left limit in >0 almost everywhere (P,), x&D*U9. On account
of Theorem 1 (v) and Lemma 3.3 (T.4), X, is a modification of X,;
P (X,=X,)=1, for each t>0 and x& D* U3.

12) cf. [15].
13) cf. [15].
14) cf. [10] and [20].

21



202 M. FUKUSHIMA

Let us examine the distribution of X.

DEFINITION 5.

(i) For each xeD* U9, define a probability measure u(x, E) on B(D* Ud) by
w(x, Ey=P(X,€E), E=B(D*U0d).

This p(x, +) is called the branching measure at x.

(ii) A point x in D*U9 is called a branching point if u(x, {x})<C1.

The notion of branching measure was introduced by D. Ray [20]. The
above definition, slightly different from Ray’s original one, is due to H. Kunita
and T. Watanabe [10]. We shall use the general results obtained by these
authors, whenever their methods of the proof are applicable to our situation

without essential change.
Denote by A, the totality of branching points. Then, we have

Lemma 3.5.
(1) ACA.
(i1) A, is an F ~set and p(x, N,)=0, x& /\,.
(

iii) Put N,/={x: qx)<l1}, where q(x):SDGl(x,y)dy. Then, 1, C/\, and
w(x, {8})=1—¢(x), xE A,.

Proof. If f=C(D*U?d), then
(3.11)  lim aGufw)= Jim B | e (X )t

Wy 4 o0

~B(X)=  wls, )f), weD*U0.

D*Ud
On the other hand, because of Theorem 1 (ii) and formula (3. 8), lim aG,f(x)

=f(x), for x& DU, feC(D*U 6). Hence, D U9 contains no branching point.
For the proof of (ii), let us cite a criterion of D. Ray [20] in a modified form
fitted to our situation: x& A,, if and only if f(x)> lim aG,f(x), for some

feC={f=GhNc; h&,S(D), ¢ is non-negative rational}. Since, for fEC,,

oGy f<f and G, f=G(f—aG,,.f) is lower semi-continuous on D¥,

re=U U N {f®)zaGaf@)+1/n} is an Fo-set. By (3.11), we
FEC; #=1 >0, rationa

have for f=G.h, heC\y(D), and conseqeuntly, for f=G,h, he B(D¥), a>>0, the
equality f(x):S u(x, d)f(y). Therefore,
uo

D*

g w(x, dy) lim (@G, f)(y)= lim aG,f(x)
D*U?D @y 00 @y 4 00

ZSD*%"(’C’ fy), feC,.
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USingmt}ﬁ inequality mlirpoo aG,f<f, feC, and the criterion above, we can see

that p(x, Ay)=0.

Assertion (iii) is immediate from (3. 8) and (3. 11).

In the next section, we shall see that u(x, D)=0, x& /.

Let us set D*=D*—/\,. By Lemma 3.5 (i), we see DCD,*. By Lemma
3,4 (i) and Lemma 3. 5 (iii), we have P (X,=D* for every t=0)=1, x&D *.
The following two lemmas will assure that the properties stated in Theorem 2
(ii) are valid for X={X,, P,, x&D*} except the continuity of the trajectory
X, at the boundary A.

We call a random time ¢=0 a Markov time (relative to §,) if, for each
t>0 and each probability measure » on D¥*, the set {s<<¢} is in &, up to a

set of P,-measure zero (Pv(-):S v(dx)P,(+)). For a Markov time o, let
D*

B, denote the o-field of subsets A of Q such that, for each £>>0 and each
probability measure » on D*, AN {c<<t} is in &, up to a set of P,-measure
ZEro.

Lemma 3.6.
(i) X={X,, P,, x&D*} is a strong Markov process; for each Markov time
o, NEB,., and f € B(D¥),

E((Xo10); N=EEx,(f(X,); A), x&D*.
(ii) For each x€ D*, P (X, N\, for every t=0)=1.

Lemma 3.7.
(i) Let {D,} be an exhaustion of D. Set
T,—nf {t: X,eD*-D,} and 7= limr,.

Then, P (X, is continuous in 0<t<<7)=1, x= D*.
(ii) For each x&D and Borel set E of D,

PX,€E, t<r)=| p(t, % y)dy.
E
(ili) For each x& D*,
P (X, is continous for any t =0 such that X, or X,_1s in D)=1.
(iv) For each x= D*,
P.(X,, X, &, for every t=0)=1.

(v) X is quasi-left continuous; for any sequence of Markov times o, increasing to

g,
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P(lim X, =X_; c<+0)=P,(c<-+c0), x&D*.
Proof of Lemma 3. 6 (i). Since X, is a modification of X, relations (3. 9)
and (3. 10) hold for X, if we replace X, there with X,.
Take a Markov time o and a set A€®,,. The Markov property (3. 10)
for X, and a usual limiting procedure lead us to

(3.12) E(G.f(X,); A)

=E([ e (X )Ha— 1) G X )ds; A),

for f&Cy(D), x&D*. Here, we have used the resolvent equation, the right
continuity of X, in £=0 and the continuity of G, f(x), f &€Cy(D) in x& D*. Since
P(X, e n)=0, x&D*, >0, we can see that equation (3. 12) holds also for
feB(D*). By setting f=G,h. he B(D), >0, in equation (3. 12), we have

E(G,Gh(X,); A):Ex(Sm‘e‘”“*“)Glh(X,)dt; A). By the resolvent equation
(G. 3) and (G. 3) (Lemma 3. 2), we have, for 8>0 and feC(D¥),

o0

E(GuBCNX ) =B (| e (8Gaf(X ) dt; )

’
+oo
=B [ e (BGNX X s A .
Letting B tend to infinity, we have, by Theorem 1 (iii),
EAGuf(X.); A)
—E (| "o X, e N), a0, jecDY), xeDr,
0
which proves conclusion (i) of Lemma 3. 6.
Proof of Lemma 3. 6 (ii).

Here, we can go along the same line as in H. Kunita and T. Watanabe [11],
Section 2, (j). Set, for ACD¥,

(3.13)  o.=inf {t>0; X, €4},

= oo, if there is no such z.

o 4 is a Markov time if A is open or closed. Since A, is an F -set (Lemma 3. 5
(ii)), Lemma 3. 5 (ii) and the strong Markov property will imply the second asser-
tion of Lemma 3. 6.

Proof of Lemma 3. 7 (i), (ii).

It follows from Lemma 2. 11 (iv), that, for each compact set K< D and
>0,
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(3.14)  lim L sup p(t, x, D— U, (x))=0..
t10 f ek

where U, (x)={yeD, p(x, y)<&} .
(3.14)  implies
(3.15) P, (X, is continuous for every t<7,)=1,

x< D* (see E.B. Dynkin [3], Lemma 6.6). Letting n tend to infinity, we have
the first statement of Lemma 3.7.
Next, take a regular exhaustion {D,}. Then, we have

3.16) P (r,=0)=1, x<0dD,, n=1,2 -,

(3.17)  for each n and compact set KCD,,,

lim sup P,(7,=u)=0,

“ |0 rIEK

(3.18)  for each twice continuously differentiable functions f on D,
.1 1
lim - (Tf(8) - fls) = £ /3), ¥&D.

Indeed, (3. 18) is immediate. Property (3. 16) follows from P (7,>#)<1—P,
(X,eD—-D,)and P(X,eD*—D, = S P(t, %, v)dy. Property (3. 17) follows
D-Dn

from the following estimate ([3], Lemma 6.1): for any Borel subset G of D,
P(X,eD,JdD, for every t=u)= p(u, x, G)— sup p(t,y, G). Since T,

YED - Dy, 0 t St

maps B(D) into C(D) (Theorem 1 (v)), it follows from (3. 16) and (3. 17)
that the operator T7, defined by T}f(x)=E (AX,);t<7,), ¥=D,, makes
invariant the space of all continuous functions which vanish on 9D, (see E.B.
Dynkin [4]. Theorem 13.1 and Theorem 13.8). Let p™(¢, x, y) denote the
transition density of the absorbing barrier Brownian motion on D,. Then,
combining the above property of T7, the continuity of trajectory X,, t< 7, and
formula (3. 18), we can conclude ([4], chap. V, §6) that, for any Borel subset £
of D,,

P(X,EE, t<t,)= S Pt %, y)dy, t>0, xED,.
E

Let n tend to infinity to obtain conclusion (ii) of our lemma.

Proof of Lemma 3.7 (iit), (iv).
Let us fix ¢>0. Denote by € the class of all D*-valued functions defined on
[0, c]. Define the operator q from € to € by qe(f)=@(c—1), 0=t=¢, p¥,
For w&Q, we define v(w)={X,(0); 0=<t=c}.
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v(w)EL for almost all w(P,). We set for A€, vA=v'quA. According
to the symmetry and the conservativity of p(¢, x, y), it is easy to see that

(3.19) SDPx(fyA)deS P(d)dx, AES..

We shall first prove assertion (iv).
Put 4;™={w; X,_€ A, for some tE(h, c-+h)}
and Bj={w; X, /A, for some tE(0, ¢)}, h=0.

Obviously, A5=vB§, and by Lemma 3.6 (ii), and (3. 19), we have S P (A45)dx
D
::S P(B§)dx=0. Hence, P,(A5)=0 for almost all x&D. By (3. 10), we see,
D
for each xeD*, P ,i”"):S p(h, x, y)P,(A5)dy=0. Letting ¢ tend to
D

infinity and then % tend to zero, we obtain conclusion (iv) of the present lemma.

Coming to the proof of assertion (ii1), consider the set A= {w; X,_€D,
X, =*X, for some t=(0, ¢)}. Then, A;=A4,04,, where, A= {w; X,_.€D,
X,eD, X,+X,_ for some t&(0, ¢)} and 4,={w; X,_ €D, X,/ for some
t€(0, c)}. Denote by S a countable dense subset of (0, ¢). Obviously,
A sU {w; X,€D, X, has a discontinuity for some ¢E(s, (s+7(0,w)) Ac)} and

€8

A,c ) {o; X,€D, X, 4,»,E0D, for some n such as s+7,00,0)<<c;. By

es
virtue of (i) and (i) of Lemma 3. 7, one has P (4,U4,)=0 for x&D, and
consequently (see the proof of (iv)) for all k& D¥*.  Set Bi=vA°, then the same
argument as in the proof of (iv) leads to P,(B{)=0, x& D*.
The final statement of Lemma 3. 7 follows from assertion (iv) of the lemma
and assertion (i) of Lemma 3. 6. (see [11], Section 2, (i)).

4. The Dirichlet norm related to the process and the continuity
of trajectories at the boundary

The main purpose of this section is to show in Lemma 4. 5 that, for almost
all o, the entire trajectory X,(w), 0 <t<C--co, is continuous. Since we already
proved that X,(w) is continuous for all £>>0 such that X,(w) or X; (e0)ED, it
remains to prove that X;(») has no jumps at the boundary /.

First, we will give an integral representation of 1-excessive functions.

DEFINITION 6. A non-negative function z# on D¥* is called a-excessive if

4. 1) e " Tu(x) 1 u(x) as t | 0 for each xe D*.

Lemma 4.1.
(i)  If a non-negative function u defined on D satisfies (4. 1) for every xE D, then
u is uniquely extended to an q-excessive function on D¥,
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(i) If u, and u, are c-excessive and u(x)=u\x) almost everywhere on D, then
u, and u, coincide on D*.

Proof. (i). For xeD*, o T,u(x):e‘“”S p(t, x, y)u(y)dy is monotone
D
increasing as ¢} 0, and we have only to set #(x)= lim T,u(x). The uni-
tL0
queness of # and assertion (ii) are easily verified.

Set Ay=A—N,.

Lemma 4.2.
(1) Gu(x, y), (x, y)ED*X D, can be extended to (x, y)= D* X D* in such a way
that the extended function G,(x, y) is symmetric in x, yeD* and, for each
x(resp. y)= D¥*, it is a-excessive in y(resp. x).
(i)  For each branching point x& /\,, the branching measure u(x, +) is concen-
trated on N\ ;0.

Proof. (i). By Theorem 1 (v) and Lemma 3.3, G,(x, v) is, for each yED,
a-excessive in x&€D¥* and it satisfies (4.1) as a function of yeD, for each
xeD*. By virtue of Lemma 4.1, G (x, y), x&D*, has an a-excessive ex-
tension with respect to y. The symmetry of the extended kernel follows from
Theorem 1 (ii). (ii). As we have seen in Section 3, (see the proof of Lemma

3.5),
= s, df), for f=Gyh, he BOD*).

Hence, by Lemma 4.1 (ii),

(2 Cumy=|  uxd9)Gus,5), yeD.

When x& A, G,(x, y) is a-harmonic in y and equation (4.2) implies that
p(x, +) has no mass on D (see Lemma 2.1).

Theorem 3.
If u is 1-excessive and S u(x)dx<<+ oo, then there exists a unique measure v con-
D

centrated on DU /., such as

(4.3) u(x):S Gl y)u(dy), xED*.

Du
We call v the canonical measure corresponding to u.

Proof. Since u is 1l-excessive, there is an increasing sequence of non-
negative functions f,, n=1, 2 ,---, such that
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G.flx) 1 u(x), x&D¥*.
Hy 400

Because of Theorem 1 (ii), SDf,,(x)dxz(f,,, G, 1)=(G\f., 1)§SDu(x)dx<—|—0<>.

Hence, extracting a subsequence if necessary, the sequence of measures f,(x)dx
converges weakly to a measure v,(dx) on D*. By Corollary to Lemma 3. 1,
G is continuous if @ &Cy(D), so that (@, ¥)= lim (@, G.f,)= lim (G, f,)

:S | Gapl(x)u(ds), pECD). Thus, it holds that
D
9 w={ G u@),

DUA

for almost all k& D, and consequently (L.emma 4. 1 (ii)) for every v D*. Using
(4. 2) and Lemma 4. 2 (ii), we can rewrite (4. 4) in the form (4. 3) with » defined

by v(dy):vo(dy)—l—s v(d2) u(2, dy). The measure v of (4. 3) is uniquely deter-
2y .
mined by u#. In fact, for any f&C(D¥), g f(x)v(dx)= lim aS A Gof (%) v(dx)
D* By 4 oo D 1

= lim aSDUA (G f(x)—(a—1)G,G,, (x))v(dx):wlir}lma(u, f—(a—1)G,f). 'The

@ poo

proof of Theorem 3 is complete.

Our next task is about the canonical measures corresponding to a special
class of excessive functions.

DEFINITION 7. The (—oo, 4 oo]-valued function 4,w) on [0, 4-c0] X}
is called an «-additive functional of X, if

(A. 1) for fixed ¢, A,(w) is §;.-measurable in w,

and if there is -measurable set , closed under the operation 6,, t>0, such
that P,(Q,)=1, x& D¥*, and for each fixed v =Q,,

(A.2) Aiw) is right continuous and has the left limit in ¢,
(A. 3) &(w)=0 implies 4 (w)=0 for t=0,

where (o) is a hitting time to 8, and

(A 4) A, (0)=A(w)+e *A(0,0), for t,s=0.

Two «-additive functionals 4 and B are called equivalent and denoted by
A=~B, when A,=B, holds almost everywhere (P,) for each >0 and x< D*.
A 0-additive functional will be called an additive functional simply.

Put R={u; u=G,f, feB(D*)}. Riscontained in B(D*) and independent
of a>0. If G,fy(x)=G,fx), x&D*, f,, f,&B(D¥), then, as one easily sees,
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fr=f. almost every-where on D.

Take ucR. If u=G,.f, f= B(D*), we set
(4. 5) A?:e"/zu(X,)au(Xo)—{—S:e“s/zf(Xs)ds, =0,
It is easy to see that A% is a 1/2-additive functional and it is uniquely determined
by u up to equivalence. Clearly E,(A4%)=0, xD*, t=0. We see that
(4:6) v (¥)=E(41-))

is a 1-excessive function. In fact, 4%.(0)=A%w)+e "’ A%..(0,0) implies v,(x)
= E((AY))F2E (e AVEx (AL )+ Eo(e™! Ex (A1.)) = EL(A8Y) + ¢ Trvux),

and e7* T 0,(x) 1 v,(x) as ¢ | 0, x= D*. Moreover, S v,(x)dx<—+ oo, and so, v,
D

is expressed as the G -potential of a measure on D *=DU A, according to
Theorem 3.

DeriniTION 8. For uc®R, define 4% and v, by (4.5) and (4. 6), respec-
tively. Denote by v, the canonical measure on DU A, corresponding to ,.
Set |||u|||X:\/aD U AT) and call this the Dirichlet norm of u=R with respect

to the process X.
We will show

Theorem 4. Let u bein R. Then,
() Iuli={ (grad u, grad u) (x)ds,
(i) vu(A)=0.

Let us prepare two lemmas.

Lemma 4.3.

Proof. Since SDGl(x, y) dx= SDGl(y, %) dx—q(y)=1 for ye DU A, (Lemma
3.5 (iii)), we have |[[ulll& = v(D U AI):SDv,,(x) dx. On the other hand,
0u()=E(| A ) —uly
—2B([ et | X ) ds)—u(wy
—2B,([ e ) B | e A ds) utoy
=2{ G )y dy—utey
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Hence, Lemma 4.3 is valid.

Lemma 44. Let 7 be the first exit time from D defined in Lemma 3.7 (i).
Then we have, for ue R,

4.7) E,,((Az_)Z):SDG‘;(x, y)(grad u, grad u)(y)dy, xeD,
(+.8)  E(A))={ Gl yuidy), x€D,

4.9) vu(D)=SD(grad u, grad u)(y)dy .

Proof. Let {r,} be the first exit times from an exhaustion {D,} of D.
By definition, 7,1 7. In view of Lemma 3.7 (ii), {X,, t<7,} is equivalent to
the absorbing barrier standard Brownian motion on D,. Now, suppose that f
belongs to C€'(D). Then, u=G,,f=G}.f+R,,f belongs to C*D) and

<% — %/_\ ) u(x)==f(x), x€ D'®. Applying the formula concerning stochastic inte-

Tn
grals'® to the function F(t,x)=e"**u(x), we obtain A’T‘”—_—S e °? grad w(X,)dX,,
and consequently '

Tn
0

(4.10) E,,((Az,,)Z):E,,(S e~*(grad u, grad u)(X,)ds), x€D.

Consider the collection © of all bounded functions f on D such that u=G,,,f
satisfies equation (4.10) for a fixed n. Obviously 9 is a linear space and C'(D)
9. It is easy to see that, if f,€9 converges boundedly to a bounded function
f, then f€9D. Hence, D=B(D). We get formula (4.7) by letting n tend to
infinity in (4.10). In order to show identity (4.8), we have only to let # tend to
infinity in the first and last term of the following identity.

E (47, ))=vux)— B (e vu(X5,))

=, G )| BTG, (Xepy )l
[ (G5 9 Bse (X 3Dl

The formulae (4.7) and (4.8) imply identity (4.9).

Proof of Theorem 4. It follows from the definition of R,,(x, y) that, when
ueR and u=G,),f, f= B(D),

15) CY(D) (C¥D)) is the aggregate of all bounded, continuously (resp. twice continu-
ously) differentiable functions on D.
16) cf. (4], (7. 77).
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4.11)  Dy(u, u)=2(u, f).

Indeed, the same procedure as in the proof of Lemma 2.10 is applicable to
get Dy(Rf, Rpf)=2R.f, f)- It is easy to see that D, (Gy.f, Gi.f)
=2Gf, /) and DG}, f, R,,f)=0. Rewrite (4.11) in the form, 2(u, f)—(u, u)

:S (grad u, grad u)(v)dy. Now,. assertions (i) and (ii) of Theorem 4 follow
D

from Lemma 4.3 and Lemma 4.4, respectively.

Coming to our main task about the continuity of trajectories of X, we shall
introduce several notations and concepts given by M. Motoo and S. Watanabe
[18]. In [18], Hunt processes are treated. Our process X is not a Hunt pro-
cess in general: It may include branching points. However, owing to Lemmas
3.6, 3.7 and 4.1, all the results in [18] can be applied to our process.

Set

€f=={4; A4 is an additive functional of X such that 4,(»), t=0, 0 =Q,4, is non-
negative, continuous in ¢ and E (4,)<<-+ oo for 1=0, x& D*} "

€ ={4; A=4,—4,, 4,6, i=1,2},

M = {4; A4 is an additive functional of X such that E,(A47)<<+ oo and E,(4,)
=0 for t=0, x& D*}.

Let A, BEMM. Then there exists a unique element of €,, denoted by
(A, B, satisfying the following condition: E, ({4, B),)=E (4,B,) holds for
every t=0 and x& D*., ForAeM, (4, A> will be denoted by (4). It is an
element of. €;.

We set, for AN,
L*(A)={f; f is a measurable function on D* such that Ex(Stf(Xs)2d<A>s)<+ oo
for every >0, x& D*}.

DeriNITION 9.

Let A= and f € L (4). B&IN is called the stochastic integral of f by A
and is denoted by B:S FdA it Ex(B,C,):Ex(.Stf(XS)cKA, C,), 120, holds for

0

every CM.

The stochastic integral exists uniquely for A€M and f& L¥(A) (Theorem
10.4 of [18]). As a consequence of Theorem 4, we have

Theorem 5. Denote by X, the indicator function of the set /\,. It holds

that SXAIdAzo for any A=k,

17) 4 is a suitable defining set of 4 (see Definition 7).
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Proof. (i). Set, for ueR and u=G,,,f with f € B(D¥),

(4. 12) -}‘:u(X,)—u(Xo)+St( f(Xs)—%u(Xs))ds, 120

Obviously, A“cIM. Let us show, for uc R,
(4. 13) SXAIdA\"'»JO, or equivalently

(4. 14) StXAI(Xs) d{A*>,=0, =0, almost everywhere (P,), x< D*.
0

A~ ~ t
Since A* defined by (4.5) is related to A* by A.’::e"’zA’;—l—%g e~ Ards, o,

n

defined by (4.6) is expressed as

(4. 15) vu(x)zEx($+we‘sd<ﬁ">s), xeD* .

0

On the other hand, ‘v,,(x):s G (x, y)v,(dy), and by virtue of Theorem 4
Jpusy

(which states »,(A,)==0), (A*)>, can never increase when X,€ A\, (see [6] or

[14]), that is, SXAI(Xs)d<A">S~O.

(i1). In order to derive Theorem 5 from (4.13), we introduce several nota-
tions. We write Lim A”=4, for A” and A€, if and only if E, ((4?—4,)*)

—:—l_-——> 0, x&D*, t=0. A subset L of M is called a subspace, if L satisfies
n—> -+ o

the following conditions.

(a) If A, BEL, then A4+ B&L.

(b) If A"=L and A=1.i.m A", then A< L.
(

¢) If ASL and feL¥(A), then S fdAEL.

For a subset M of MM, L(M) will stand for the minimum subspace which
contains M. We note that, Theorem 12.2 of [18] states M= L(A*; u< R), where

A* is defined by (4.12). If we set M'= {4; A=W, SXAIdARO}, then M’ is a

subspace of M and contains A, u=R, by (4.13). Hence M'=IM, completing
the proof of Theorem 5.

By the following lemma, we will complete the proof of Theorem 2 stated in
Section 1.

Lemma 4.5. The strong Markov process X={X,, &,., P,, x=D*} is
a diffusion, that is, X satisfies the condition
(b) PX, is continuous for every t=0)=1, x D*,
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Proof. Let p(x, v) be the metric on D¥ defined by (3.1). We shall set, for
convenience, p(x, 8)=-oco, x&D* and p(0, 0)=0. For £>0, define &° by
o*=inf {t; p(X,., X,)>&},
=40 if there is no such ¢,

and o3, 05,1, byoi=0", on=0n_,(0)+°(0c, ). Set p;E= 2 Xz(Xo,2), for

Ef

E=®B(D*U0d) and t=0. Obviously, p%F is an additive functlo_nal We shall
denote p;P*U? by p;. Statement (b) is equivalent to

(4.16)  pi=0, for any =0 and £>0.

Let us show (4.16). We can find B,,=3B(D* U0) such that B,, + D¥ U0 and
E (p;Bm)<<+ oo, x=D¥*, t=0 (Lemma 3.1 of [22]). For B,,, there is ;" =€}
such as

(4.17)  E(p;Pm)=E(p:™), t=0, x=D*.
1t we put q7™=p;'2»—D,™, then ¢~™ W and
(4.18)  <(q*™>=~p*"™ (Theorem 2.2 of [22]).

Now Theorem 5 implies
#.19) B[ s (X)dpm=0, 120, xeD*.
On the other hand, we have from identity (4.17),
(420 B3 X (Ko X Ko ) =Bl ] X, (X257

x=D* (Lemma 3.2 of [22]). 'The left hand side of equation (4.20) is, owing to
assertions (iii) and (iv) of Lemma 3.7, no other than E, (p;#m). Therefore, the
formulae (4.19) and (4.20) imply p;#m~0, and consequently assertion (4.16).

We call the conservative diffusion process {X,, &,., P,, xD*} the reflect-
ing barrier Brownian motion on D*=DU A,.

Consider the case when 0D is of class C°. By virtue of Lemma 3.1 (iv), we
can find a homeomorphism ¥ from DU 3D onto D¥ such as ¥(x)=x, x&D. In
this case, A\, is empty and so,D*=D * (see the identity (3.11) and the proof of

Lemma 3.1). Set X,~\If'1(X,) t=0 and P =Py, x€DUGD. Theorem 2
and the argument in the paragraph following Theorem 1 now imply

Theorem 6. Suppose that 0D is of class C°. Then, X’:(X,,Px,x
€DU0D) is a conservative diffusion process on DD satisfving Px(X,EE)
33
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:g P, x, VYdy, t>0, x&DUBD, for any Borel set E of DUBD. Here,
END
p(t, %, v), t>0, x&D* yeD is the fundamental solution of the heat equation

<A§t-—% ,;)u(t, x)=0 with the condition g—u(t, x)=0, x€0D. We call X the
n

reflecting barrier Brownian motion on D 0D.
See K. Sato and T. Ueno [21] for another version of X.

x
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On boundary conditions for multi-dimensional Brownian
motions with symmetric resolvent densities

By Masatoshi FUKUSHIMA

(Received Jan. 7, 1968)

§1. Introduction.

Let D be an arbitrary bounded domain of the N-dimensional Euclidean
space R¥(N=1). A function G,(x,y) defined for a >0, x, ye D, x+y will be

called a resolvent density on D, if it satisfies that, G (x, ¥) =0, af Gx,2)dz<1
D

and G(x, ) =G, )+(a—B)f _Golt, )Gz, y)dz =0 for alla>0, §>0 and x,y

€D, x+#y. Denote by GY%x,») the resolvent density corresponding to the
absorbing barrier Brownian motion on DV,

Consider the family G of all conservative symmetric resolvent densities? on
D possessing the following properties :

(G. 2) Gu(x,y) ts written in the form

Golx, ¥) = GUx, W+Rx, 3.

R (x,¥) is a non-negative function of a >0, x,ve D, and «a-harmonic® in xe D
for each a>0 and y< D.
(G. b) For any compact subset K of D, sup RJ(x,y) is finite.
reK,yeD

In [157], we constructed a particular element of ¢ and showed that it
determines a continuous strong Markov process (called the reflecting barrier
Brownian motion) on an extended state space D¥*.

In the present paper, by studying the structure of Dirichlet spaces asso-
ciated with elements of G, we will answer the questions:

() How many elements are there in G ?

(i) In what sense is the resolvent density of [15] typical among G ?

1) Cf. [5].
2) We will say that a resolvent density G,(x,y) is conservative (resp. symmetric)

when a‘f Ga(x, 2)dz=1, a>0, xeD(resp. G,(x, ¥) =G(3, x), a>0, x,ye D).
D
3) We call a function on D «-harmonic when

1 ¥ ux)

‘ — = au(x), xeD.
2 i=1 Oxl-
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Boundary conditions for multi-dimensional Brownian motions 59

Our goal is to establish in section 5 and section 7 a one-to-one correspondence
between G and a class of Dirichlet spaces formed by functions on the Martin
boundary of the domain D.

The present paper consists of nine sections.

Sections 2 and 3 will serve as preparations for later discussions. In sec-
tion 2 we will introduce the notion of the Dirichlet space (relative to an L*
space), in a slightly modified sense, due to Beurling and Deny [2]. In section
3, the Dirichlet space formed by every square integrable BLD function (denoted
by B/I:D) will be studied by making use of the Feller kernels on the Martin
boundary.

With a given element G.(x, ) = Gix, ¥)+Ru(x, ») of the class G, we asso-
ciate a Dirichlet space (¥, &) relative to L¥D) by

Fp={uc L¥D); &u, w)= lim Su—pGsu, w)rsp < +oo}.
foee

In sections 4, 5 and 6, the space (T, &) will be analized in details as outlined
in the following.

Let ¥ (actually independent of « >0) be the space spanned by {GLf,
fe B(D)} with respect to the norm v&(u, u) =V Eu, w)-+au, u)zy, and I,
the space spanned by {R,.f, f = B(D)}. For each « >0, spaces &% and %,
are orthogonal with respect to &% and F,=FP DI, Further the space
(P, &) is identical with the space BLD, of BLD functions of potential type.
The proof of these facts will be carried out in section 4 by making use of a
Feller type expression of R,f: R,f(x)=HR*M,f.

Denote by M the Martin boundary of the domain D. Using the Feller
kernels, we introduce by (3.14) and (3.15) respectively a bilinear form D(,) for
functions on M and a space H, of functions on M. Theorem 5.2 and 5.3 will
characterize the above-mentioned Hilbert spaces {(4(,, &%), a >0} by means of
a Dirichlet space (T, 8M(,)) satisfying the following conditions®.

B. 1) Fyis a linear subspace of Hy. Fy contains every constant func-
tion on M.

B. 2) &y is a bilinear form on Fy which is written as Eylp, ¢) =
D(@o- )N, §), ¢, = Fy, where N is a non-negative symmelric bilinear
form on Fy satisfyving N1 -1)=0. The space T, is complete with metric
Enl, )+ dr2any Jor a 2>0.

B.3) If pcFy and if ¢ is a normal contraction of ¢ in the sense of
[4], then ¢ = . and N, $)= N(o, ).

Conversely, for any pair (Zy, N) satisfying the conditions (B. 1), (B. 2)

4) Conditions (B.1), (B.2) and (B.3) implies that (Fy, &) is a Dirichlet space re-
lative to L2(M)’, the space L?2(M)’ being defined in section 3.
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and (B. 3), we will construct in section 7 an element G, (x, y) of the class G
which corresponds to this pair (F, N) in the manner of Theorem 5.2. In this
way, we will establish a one-to-one correspondence between the class ¢ and
the class of the pairs (F,, V).

Section 6 will be concerned with the boundary condition. Consider again
the Dirichlet space (¥ p, &) associated with a given element G (x,y) of G.
Since 2D(p, ¢) for ¢ € Hy is nothing but an expression of the Dirichlet integral
of the harmonic function with fine boundary function ¢ (see Doob [7] and
Fukushima [13]), our results of sections 4 and 5 enable us in Theorem 6.1 to

conclude that BLDOCEF”CBED and, for every ue @, &y, u)gé—f (grad u,
D

grad u)(x)dx. Furthermore, we can see that the space 9 =G (L*D)) is a re-
striction of the domain 9(4) of the generalized Laplacian 4 (denoted by the
same symbol 4 as the usual Laplacian), which is defined in terms of the space
BLD (Definition 6.1). This restriction will be decided in terms of (¥, N) by
the boundary condition (6.8). Formula (6.8) includes implicitly the notion of
the (generalized) normal derivative in Doob’s sense [7]. Moreover, (6.8) is
analogous to a boundary condition by Feller [11; p. 560], where the Markov
chains with a finite number of exit boundary points are treated.

The final two sections will be devoted to the study of several special cases.
In section &, we will be concerned with the subclass G, formed by those ele-
ments of ¢ for which the corresponding forms N(,) vanish identically on the
corresponding spaces ¥,. We will see that a diffusion process on an extended
state space corresponds to each element of &,. There are two extreme ele-
ments of @,: the cases when ¥, = H, and when &, contains only constant
functions. We will see that the former case turns out to reconstruct the
resolvent density of [15]. In section 9, we will examine the cases that the
domain D is a disk and an interval®.

Here are two remarks about our class & of resolvent densities.

First, we note that there is a one-to-one correspondence between G and a
family of (equivalent classes of) Markov processes dominating the absorbing
Brownian motion on D. Indeed, with each element G. (., -) of G, we can asso-
ciate, exactly in the same manner as in [15; section 3], a right continuous
strong Markov process X =(X, P,, x € D¥) whose state space D* is the Martin-
Kuramochi type completion of D with respect to the class of functions
{G,(-,», y= D}. X has the following properties :

(X. 1) X is conservative on D :

5) & is the refinement of the space Fp (see (4.18)).
6) There, we can compare our boundary condition (6.8) with those of Wentzell
[23] and Feller [12].
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P(X,eD)=1. t>0, =xeD.

(X. 2) Let ¢ be the first exit time from D of the path X, then (X, t<r=,
P,, x= D) is the absorbing Brownian motion on D.
(X. 3) For any Borel set E of D*,

5‘+me_°"P$(X, e E)dt :5 G (x, y)dy, a >0, xeD.
0 ZnD

Conversely, suppose that a right continuous strong Markov process X on an
enlarged state space D* satisfies the conditions (X. 1) and (X. 2). Further we
assume the existence of a symmetric, jointly continuous function G.(x, ¥), a >0,
x, y€ D, x +y satisfying the condition (X. 3). Then, as one easily verifies, this
function is an element of G.

Second remark is about the relation between the class ' and the class of
symmetric Brownian resolvents in the sense of T. Shiga and T. Watanabe [217].
By a Brownian resolvent, we mean a resolvent kernel {G.(x, E), a >0, xe D,

E c D} such that Gaf(x):j‘ Gx, dy)f(y) satisfies the equation
D

(a—p Z 45 )6uf=f),  x<D,

for any infinitely differentiable function f with compact support. A resolvent
kernel {G.(x, E)} is said symmetric if, for any non-negative measurable func-

tions f and g, f Gaf(x)g(x)dx:j‘f(x)Gag(x)dx_é_—}—oo. Any symmetric resolvent
D D

kernel defines a symmetric resolvent (operator) on L%D) in the sense of sec-
tion 2, so that we can associate with it a Dirichlet space relative to L*D). It
is obvious that each element of the class G is a density function of a con-
servative symmetric Brownian resolvent (kernel). Conversely, we can prove
that any conservative symmetric Brownian resolvent is of the class @, as is
outlined in the following. It is implied in the remark preceding Proposition
A. 6 of [21] that the decomposition theorem (Theorem 4.3) of the present
paper is still valid for the Dirichlet space associated with any symmetric
Brownian resolvent. Hence, starting with a conservative symmetric Brownian
resolvent (without assuming the existence of a density function), we can go
along the same line as in section 5-and we can reconstruct in section 7 the
resolvent considered, by showing that it has a density function of the class G.

I wish to express my hearty thanks to T. Shiga and T. Watanabe for
their valuable advices. They have shown me the manuscript of [217] before
publication. T. Watanabe admitted me to mention one of his unpublished
results that the space %, in our context, is contained in the space of e-har-
monic functions with finite Dirichlet integrals (Theorem 5.1). This made the
arguments of section 5 simpler than those of the original version.
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§2. Symmetric resolvents and Dirichlet spaces relative to L°-spaces.

Let (X, 8, m) be a measure space on a Hausdorff space X with the topo-
logical Borel field 4. We assume that m is finite: m(X) < +oco. Denote by
L*(X) the space of all real-valued square integrable functions on X with the

inner product (u, v)X:qu(x)v(x)m(dx).

DEFINITION 2.1. A symmetric resolvent on L¥X) is a family of symmetric
linear operators {G,, @ >0} on L*X) such that G,u is non-negative for any
non-negative u € LX), aG,l £1, G,—Gs+(a—pB)G,Gs=0 and G,u, decreases
to zero m-almost everywhere on X when u, = LA X) decreases to zero.

DEFINITION 2.2. Let u and v be measurable functions on X. We call u a
normal contraction of v if the following inequalities are valid on X;

lu=lv)l,  [u@)—u(y)| = v(x)—v()|.

DEFINITION 2.3. A function space (Fy, &x(,)) is called a Dirichlet space
relative to L*(X), if the following three conditions are satisfied.

(21) F, is a non-emply linear subset of L*(X) and &€4(,) is a non-negative
symmetric bilinear form on F.
(2.2) For some (or equivalently for every) a >0, ¥ is a real Hilbert space
with the inner product

&% (u, v) = Ex(u, v)+au, v)y,
two functions of F, being identified if they coincide m-almost everywhere
on X.
(2.3) Every normal contraction operates on (Fy, &4); if u is a normal con-
traction of v & Fy, then u = Fy and Ex(u, u) < Ex(, v).

Following Beurling and Deny [2] and Deny [4], let us state two theorems
about a one-to-one correspondence between Dirichlet spaces and symmetric
resolvents.

THEOREM 2.1. Let (Fx, Ex(,)) be a Dirichlet space relative 1o L¥X).

(i) For each a>0 and ue L*(X), there is a unique element Guu of Fy

such that
2.4 E4(Gaut, v)=(u, V)y for any ve Iy .

(i) The family of operators G,, a >0, defined by (24) is a symmetric re-
solvent on L*(X).

(iii) For each a >0, {G,u; ues LAX)} is dense in F, with respect to the
norm &% (>0 being arbitrary).

We note that the non-negativity and the sub-Markov property of G,
where G, is defined by the equation (2.4), follow from the condition (2.3) of
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the space (Fy, £5). Conversely, suppose that we are given a symmetric re-
solvent {G, a >0} on L%X). It is easy to see that G, on LX) is a bounded
operator with norm less than 1/a and consequently (G,u, u)x is non-negative
for any ue L3 X)P. Put for a =0 and ue L}X),

(25) 8%.3(1": u) = ‘B(u—ﬁGﬁ+au: u)X

(2.6) T%.5(u, u)=U—PBGsratt, u—LBCGa1aW)x -

We then have,
@D gk =Tt ) and 3 TEw W0, f>0,

which leads us to the following theorem.

THEOREM 2.2. Let {G,, a>0} be a symmetric resolvent on L*X).

(D &%.5(u, u) defined by (2.5) is non-negative and it is non-decreasing as j
ncreases. If we set

(2.8) Ex(u, u) :ﬂlim E%,5(u, u), ue LA(X),
2.9 Fy={u; ue LX), &Ex(u, u)<+oo},

then (Fx, £x(,)) is a Dirichlet space relative to L*(X).
(i) For ueFy and a>0,
E%(u, u)=Ex(u, w+alu, u)y) :ﬂlim ES.o(u, u).

(iii) G, satisfies the equation (2.4) for the space (Fx, Ex(,)) defined by (2.8)
and (2.9).

Assertions (i) and (ii) of the theorem can be proved easily from (2.5) and
(2.7). As for the statement (iii), note a consequence of (2.7): SGz converges
to v strongly in LX) if v is in ¥ ;. Hence we can conclude that the equation
in statement (iii) is valid for every v e & .

The following lemma will be used in section b.

LEMMA 2.1. Suppose that (Fx,Eyx) is a Dirichlet space and us Fy. De-
note by u, the truncation of u: u,(x) =u(x) for |u(x)] < n, u(X)=n for u(x)=n
and u(x)=—n for u(x)< —n. Then,

A u,s Fy, and Ex(u,, u,) increases fo Ex(u, u) as n tends to infinity.

() w)’eFx and Ex(w.)', (U,)") = 4n*Ex(u, w).

PROOF. Since u, is a normal contraction of u, u, is an element of u.
Obviously €x(u,, u,) is increasing and its limit is no greater than &;(u, w).
Define G4 and &%,z by (2.4) and (2.5) successively. Theorem 2.1 and 2.2 imply
that, for any ve Fy, €%,50, v) increases to £;(v,v) as f—+oo. Hence, we

7) By the resolvent equation, dL(Gau, w)x=—(Gau, Gou)y <0.
o
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have &%,4(uy, u,) < lim Ex(u,, u,). Letting n and § tend to infinity successively,
n-+00
we arrive at the statement (i). Assertion (ii) is an immediate consequence of
2
the fact that (—21711,,) is a normal contraction of %un

From now on, we treat only the cases that the underlying space X is an
Euclidean domain or its Martin boundary.

Suppose that G.(x,3), a >0, x, y&€ D, x>y is a symmetric resolvent den-
sity on a bounded Euclidean domain D. Then, by

(2.10) G = Gax, yu(ndy,  a>0,  ueLXD),

we have a symmetric resolvent {G,, a >0} on L*D).

DEFINITION 2.4. With the resolvent (2.10), we define a Dirichlet space
(Fp, &) relative to L¥(D) by formulae (2.8) and (2.9). We call (¥, &) the Diri-
chlet space associated with the resolvent density G.(x,y) on D.

Denote by B(D)C¥(D)) the space of all bounded measurable functions on
D (resp. all infinitely differentiable functions with compact supports). By
Theorem 2.2 (iii), we have

LEMMA 2.2. Let G, (x,y) be a symmeiric resolvent on D. Then, {G.u,
ue CyPD)} and {Gu, ues B(D)} are the dense subsets of the associated Dirichlet
space Fp, with metric &3(,) >0 being arbitrary).

§3. Space of BLD functions which are square integrable. Integrations
by the Feller kernel.

Properties of BLD functions were profoundly investigated by Deny and
Lions [57 and Doob [7]. In this section, we will study BLD functions in terms
of the associated Dirichlet spaces and the Feller kernels defined on the Martin
boundary. Theorem 3.1 will state that the space of BLD functions of potential
type is identical with the Dirichlet space associated with the resolvent density
of the absorbing barrier Brownian motion. We will give two applications of
this theorem to exhibit the properties of the Feller kernel. Finally, we will
present some results concerning boundary properties of a-harmonic functions
with finite Dirichlet integrals, analogous to those by Doob [7]. Inequalities in
Lemma 3.1 and equalities in the proof of the lemma will play basic roles in
the following sections.

Throughout this section to section 8, we fix an arbitrary bounded domain
D of RY.

DEFINITION 3.1. Denote by B/fD the space of all BLD functions which are
square integrable on D. Precisely, ue B/fD, if and only if ue LAD), every
first partial derivatives of u (in the sense of Schwartz’s distribution) are in
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L* D) and u is fine continuous quasi-everywhere on D¥,
ZaY
For u, v= BLD, put

(u, VIp,= é—j (grad u, gradv)(x)dx.
D

The pair (Bi\D, (,)p,) is a Dirichlet space relative to L*D) in the sense of
Definition 2.3.

DEFINITION 3.2. Denote by BLD, the closure of €3%(D)in the space (BLD,
(’)D,l)'

Note that, for each a>0, (u, w)p, +a(u, w)p gives a metric equivalent to
(u, u)p,, for the space BLD([5]). In accordance with Doob [7], a function of
BLD, will be called a BLD function of potential type.

Let (F®, &) be the Dirichlet space associated with the resolvent density
G%x, y) of the absorbing barrier Brownian motion on D (see Definition 2.4).
We put

B.D FO={ue FP, u is fine-continuous quasi-everywhere on D}.

We call ¥ the refinement of the space F@.

THEOREM 3.1.

(@) For each function u of FP, there exists a function of F°, which is
equal to u almost everywhere.

@iy F=BLD, and &u, u) =, wp,, uec F.

PrROOF. On account of Lemma 2.2 and the remark in the preceding para-
graph, it is sufficient to show that, for a fixed a >0,

(@) RO={GYu; ue CF(D)}is contained in BLD, and, for v & R, &%, v)
= (v, V)D,1+a(v: Vp.

(b) R® is dense in the space BLD, with respect to the norm (,)p -+a(,)p.

Consider a sequence of domains D, which increases to D. Assume that
boundaries 9D, are of class €% Approximate the function v=G%u, ueC3(D)
by functions
J GPu(x) xeD,

vn(x)=|
0 xeD—-D,, n=1,2, .,

where GPu is defined by (2.10) for the resolvent density of absorbing Brownian
motion on D,. We can see that v, = BLD,”. By the equality

- 1 N 82
avy(X) = - 2 o VOt u),  xE Dy,

3=1
we have

(32) W, vm)D,l'l_a(vm Vm)p = (u, Vm)ps n=m.

8) By “quasi-everywhere” we means “ except for a set of capacity zero”,
9) G{Pu is in BLD, for the domain D, and hence, v,&BLD, for D [5].
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Since v, converges to v uniformly on each compact set of D, the formula (3.2)
implies that v, is convergent in norm v/(,)p,,+a(, ), and the limiting function
in BLD, coincides with » almost everywhere. Hence, v = BLD, and (v, v)p,
+av, v)p = (u, v)p = v, v), completing the proof of assertion (a).

As for (b), assume that we= BLD, satisfies (w, v),,+aw, v)p=0 for all
v=Ghue R Find w,=s C7(D) which converges to w in BLD,, then we see
that the left-hand side of the above equation is equal to lirP (W, V)p 1+ a(w,, V)p)
:nljmm(wn, wW)p=(w, u)p. Thus, w must vanish. The proof of the theorem is
complete.

Now we are in a position to introduce several notions related to the Martin
boundary M of the domain D. Let g(E) be the harmonic measure of the Borel
set E of M relative to the fixed reference point x,< D.

DEFINITION 3.3. If a function % on D has a fine limit ¢(§) at g-almost
every £ & M, we denote ¢ by yu and call it a boundary function of u.

Doob [7] has proved that every BLD function has a boundary function in
L*M) and that u is an element of BLD, if and only if « is a BLD-function
and (yu)(&)=0 for almost all £ M. Thus,

COROLLARY TO THEOREM 3.1. wu belongs to ¥ if and only if u is a BLD
Sfunction and u has a boundary function vanishing p-almost everywhere on M.

Let K{x, &)= K*(x), x = D, be the Martin kernel associated with & € M.

Define, for a > 0.

33) Ka(%, §)= K5 ()= K¥(0)—af Gt DKy .
Put for &, e M, a >0,

€ Uug, m)=a(K*, K1)ps +oo.

U&, 7) is non-decreasing in « and we put

@5) UG, p)= lim Ua(§, )= +o0.

We call U, and U the Feller kernels’®. For functions ¢ and ¢ on M, we
define

36) Udo, $)={ [ U& Me@pmudeutdn),

&%) Ulp, )= [ [ UG po@m)nde)dn).

Finally, we set for ¢ = L'(M),

(3.8) Ho(x) = jMK(x, OeE)uds), x<D,

10) These kernels are symmetric g-almost everywhere (see [13] and footnote 15)).
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(39 Hyp)=[ K(x 9e@uds, x<D.

If o= L'(M), then we have y(Hgp)=¢'".
Here are two applications of Theorem 3.1.
THEOREM 3.2. Let ¢ be a non-negative bounded measurable functions on
M. Then, it holds that
(3.10) Ulp, )=&E(He, He).
Moreover, if Ule, 1) is finite, then ¢ must vanish almost everywhere on M.
Proor. It is evident that Hyp = L¥D). ldentity (3.10) follows from U.(¢, ©)
=a(l,¢, Hp)p = a(He—aGiHe, Hp)p =P (He, Hp). Assume that Ulgp, 1) is
finite. Then U(y, ¢) is finite, and identity (3.10) implies that He must be an
element of F. Corollary to Theorem 3.1 now implies that y(He¢)=¢=0.
Theorem 3.2 will be used in the next section. In section 8, we will refer
‘to the following theorem.
Let INJ:DU{oo} be the one point compactification of D. For a Borel
subset A of the Martin boundary M, we set II§ (x)=Hgy,(x), 34(&) being the
indicator function of the set A. Define a probability measure V4 on D by

[RZEYETE:

A N . .

(3.1D) FEY= Ity if E is a Borel set of D
g {oo})=0.

TuEOREM 3.3. Suppose that p(A)>0. As B tends to infinity, the sequence
of measures V 4(dx) on D=D\U {0} converges weakly to the 6-measure con-
centrated at {oo}.

PrROOF. By virtue of Theorem 3.2, 8(/I4, 1)p = Up(y4, 1) = +co as § tends
to infinity. Hence, it suffices to prove that, for each open set E the closure of

which is compact in D, ‘Bj' [I;;1 (x)dx is bounded in 8>0. Choose a non-nega-
E

tive 1= CF(D) with u=1 on the set E. Let v be an element of C{(D) which
is less than Hy, everywhere on D and equal to Hy, on the support of u.
Then,

Bf M4 (x)dx = BUTE, W= B(Hy s wp—BNGE Hyas W
_S._ ﬁ(l), u)D_ﬁZ(G%vr u)D .

Owing to Theorem 3.1, the last term converges to (v, w),, as S—-co. The
proof of Theorem 3.3 is complete.
Turning to the study of boundary properties of a-harmonic functions, let

11) Cf. Doob [6].
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us introduce new spaces of functions on M. For a function ¢ on M, we put

Uago(f):j‘MUa(E, ne(n)u(dn). Define a new measure ¢’ on M by
(3.12) (= UlEude)

for the Borel set A of M. For functions ¢ and ¢ on M, set

(@, P = [ PHOPOudE)
(3.13)

@, = POHO (@)

G1D) Do, H=—y | [ (O~ eNHO—gMUE, D).

Denote by L*(M)L*(M)") the space of measurable functions ¢ on M such as
(@, @)y < +oo (resp. (@, @)y < +oo). We set
(3.15) Hy={p; pc LXM) and D(p, ¢)<-+oo}.

B(D) (B(M)) will stand for the space of all bounded measurable functions on
D (resp. on M).
The next lemma collects the basic relations among these spaces and norms.
LEmMMmA 3.1.
(i) BWM)c LXMY < LA(M)~and there is a constant C>0 such that
(3.16) (@ O =Clo, )y,  for every pe LMY .

(ii) For ¢ e LMY and a >0,

317 0=ULp, o) =(aV IXo, 9.
(iily For o« H, and a >0,

(318) @ = (1V L) DM, )+ Ulp, )

ProOOF. The first inclusion in assertion (i) follows from (1, 1;)%=H1,,
H.1l,)p =the Lebesgue measure of D'®. [ 1(&) is finite for g-almost all £ M.
It is lower semi-continuous and strictly positive everywhere on M. Hence, it
suffices to set C=1/ glclflUll(E) to obtain estimate (3.16). Next, observe that

U 1(&) is increasing and %Ual(é‘) is decreasing as « increases. The first and

second inequalities in (3.17) and inequality (3.18) are the consequences of the
following equalities (3.19), (3.20) and (3.21) respectively.

12) 1, denotes the function which is identically one on M.
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319 ULly: ¢) = alllap, Ha)p+a* (Gl Hap, Ha)p »
(3.20) Uy @)+%MM(90(E)—90(77))2U &, Mp(d)p(dr)
=[ EPULOuED, g LMY,
G2 Do) HULlp, 9)= %‘UM(SD(E)—SD(W))Z

(UG D= Udé, D) pd)pdn)+ [ (@ ULOuEE), = Hy.

Now, denote by BfDa,h the space of all @-harmonic functions belonging to
B/IjD. It is easy to see that BCDG,,L is the orthogonal complement of BLD, in
the Hilbert space (BLD, (,)p.+a(,)n).

Our final assertions in this section are as follows.

THEOREM 3.4. Fix an a>0.

(i) Every bounded a-harmonic function w on D has its boundary function
yu in B(M) and u(x):Ha(ru)(iQ, xeD.

(i) Every function u of BLD,., has its boundary function yu in H, and
w(x) = H,(yu)x), x& D. Further, it holds that

3.22) (u, Wp+alu, wp=D@Gu, yu)+U(yu, yu).

(iil) For o= LA (M), Hyp has ¢ asits boundary function. In particular, if
N
¢ = Hy, then Hyp e BLD,, and equality (3.22) holds for u=H,p and yu=1¢.
N
(iv) For uwe BLD,, the following inequality holds.

(3.23) G, 70 = (1Y ) W Hatu, 1)),

yu being the boundary function of u.
ProOOF. (i) set

3.24) U, = u+aGiu .

1, is a bounded harmonic function. Hence, u, has its boundary function, say
¢, in B(M) and u,(x) = He(x), x< D'®. Since y(G,u)=0, u has ¢ as its boun-
dary function. By virtue of the equality u=u,—aG% u, = Hp—aG%H¢ and
identity (3.3), we obtain u = H,p.

(i) For ue Bi\Da,h, define u, by (3.24). Note that G}, is a bounded opera-
tor on L¥D), so that u, & L*D). Therefore G}.u=G%u, = BLD, (Theorem 3.1)
and u, = B/ﬂD. Hence we have

13) Cf. Doob [6].
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(uy, ul)D,l +auy, u)p =W, wp,+aly, u)p+H(aGlu, aG8+u)D,1
+ alaGhytt, @Gy =ty Wyt i, wp-H(aGlts, G,

+alaGlu,, aGiu)p=(u, u)D,l_l_a(u: w)p+(au,, aGlw)p,
so that

(3.29) (U, wp,+a@, u)p==(u,, ul)D,1+a(u1’ Up -

Owing to Doob [7] and Fukushima [13], u, has the boundary function (say ¢)
in L¥ M) with (u,, 1,)p, = D(¢p, ¢). Corollary Theorem 3.1 implies that y(G3.u)
=0. Thus, in the same way as in the proof of statement (i), we have yu=¢
and u=H,p. ldentity (3.25) now implies (3.22). Further, in view of equality
(3.22) and the preceding lemma, ¢(=yu) must be an element of Hy.

(iii) By virtue of formulae (3.17) and (3.19), we see that H,p < L*D) for
¢ e LAM). Hence, G} (H,¢)=BLD, and y(H,p)=yHe)=¢. If, in addition,
D(p, ¢) is finite, then u, = He is BLD harmonic with (u,, u))p,, = D(¢, ¢) ({7
and identity (3.25) is valid for u=H,¢.

(iv) is only the restatement of Lemma 3.1 (iii).

§4. An expression of the symmetric resolvent density G, (x,y) and a
decomposition of the Dirichlet space associated with G (x, ).

Throughout §4, 5 and 6, we assume that we are given a resolvent G.(x, »)
of G: G (x, y)=Gx, y)+Rx,y) is a conservative symmetric resolvent density
and R,(x,y) satisfies the conditions (G, a) and (G, b) stated in the beginning
of section 1.

Our first task in this section is to give an expression of R.f, f < B(D),
which is analogous to that of Feller [11].

For a function ¢ on M, H,¢ defined by (3.9) can be rewritten in terms of
the measure p’ (see (3.12)) as

C8Y Hopy=Hip={ Ki(x, Op@pds, <D,
with the function K/i(x, &), a>0, x< D, £ € M, defined by
{ K(x, ©)/ULE)  if U,l(§) < +oo,

(4.2) Kilx, §)= .
if U,1(8)= +co.

14) Theorem 1 of [13] states that U(§, 7]):%0(5, 7) when & and 5 are exit

boundary points. Here, ¢ is Naim’s kernel [18] and q denotes either 2z (if N=2) or
(N—2)x{area of the unit sphere}. Since D is bounded, pg-almost all points of M are
exit (see footnote 15)) and Theorem 9.2 of [7] leads to this expression of the Dirichlet
integral of the harmonic function. For one dimensional case, this expression is trivially
true (see footnote 33)).
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Indeed, U,1(¢) is strictly positive everywhere and finite almost everywhere on
M. For a signed measure v(dy) on D, let us put

43 Ho@)= [ Kix epdy), &M

ﬁa brings signed measure on D into functions on M. For x€ D, ﬁg will stand
for K.(x, &). When v has a density function f & B(D), H,v will be denoted by

A.f. Obviously, A.f(&)= | Az @Axdx
D
LEMMA 4.1. () H, is a bounded linear operator from B(D) into B(M), and

4 1= (1v 1) sup 17|

for fe B(D), £= M.
(ii) The equation

(4.5) A f—Hsf+(a—BH.Ghf =0

holds for every fe B(D), a, 8>0.
(iil) The identity

(4.6) (a— B, Hu(Ho )y = Udl@, $)—Us(e, &)

holds for every ¢, ¢ & B(M), a, B> 0.
ProOF. Note that p-almost all points £ € M are exit in the sense that
K (x, &)>0 for some a>0 and some x < D'®. U,§, n) is symmetric if & and

7 are exit ((13; Lemma 2]). Therefore, | K, &)dy = H(H1)(@) is either

%%11(%) or zero.

Inequality (4.4) follows from this. The definition (3.3) of K (x, &) and the
resolvent equation for GY% lead to equation (4.5) for bounded f with compact
support. Identity (4.5) is valid for every f <= B(D) by means of the bounded
convergence theorem. Identity (4.6) follows from (3.3) and (4.5).

Now, let us state a representation theorem for

Rof)={ Roe )f()dy,  feBD).

Set A(M):ﬁa(B(D)) for an a>0. In view of the preceding lemma, A(M) is
independent of & >0 and it is a linear subset of B(M).

To avoid confusion, we denote by 1, (resp. 1) the function on D (resp. M)
which is identically unity there. Note that 1, is, up to a set of p-measure

15) Let E be the set of all non-exit boundary points and put u=Hyg. Then o«Gu
=u for every a>0. Letting o tend to zero, we obtain z=0 and p(E)=0-
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zero, an element of A(M) because of lM:ﬁllp p-almost everywhere.
THEOREM 4.1. For each a >0, the function R.f, f € B(D), is expressed as

(%)) R.f(x)=HiR(H.f), =xeD,

with a non-negative linear operator B* from A(M) into L=(M) satisfying the
following conditions,

a8 pesssup|Rop@ls (1v ) sup l9@1, <A,

4.9 (0, Bepyu= (B0, P, o, p= AM)
(4.10) lim (1,, Be1,),,=0.

PrROOF. On account of the conditions (G, a) and (G, b), for each xe D,
R.(x, ) is bounded and «-harmonic in y = D. By Theorem 3.4 (i), there exists
a boundary value

(411) R, &)= finelim Ro(x, )
for p-almost all £& M and

4.12) Rz, 3)= [ Rux, OHLEu(dE)  for every yeD.
We set for ¢ & A(M)

(4.13) Rop()= [ Rz, O)p@)u'(d8).

For any ¢ € A(M), R*p(x) is bounded and a-harmonic on D. Indeed, ¢ can be
written as H,f, f B(D), and, in view of identity (4.12), R*p is expressed with
this f as

“4.19) Rep(x)= R, f(x), xe D,
Thus, owing to Theorem 3.4 (i), there is a well defined function
(4.15) Rep=1(Rg), ¢ AM)

and this R® is a non-negative linear operator from A(M) into L=(M). Since
ly=Hly<(@VvDH], p-almost everywhere, we see by (4.14) that Rl,(x)

<(aVDRIp()=1V -i—, xe D, and that ﬁ“lM(E) slv %{— p-almost every-

where, which implies the estimate (4.8). Equality (4.9) is an immediate con-
sequence of the expression (4.7) and the symmetry of R (x,y). Let us prove
(4.10). We have for all « >0

(4.16) Ud(RB 3, L) = (L, La)ly < +00,
because the left-hand side of (4.16) is equal to
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a(B1y, A1) = Qs aB 00 = Ly, (@R 1o -

Let {a,, n=1, 2, .-} be an arbitrary sequence of real numbers increasing to
infinity. Then R@nl,(£) decreases to a non-negative function ¢(¢) for every
&< M except on a set of p-measure zero. We set ¢(£§)=0 on the exceptional
set. From (4.16), we have Uy ¢, 1) = (14, 1))y for all « >0. Letting a tend
to infinity, we obtain U(¢, 1) < +co. Theorem 3.2 now implies that ¢ vanishes
almost everywhere. Therefore, lim (1, RBonl )y =1y, ¢)yy =0, completing the
proof of (4.10). T

Next, let (¥, &) be the Dirichlet space associated with our resolvent den-
sity Gu(x, )= G%x, )+ R.(x, ). Let us represent (¥, &) as a direct sum of
a potential part and an a-harmonic part. Our procedure is based on Theorem
4.1 and we will never use any classical tool such as Green’s formula.

Put for a >0.

(4.17) F*={Gof, f = BID)}
HE={R.f, f€ BD)}.

Note that g* is independent of a > 0. Let us show the following basic lemma.
LEMMA 4.2. () g*CF, and

E(u, )=, u) for us F*,

Here, &% is the norm for the Dirichlet space FQ associated with the resol-
vent density GY(x, ¥).
(i) For each a >0, F* and H% are orthogonal with respect to the inner
product
& (u, v)= W, v)+a, v)p .

Proor. (i) Set u=GYf, fe B(DD). Then ue L¥D) and

Ey(u, w)= Pu—pBGhu, w)p—pF*(Reu, w)p
= & (u, w)—B*(Rpu, u)p .

On the other hand, by virtue of Theorem 4.1 and Lemma 4.1,
BY(Rgu, w)p = PH(HsREHGIS), Gif)p = B (REHGL), HsGif Vi
= (fébf (RPos oy, with gp=(H,—Hpf .
By Theorem 4.1, we have
|(Repp, el = (RPLir, i sup 101 0.

Thus, v = F, and &(u, u) =&, u).
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(i) Owing to the preceding assertion (i), we have for f, g = B(D) that
ENGLS, Ra8) =E%Gof, Ga)—EXGLS, GLO)
=(GLf, 8p—EAGLf, GL8)
=(G%f, 8)p—(GeS, &)p=0.

The proof of Lemma 4.2 is complete.
According to Lemma 2.2, functions

{Gaf =Gof+ RS, € BD)} (resp. {Gef, f € B(D)})

are dense in the Hilbert space {F,, &%} (resp. {F¥, &*}). Hence, we im-
mediately obtain the next theorem from Lemma 4.2.
THEOREM 4.2. (i) FQC ¥, and

Elu, W=, u)  for uc FP.

(i) For each o >0, the Hilbert space (Fp, &%) can be decomposed as a
direct sum:
Fp=FPDHa,

H o being the closure of {R,f, f € B(D)} in this space.

In order to refine Theorem 4.2, let us introduce the space

(4.18) ¥ ={ueFp; u is fine continuous quasi-everywhere on D}.

We will call this the refinement of the Dirichlet space ¥,. We have then

THEOREM 4.3. (i) For each function u of Fp, there exists a function of &F
which coincides with u almost everywhere on D.

(i) FOCF and &u, W)=, u), uc F°, FO being the refinement of
the space F§ ((3.1)).

(ili) For each a >0, the space (F, &%) is represented as

g:g(o)@)j{a’

with S, ={ue F; u is a-harmonic on D}. R(B(D)) is dense in (K, EY).

ProOF. Let .9, be the space of Theorem 4.2 (ii). Any function in 4%, is
a-harmonic!'®, and so, continuous on D. Hence, in view of Theorem 3.1 (i) and
Theorem 4.2, we can see that statements (i) and (ii) of the present theorem
hold and that ¥ =g“@u4r, Take any a-harmonic function u of & and de-
compose u as u —uP4u®, uP < F, y® e 4, Then, u'¥ is «-harmonic and
belongs to the space BLD, (Theorem 3.1 (ii)). Hence, u® BLDomBi\Da,h and
u®=0. This proves the last assertion of Theorem 4.3.

16) Any ued(, is a limit of o-harmonic functions R, f,, fLEB(D), in L2(D). Hence,
R, fn(x) converges to u(x) uniformly on each compact subset of D and u is o-harmonic
(see [15; Lemma 2.2]).
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§5. The Dirichlet space (F, &) induced by (9,, £%).

In this section, the Hilbert space (4,, £€%) appeared in Theorem 4.3 will be
identified with a Dirichlet space formed by functions on the Martin boundary
M.

For this purpose, we wi11 employ the next theorem due to T. Watanabe,
which permits us to conclude that each function u of .9, has its boundary
function yu in L*(A) and that u= H,(yu).

Take any symmetric Brownian resolvent {G,, a >0} (see the final part of
section 1 for the definition) and consider its associated Dirichlet space (&, &)
relative to L*(D) in the sence of section 2. Set 4, = {u e F; u is a-harmonic}.
Then,

THEOREM 5.1 (T. Watanabe).

~ N ~ ~
H,CBLD,, and &, u)=, w)p,, for ucsI,.

Combining this with Theorem 3.4 (ii), we are led to

COROLLARY. Every function u of 4, has its boundary function ru in Hy
(consequently in L*MY) and u(x)y=H(yu)(x), x& D. Further we have, for
ue i, é’“(u, )= D(u, yu)+U(ru, yu).

Let us sketch the proof of Theorem 5.1. Take a function u €., and set
é%(u, u):ﬁ(u—ﬁéﬁu, u)p. Then, by definition, é’(u, u):plirpmé’%(u, u) < +co. It

suffices for us to derive the inequality lim ég(u, Uy = (%A(uz), 1) —a(u, u)p,
ﬁ—-»+m D

since the right-hand side is nothing but (u, u), ;. é’g(u, u) can be expressed as
Ey(u, u):fl,lz—r(fﬂ, D)p, with f5=2pu(u—BGau)—Buz—BG su?)+pu(1—pGel),. It
is easy to see that f, is a non-negative function on D for each 3>0. On the
other hand, {Gg 8> 0}, being a Brownian resolvent, has the following property.
If both |g| and éﬁg are locally integrable, then ﬁ(g—ﬂéﬁg)ﬁ:m-—%fdg in the
sence of Schwartz’s distribution. Therefore, f; converges (as distribution) to

2u(~é—du)+é~d(u2) and we have, for any he C{(D) such as 0<h<1,

lim é’g(u, u) = é( %—A(u2)~u - du, h) . The desired inequality follows from
D

B> +oo
this.

Now, let us consider the space (H,, &%), @ >0, of Theorem 4.3. Our main
assertions are as follows.

THEOREM 5.2. (i) For each a >0, any function 4 of ¥, has its boundary
Sfunction yu in LMY and uw=H(yu).

(i) The function space
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5.1 Fy=7Ha=1{¢; @=7U, U E I}
is independent of a>0. Set for ¢, ¢ & Fy,

(5.2) e, ¢)=&E%(H,p, Ha)
(5.3) Eulp, §)=E5 e, P)—Udlop, ¢)

then Ey(p, ¢) is independent of a >0,

(iiiy For each a >0, the space (Fy, E%Y) is a Dirichlet space relative to
LMY

(iv) The space (Fy, Ey) is a Dirichlet space relative to LY MY and it
satisfies the conditions (B. 1), (B. 2) and (B. 3) stated in section 1. Moreover,
the bilinear form N(,) in (B. 2) and (B. 3) is given by the following formula.

GH  Nog=lm lim lim 5 ef [ Ride, dpXe&—edn).

N FO0C @00y 00

Here, Bo(dg, dn) 1s a Radon measure on M X M satisfying

55) [ .§ Rade, ane@ - oo =(Rie, o,

o, o= LMY, for the symmetric resolvent {ﬁz, ©>0} on LA(MY associated with
the Dirichlet space (Fy, EF). ¢, is a truncation of = Fy: o =(pAn)V(—n).

PrROOF OF THEOREM 5.2. The first assertion is involved in Corollary to
Theorem 5.1, since 4, of Theorem 4.3 consists of all a¢-harmonic functions in
(Fp, &), which is a Dirichlet space associated with a symmetric Brownian
resolvent having a density function in G.

The first part of (ii) is a consequence of Theorem 4.3 and Corollary
to Theorem 3.1. Indeed, we have ¥, =y (F“°P4,) =7F, which is independent
of a>0.

Now, let us prove the remaining assertions of Theorem 5.2 by a series of
Lemmas.

The second part of statement (i) is contained in Lemma 5.1. The third
assertion will be proved in Lemma 53 by making use of Lemma 52. The
last assertion is just Lemma 5.4.

LEMMA 5.1, (@) If ¢, Fy convergss to o= Fy in norm 2, then U,
©n) converges to Uy, ©).

(i) Exlyp, ¢) defined by (5.3) for ¢, ¢ = Fy is independent of a>0.

(i) 1yeFy and Exy(ly, ©)=0 for any ¢ Fy.

PrOOF. (i) From the definition of &§7(,), it follows that H,¢p, converges
to Hup in LY D). Then, on account of identity (3.19) and the estimate (u, G§,u),
ésgg G 1(x) - (u, w)p for ue L¥D), we can see that statement (i) is valid.

17) Cf. footnote 16).
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(1) The desired identity is
XU, ©)— U, @) =E% (o, )—Us(p, ¢)

for a, >0 and p Fy. Set R=p(RLB(D)), then R=71(G(B(D))) and this
is independent of «>0. Further, & is dense in the space (F,, &§?) for an
arbitrary a > 0, since R (B(D)) is dense in (4, €%(,)). Therefore, taking into
account of the first assertion of this lemma, it suffices for us to show the
above identity for ¢ = ®. Let ¢ be y(R,f) with an >0 and an fe< B®D).
Then, it holds that

LDl LD L

(5.6) EGN@, §)=EXRufr Ho)) = EYG of, Ha)
=(f, H)o=UL.f, Oy for any ¢ T, .

On the other hand, the resolvent equation for G, implies that ¢ can be ex-
pressed as y(Rzg) with >0 and

G)) g=f+(B—a)Gef+(f—a)Hap .
Hence, equations (4.5), (4.6) and (5.6) lead us to

e, ©)—Uxe, ©)=Hpg, O—Uxe, ©)
=(H.f, Ou—Ule, ©)=E5N0, ©)—Udlp, ¢).
(i) From equation (5.6) and the identity y(aR,1,)=y(aG,lp) =1y, we have
E 1y, P)=a(lH 1y Py=aHLy, HP)p=Udy, ¢), ¢ € Fy. The proof of
Lemma 5.1 is complete.
Next, set for o, >0 and u, ve g,

(5.8) e*Hu, v) = E&x(u, V)+Ayu, yv)j -

LEMMA 5.2. Let us consider the space (F,&%,)) with a>0 and 2 >0
Jfixed.

(i) It is a real Hillert space.

(i) It is decomposed as a direct sum:

F=FVODI,.

Especially 9t, is a closed subspace.

(i) If a function v on D is a normal contraction of a funcltion ue g,
then ve F and %4, v) < &°4(u, u).

PrOOF. Theorem 4.3 and Corollary to Theorem 3.1 imply that each ele-
ment u of & is a sum of functions u” e F® and u¥ .4, and that &*4u®,
u(l)) — 80’(“(0)’ u(l))_l_](ru(o)’ Tu(l))xl‘l: 0.

Since &*%(u, u)=&E%(u, u) for u e F©, the space F is closed in norm &=
Therefore, for the proof of assertions (i) and (ii), it suffices to show that 4,
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is complete with metric €% Suppose that {u,} forms a Cauchy sequence in
{4, &%}, Then, u, converges to a function u € .4, with metric & and 7u,
converges in L*( M) -sence to a function ¢. Since u, converges in L*D)-sence,
the convergence is the pointwise sence'®. On the other hand, u,(x)=H,(yu,)(x)

— H,p(x) for each x=D. Hence u=H,p and yu=¢. The last statement

n—+o0

of Lemma 5.2 follows from the facts that (&, &) is a Dirichlet space and that
lro®) < |yu(8)| for p-almost all § = M.

We will mention here the consequences of Lemma 5.2. Let ¢ be in LA M)
Owing to Lemma 5.2 (i), there exists a unique element u$* of & such that
the equation

(5.9 e ugt v)=(¢, 7v)y  holds for all ve F.

By virtue of Lemma 5.2 (ii), we can conclude that

(5.10) ugte di,,

since (5.9) implies &4 (ug?*, v)=0 for allve F®, Furthermore, u$* enjoys the
property:

(G.1D) 0=gugt<l f0=ge=1.

We can see this from the final statement of Lemma 52 and the fact that
u@* is the unique element of & minimizing the functional O@)=&%,v)

1 1 vV
Ayrv——o, y7v——=— .
+a(rv=ge v=79),
Set, for ¢ = LA(MY,
(5.12) fo=rupie Fy),
then we have
LEMMA 53. Fix an a>0.

(i) For each 2>0 and ¢ LXM), R ¢ defined by (5.12) is the unique ele-
ment of Fy for which the equation

(6.13) PR o, P+ AET 0, Pu= (@, i
holds for every ¢ € Fy.
() {R¢, 2>0} is a symmetric resolvent on LY M) (see Definition 2.1.).
(i) (Fy, €Y is just the Dirichlet space relative to LA (M)’ associated with
the above resolvent. In other words, ¢ € LMY is an element of F if and
only if lim &¥3(p, ¢) is finite, and in this case the limit necessarily coincides
po o
with (e, ¢). Here,

(.14 Ep, §)= wlo—pR 5o, Py .

18) Cf. footnote 16).
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ProoF. (i) By (5.9), (5.10) and (5.12), the equation &™*H,R%¢, H.0)
= (¢, )y holds for every ¢ = F,. Rewrite the left-hand side to obtain (5.13),
which obviously characterize I?"j(p in Gy

(i) In view of (5.13), B¢ is a bounded linear operator on L2(M). Further,
by (5.11), we have 1#?1<1 and F¢¢=0 for ¢=0. Symmetry and the resol-
vent equation for {R¢, 1>0} follow from assertion (i).

(iii) Note that, for each A >0, the space (F, &2(,)41(,)y) is a real Hil-
bert space, since the space (4%, €°%) is. Identity (5.13) for the resolvent
{B%, 2> 0} now implies assertion (iii).

LEMMA 54. (i) For p& Fy, Ex(@, ¢) is expressed as &€y(e, ¢)= D(g, ¢)
+N(p, ¢) with D(p, ¢) and N(p, ) defined by (3.14) and (5.4) respectively. In
particular, F is a linear subspace of H,.

(i) Gy contains constant functions and N(1, 1)=0.

(i) For each 2> 0, (Fy, E4(,)+A(, )y ts a real Hilbert space.
(v) If ¢ is a normal contraction of ¢ & Fy, then o= Fy and N(g, ¢)

=N, ).
ProOOF. (i) Take ¢ in F, and define ¢, by ¢,=(@An)V(—n), n=1,2, --.

Then, ¢, = &, and
(5.15) im Ex(pn, @)= Enl@, @)

Indeed, for any a >0, (F,, %% is a Dirichlet space (Lemma 5.3 (iii)) and there-
fore Lemma 2.1 implies that ¢, € Fy and lim (€y(@r, ©r)+UL@s, 0)=Eu(e, ©)
n—+oo

+U o, ). On the other hand, Uy(¢,, ¢,) converges to Uy, ¢) because of
identity (3.20).
We will compute &4(¢,, ¢,). Owing to Lemma 5.3 (iii), it holds that

(516) En (@m Qon) = Fl_i'lzlmg%]ﬂ(@m @n) — U@, @n)

with &57, defined by (5.14). The right-hand side of (5.16) is independent of
a>0 (Lemma 5.1 (ii)). Rewrite &5 (¢, ¢,) as'®

o 1 >
GIN  ERlpn o) =g [ Ride, di)Xen®—outpy+p(—pREL ¢y .
On account of Lemma 2.1 and Lemma 5.1 (iii), we see that ¢ & &, and
G1® S gy =1—pRal, ey Eu(l, gD UL ¢2)=Udl, ¢2).
po oo

Combining (5.16) with (5.17) and (5.18) and employing equality (3.26), we arrive
at

19) Cf. [2].
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619 eulon o=y | [ @O —p.PULE Dd)utd)

+ lim g2 ; { Rids, dy)Xou&—eutny?

p=r+oo

for each n and a > 0.

Statement (i) of our lemma can be derived from (5.19) by letting « and
then n tend to infinity.

(i) This assertion is immediate from Lemma 5.1 (iii) and formula (5.4).

(iii) By Lemma 5.3 (ili), the space &, is complete with metric £4(,)
F UL, ©)+2(, )y for @ >0. In view of inequality (3.17), we arrive at conclu-
sion (iii).

(iv) This is a consequence of Lemma 5.3 (iii) and formula (5.4).

The proof of Theorem 5.2 is now complete. We should point out here
that the space (F,, &) characterizes our resolvent density. Precisely,

THEOREM 5.3. Consider two elements GP(x, y) of the class G, i=1,2. We
associate the space (F§, EPY with GP(x, y) by means of Theorem 52, i=1,2.
Assume that (FP, €N =(FP, ER), then GPx, V) =GCGP(x,y), a>0, x,ye D.

Proor. Let (F®, &™) and (#P, &) be the spaces of Theorem 4.3 asso-
ciated with G¥(x, y), i=1, 2. We have by assumption 4P =H(FP)=HLFP)
=& and & (u, w)=ELGu, yu)+Uyu, yu)=E@(ru, yu)-+ Uy, ru)=**(u, u)
for ue 4. By Theorem 4.3, we see that (P, &) =(g®, &%) and that,
for every u, v & L¥D), (G¥u, v)p = EPA(GPu, GPv)=EDCPu, GPv)=(u, GPV)p,
from which the conclusion of Theorem 5.3 follows.

§6. Boundary condition.

In the preceding two sections, we have investigated the structure of the
Dirichlet space (¥, &) associated with a given element G.(x, ¥) in . Consider
the space (BfD, (,)p,,) in section 3. On the ground of Theorem 3.1, 3.4, 4.3,
5.1 and 5.2, we can state the relation of the refinement F*” of ¥, to the space
B/ﬂD as follows.

TurorEM 6.1. (i) BLD,C ¢ < BLD,

(i) Each function u of F has its boundary function yu in H, and it holds
that

(6.1) E(u, uy=(u, Wp, +NGu, yu),
with a bilinear non-negative form N on yF. Moreover, if v is a normal con-
traction of ue F, then ve F and N(yv, yv) < N(yu, ru).

Proor. The first assertion is immediate from Theorem 3.1, 4.3 and 5.1.

20) See (4.18).
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Indeed, for a fixed a >0, the Hilbert space (&, &%) is a direct sum of the space
N\

g =BLD, and the space 4, the latter being a subspace of BLD,, ,. In order

to prove equality (6.1), decompose u € F as u = u,+u,, 4, € F°, u, € H,. Then,

(6.2) (uy, up)p, +a(uy, uy)p=0.
By Theorem 3.1 and 4.3 (i),
(6.3) &%y, ;) = (g, Uy)p,s+a(iy, uy)p .

Combining Theorem 5.2 with Theorem 3.4 (iii), we see that u, has its boundary
function yu,=7yu in H, and

(6.4) EX(Uy, Uy) == (Uy, Uy)p,1+a(is, uy)p+NGu, Tu) .

Formula (6.2), (6.3) and (6.4) lead us to equality (6.1). The properties of N
stated in this theorem are implied in Theorem 5.2.

Our next task is concerned with an expression of the boundary condition
for the class G.

DEFINITION 6.1. If, for a function u e B/I:D, there exists an fe L% D) such
that the equation

(6.5) (u, U)D,1 =(f, v)p

holds for every v € BLD,, then we will write
6.6) - du=—f.

The set of functions u satisfying the above property will be denoted by 9(4).
We call such 4 the generalized Laplacian with domain @(4).
We notice that the equation (6.5) holds for all v € BLD, if and only if it
does for all v & C7(D) (see the paragraph following Definition 3.2).
N 2
Thus, u is an element of 9(4) if and only if ue BLD and }j—aaxz—u in the
i=1 i
sense of Schwartz’s distribution is a function of L*D). The notion 4 in (6.6)
is nothing but the Laplacian in the distribution sense.

For a given element G,(x, y) of G, let us put

67 D=GLDN={u;u=GC.f= L)Ga(-, Nfdy,  fe LD}

The space @ does not depend on a >0. Let &, be the space of Theorem 5.2
and N, the form of (5.4). The next theorem will characterize the space @
(and consequently, the element of G).

THEOREM 6.2. A function u belongs to @ if and only if

N uvepd), and

(2) u has its boundary function yu in Fy and it satisfies, for every ¢ Fy,
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©8) DG, )+ NG, $)+(5-du, HY)p=0.

Proor. Take a function u of 9. For a >0, uis equal to G,f =G%f+R,f
with an fe L¥D). The function u is an element of & and we have &%(u, v)
=&, v)+alu, v)p = ENGLS, v)=(f, V), for every v BLD,. On the other
hand, according to the preceding theorem, u belongs to Bi\D and &(u, v)
=(u, v)p,, for every v <= BLD, Therefore, u = 9(4) and

(6.9) - du=au—f.

Next, by making use of the identity
(6.10) Eu, Hip) =EN(RoS, Hop), P E Ty,

we will derive formula (6.8). The left-hand side of (6.10) is equal to (f, H.{)p
and the right-hand side can be expressed in terms of yu=y(R,f) as DGu, ¢)
+Uyu, $)+N(yu, ¢) (Theorem 5.2). Hence is suffices to show

®11) (s Hapo— Uy, §) = — (-4, HY)s.

Note that ([g|, |H¢|)p is finite for ge L¥(D) and ¢ = LA(M). In fact, it is no
greater than (lg|, |He)p+a(lgl, G| Hap|)p, which is finite because H,¢
SLHD) (see (319) and (lgl, Goul Hagp Vo= (sup 1) 8, DekHu Hohdo.

Equation (6.11) now follows from (6.9) and a formal computation as follows:
(s Hi)p— Uy, §)=(f, HP)p—~a(GLf, HP)p—a(R.f, HP)p -

Conversely, suppose that a function u satisfies conditions (1) and (2) of our

theorem. Set f= au——%ﬂdu, v=G,f and w=u—v. Then, we have %ﬁ]w: aw

or equivalently,

(6.12) W, v")p,+aw,v)p=0 for every v/ = BLD,.

Hence, wEBi\Da,h and w=H,(yw) (Theorem 3.4). However, w satisfies the

condition (6.8) for all ¢ = F,. Set ¢ =yw. Then we have U,Gw, yw)=0

which implies that w=H,(yw)=0 in view of identity (3.19). Thus, u must be
an element of &,

§7. Construction of the symmetric resolvent density.

In the present section we are concerned with the converse problem to that
of sactions 4 and 5. For a given space (F,, &) described just below, does
there its associated resolvent density G, (x,v) of G exist? The answer is
affirmative.
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Define the bilinear form D and the function space H,, by (3.14) and (3.15)
respectively. We start with a function space &, and a non-negative sym-
metric bilinear form N on &, satisfying the following conditions: (B. 1) &,
is a linear subspace of H, and it contains constant functions, (B. 2) {F,, D(,)
+N(,)} is a Dirichlet space relative to L*(M) and N(1, 1)=0 and (B. 3) if ¢
is a normal contraction of ¢ & &y, then ¢ & Fy and N, ¢) < N(@, ©).

For ¢ and ¢ = F,, set

7.1 Eu(p, )= D(p, P)+Np, ¢),

(7.2) ExNe, P =ule, P+ULe, ¢, a>0.

By the assumption, the space %, is complete with the metric &,(,)+i(,),
for each 2>0. On the other hand, inequality (3.18) leads us to

@3 (e o= (1v e o),

0E Ty, a>0.

By virtue of inequality (7.3) and Lemma 3.1 (ii), &% defines a metric on &,
equivalent to &,(,)-+4(,)p 4>0. Hence, the space (F,, £%7) is a real Hilbert
space for each a >0. Further, (7.3) implies

LEMMA 7.1. Fix an a>0. For each ¢ = LMY, there is a unique element
ﬁ“’go e Gy such that

&> PR 0, §)= (0. Pt
for every ¢ e Fyy.
For @ >0 and y e D, the function K,(y, &) defined by (4.2) is in B(M) and

so in L* (M) as a function of £ M (Lemma 3.1 ().
DEFINITION 7.1. For x,y= D and a >0, set

(7.5) Ro(x, y) = HiR My

with B« of the preceding lemma (see section 4 for notations HZ and PI?,).
Further, we set

(7.6) Gulx, 9) = Golx, )+ R, ¥)

with above R, and the resolvent density GY of the absorbing barrier Brownian
motion on D.

We will show the following theorem.

THEOREM 7.1. Suppose that a function space F, and a non-negative dejinite
symmetric bilinear form N on &y satisfying conditions (B. 1), (B. 2) and (B. 3)
are giwen. Then, the following statements hold.

1) Gux, ) defined by Definition 7.1 1s an element of G ; it is a conservative,
symmetric resolvent density satisfying conditions (G. a) and (G. b).
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(i) Let (Fp, &) be the Dirichlet space relative to L¥D) associated with this
G x,y). Foreach a>0,decompose {Fp, &(,)=E()+a(,)p} as Fp=FP+H,
by means of Theorem 4.2,

Then, we have

THo=Fy and &E%u,v)=&¥yu, yv)  for u,vE IH,.

Owing to Theorem 6.2, we obtain

COROLLARY TO THEOREM 7.1. Under the assumption of Theorvem 7.1, there
exists a unique element G, x,y) of G such that every function of G (L¥D))
satisfies the boundary condition (6.8).

Before proceeding to the proof of Theorem 7.1, we prepare two lemmas.
For ¢ = B(M) and a >0, we set

{ U 08)/U L&)  if UlE) < +oo,
if U,1(8)=4oo.

Following the argument in the proof of Lemma 4.1,

@ Uap(6) =

(7.8) Uwp(&)= aﬁa(Hgo)(E) for p-almost all £ M.
Further we have easily

1
7.9 1, < (1 \% 7>U;1M p-almost everywhere.

LEMMA 7.2. Consider the operator R= of Lemma 7.1.
(i) For each a>0, B=is a positive linear operator.
() RUily=1y, a>0.

(i) R« is a bounded operator on B(M) with norm less than 1V %{'
(iv) Beo—Rep+-RU,—UpRPp=0, a, §>0,
pe B(M)ZD-

Proor. (i) We can see from condition (B. 3) and identity (3. 21) that
every normal contraction operates on (Fy, &); if ¢ is a normal contraction
of g & Fy, then p & Fy and E@(p, ©) < &Y, ¢). Thus, B* must be positive.
(if) and (iv). For ¢, ¢= F,, since €,(p, 1,/)=0 and 5w, P)=& (¢, ¢)+ (¢, Uiy,
equalities of (ii) and (iv) follow from equation (7.4) through simple computa-
tions. Assertion (iii) is a consequence of (i), (ii) and inequality (7.9).

LEMMA 7.3. Suppose that a function ¢%(&), x D, £ = M, is jointly measur-
able in (x, &) and bounded in & for each x= D. Let v be a signed measure on D

such that go“({-‘):j 0" (&)v(dx) ts bounded in £ M. Then, it holds that
D

21) See Neveu [20] for an analogous formula.
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J @, Reomiptdny=(g, Re¢"y

for every ¢ = LA(MY.
PROOF. By equation (7.4), R* is symmetric on L*M). Integrating the
identity
(¢, Bog™iy = (Rog, ¢
by v, we have

J @ Rogmpuntdny=(Red, 0" =, R0

PROOF OF THEOREM 7.1 (i).

Condition (G. a). R,(x, y)=HZIR Ry is a-harmonic i inxeD for each yeD.
Its non-negativity is due to Lemma 7.2 (i).

Condition (G. b). Take a compact set K of D. In view of Lemma 7.2 (iii),

~

SUp Ro(x, )= sup <s><(1v~ sup HY(8) < +oo.

x yCK fEMyc K

Symmetry. Ru(x,y)= (H “Hy)M is symmetric in x, y<= D, since RB* is
symmetric on L*M)'.
Conservativity. By Lemma 7.3, identity (7.8) and Lemma 7.2 (ii),

aR,1,(x)= a‘y (H Refy, Yiedy
= a1z, B 1)y =15, RoU L,
= H3El,(x)=1—aG%1(x)

and, therefore, aG, 1p(x)=1, x e D.
Resolvent equation. By making use of the resolvent equation for GY and
equation (4.5), we can see that

Gty =G5, 3)+(a—B)f Galx, Gz, y)dz
is equal to

(7.10) (s, Rl yy—{s, REAYY,
+a—B)f Az Refay(y, R2 Ay Yydz

+Ha—p)f @z ReHCy, y)dz

By virtue of Lemma 7.3 and equations (4.5) and (4.6), (7.10) is seen to be iden-
tical with

(711 (Az, RefyY,—(Az, REAyY,+Hz, RoU U pREAYY,
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which vanishes according to Lemma 7.2 (iv).

PrOOF OF THEOREM 7.1 (ii). Set Hh=H(Fy)={u;u=H,p, ¢ = F,} and
& (u, v) =% (ru, yv) for u, ve J,. It suffices to prove that (K, £%) coincides
with the space (H,, £€%). Space (%}, £7%) is a real Hilbert space since (Fy, &%)
is. We can see that R.f, f € B(D), belongs to 4, and satisfies

(7.12) ENRLf, v)=(f, V)p for every ve 4.
Indeed, according to Lemma 7.3, R, f(x)= H%(B*H,f). Hence R,f € 4!, and
& (Rof, Hop) = EXARH.f, $)
=(Hf, D=/, Hadp ~ for ¢ e Fy.

Evidently, R,f, f € B(D), is an element of 4, and equation (7.12) is still
valid if &~% is replaced by &% and 4%, by 4, Thus, R, (B(D)) being dense in
both spaces 4} and %,, (%% &%) must be identical with (4., £%).

§8. A class of diffusions including the reflecting Brownian motion.

In the preceding sections we have established a one-to-one correspondence
between the class G of symmetric resolvent densities and the class of pairs
(Z ., N) satisfying conditions (B. 1), (B. 2) and (B. 3).

Denote by G, the totality of G,(x,y) in G such that the corresponding
form N(,) vanishes identically on the corresponding space ¥,. According to
those arguments in the preceding two sections, we can assert as follows.

THEOREM 8.1

(1) There is a one-to-one correspondence between the class G, and the class
of function spaces Fy satisfying

(B,. 1) &y contains every constant function on M and Fy is a linear sub-
space of Hy. .

(B, 2) Fy is closed with the norm D(,)+A(,Yy for a 2>0.

(B,. 3) Every normal contraction of an element of Fy is also an element
of Fy.

(i) A linear space F of functions on D with a bilinear form &(,) is the
refinement®® of a Dirichlet space associated with an element of G, if and only
if F contains every constant function on D, BLDOCEFCB/I:D, Eu, u)= (U, w)p,,
for every us F, F is closed with norm &(u, w)= U, w)p,,-+alu, ), for an a>0,
and finally, every novmal contraction of an element of & is also an element
of &.

(iii) For any element G (x,¥) of G, the function u=G,.f (f € B(D), a > 0)
belongs to the space BI/,\D and

22) See (4.18).
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(81) (u, u)D,1+a(ut u)D = (u, f)D .

Proor. Conditions (B;.1), (B;.2) and (B,.3) of the first assertion are noth-
ing but conditions (B. 1), (B.2) and (B. 3) with N¥(,)=0. Suppose that a space
(g, &) satisfies all conditions of statement (ii). Set Fy=7%F. /Qwing to Theo-
rem 34, HJ(F,) is the projection of (F, &*) to the space BLD,, and F is
closed with norm D(,)+U,,). Hence, ¥, satisfies conditions (B,.1) and (B,. 2)
(see the argument preceding Lemma 7.1). The same procedure as in Lemmas
5.2 and 5.3 can be applied to obtain the property (B,. 3) for ¢ ,%. Let G.(x, »)
be the element of G, which corresponds to this &, by means of assertion (i).
Then, by virtue of Theorem 4.3 and 7.1, we can see that (Z,(,)p,) is the
refinement of the Dirichlet space associated with this G,(x, ¥). Property (iii)
follows from statement (ii).

Our main interest of this section lies on those Markov processes associated
with elements of G,. As was seen in the final argument of section 1, all the
results of section 3 in the article [15] are valid for every resolvent of the
class G.

Further, as far as the elements of the class G, are concerned, all the
statements of [15; Section 4] are valid, since we never used in [15] any special
property of the resolvent density of the reflecting barrier Brownian motion
expect the above idensity (8.1) (see [15; (4.11)]). Thus, we have the following
generalization of [15; Theorem 2.

THEOREM 8.2. For each element G (x,y) of G, there exists a diffusion
process (a strong Markov process with continuous paths) X=(X,, P, x € D*) on
an extended state space D* and X has properties (X.1), (X.2) and (X.3) men-
tioned in the final part of section 1.

Here are two extreme cases of elements in G,.

(). Resolvent density of the reflecting Brownian motion. This resolvent
G (%, ) =G%x, M+ R(x, ¥) was defined in {15] by means of the equation

(82) (Ra(xx ')x U)D,1+a(Ra(xr ')r U)D - U(x)

for every ve B/I\,Da,,,. This is fitted for the case that &, == I, and SF:B@D.
Indeed, the same procedure as in the proof of [15; Lemma 2.107 is applicable
to get from (8.2) the following equation for R.f, f € B(D),

(8.3) (Rafs Vpta(Raf, v)p=(f, v)p

for all ve B/L\Da,h. Equation (8.3) implies that the Dirichlet space & associated
N

with the resolvent satisfying (8.2) is just the space BLD. Note that the result

23) All assertions of Lemma 5.2 and 5.3 are still valid when we replace ¥ by the
space in the latter statement of Theorem 81 (ii) and &%(,), by (,)p,+a(,)p. Thus,
Fy (=rF) is a Dirichlet space associated with a resolvent on L2(M)’.
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in the preceding section gives another method to construct the resolvent den-
sity satisfying (8.2)%%.
The boundary condition (6.8) for u = G,(L* D)) is now

(8.4) DGru, §)+(5 Au, 1), =0 for every ¢ Hy.

Formula (8.4) means that u & G,(L*D)) has, as its generalized normal deriva-
tive of Doob [7] (in a slightly modified sense), a function identically vanishing
on the boundary M.

(I). The case when Fy is trivial. Let &y be the set of all constant func-
tions on M. &, satisfies conditions (B,.1), (B,.2) and (B,.3) of Theorem 8.1
trivially. The corresponding resolvent in @, is

®5) Gl 3) = Gtx, oML

with Ha(x) H,1,(x)*. 1In fact, by Definition 7.1, Ra(x y) is equal to HzRaMy
with R“Hﬂ in &, satisfying equation (7.4) for ¢ = Hﬂ Hence ﬁ“ﬁz is a con-
stant and

pey— AL _ 1)

Ul L)~ alla 1

By virtue of Theorem 8.2, the corresponding process X to (8.5) is a diffusion.
However, it may generally include branching points on D*—D in Ray’s sense®®.
Suppose that, the relative boundary 0D of D is so smooth that G%(x, y)—0
and [I.(x)—1(a>0) as x goes out of any compact subset of D. Then, the
Martin-Kuramochi type completion D* of D with respect to {G,(x, )} of (8.5)
is just the one point compactification D\ {oo} of D and the extended resolvent
density is given by

— I/ 6]
(86) Ga({oo}’ y) - Ililig)Ga(x! y) T(‘Ijm ]-D)D a > 0 .

Hence, owing to Theorem 3.3, the measure aG ({co}, ¥)dy converges on D\J{oo}
to the J-measure concentrated at {co} as a tends to infinity. Thus, we can
conclude. under the assumption on the smoothness of ), that fo the resolyent
(8.5) corresponds a continuous Hunt process on DU {co} (including no branch-
ing point).

Finally, we note that, besides above extreme cases (I) and (II), there may

24) Cf. [14].
25) The space D=G,(L*(D)) for this resolvent is characterized as follows. ucs9

if and only if u=D(d4), u has a constant boundary function and I du(xydx=0.
D
26) Cf. [15].
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be many elements of G,2”. For instance,

(11 Brownian motion on a torus. Consider an eopen square D={(x,, x,);
0<x,<1,1=1,2yc R% The Martin boundary M of D consists of all its
sides. Put

Fh={oe Hy; o((x,, 0))=¢((x,, 1)) and
o((0, x))y= (1, x,)) p-almost everywhere} .

g% satisfies conditions (B,.1), (B;. 2), (B;. 3) of Theorem 8.1. Therefore, we can
associate an element, say G¥(x, y), of the class G, with the space F%. Let us
show that the corresponding diffusion in Theorem 8.2 is the Brownian motion
on the torus K=[0,1)x[0,1). Denote the resolvent density of the latter by
GX(x, )*. Since the Martin-Kuramochi type completion of the domain D with
respect to functions {G7(.,y), y & D} is just the torus K, it suffices for us to

show that GX(x, y)=GXx, »), x, ye D. u(x):fDGg(x, W(dy, with f((x;, x.))
=f1(x;) - fo(x0), [:€C0, 1), i=1, 2, has the following properties.
(T.1) u and its first derivatives can be continuously extended to [0, 11x[0, 1],
periodically such as u((x;, 0)) = u((x;, 1)), w0, x))=u((d, x)), Uz((x), 0=
Uzo((X3, 1)y %5,(0, x.)) = 15, (1, %)), for every x,, x,& [0, 11*.

1 82 2
(T2) T(W~+7}i—g>u(x) =aqu(x)—f(x), =x&D.

Hence, u € 9(4) and yu e F%. Further,

D(Tur Sb)_l'(‘éfdu, H¢> D: (H(Tu)r H¢)D,1+%(du' H¢)D

- M%(E)Sb(é)d(d&) =0 for any ¢ € L.

Thus, by Theorem 6.2, we have u =G¥%f and consequently, GX(x, y)=GXx, y),
x, ye D.

27) It is plausible that the class @, is characterized by a family of partitions of

the boundary M.
28) GZI(x,y) is the Laplace transform of the transition density p(t, x, ¥)=

Y gt x, (y+m, y.+n)). Here, g(t, x, ¥) is the two dimensional Gauss kernel.
m,n=~00

29) u,, denotes the derivative of u with respect to the variable x; (i=1, 2).

30) The second equality for ¢ =Hj is obtained in the similar manner as [15; foot-
note 5]). n denotes the normal and ¢ denotes the linear Lebesgue measure on M. ¢ is
absolutely continuous with respect to the measure p.
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§9. Cases of a circular disk and an interval.

(1) The case of a circular disk.

Let us examine the case when D is an open disk of radius 1. The Martin
boundary M of D is, in this case, identified with its circle whose points can
be characterized by the parameter #; 0< 60 < 2z. The Feller kernel U(,) is a

. 1 .
constant multiple of T—cos (9—6") and the space H, is given by
.1) Hy={p< L¥d0); D(p, )

=Cf "] O~ O W Gy < Heol

C being a positive constant.

Suppose that the functions sin § and cos # belong to the space &, of Theo-
rem 5.2. Then, by making use of formula (5.4), the bilinear form N(,) of
this theorem can be expressed explicitly as follows. For any continuously
differentiable function @<= &,

0D Mo 9)={ O] [ @0 -0y, a0,

where, v is a finite measure on M and @ is a symmetric Radon measure on
M x M off the diagonal such that, for any ¢ >0,

93) §5 o, 200, 40 < oo,

9.4) j j o, COS (O—0)B(D, ") < 0.

We note that the convergence condition (9.4) for the Levy measure @ may
not be satisfied in general®”. For instance, choose a measurable function a(f)
bounded below and above by strictly positive constants and set

1

o* , N = . ,
@ (1—cos (@0 (1—cos (Z500))

N, 9)= f:”so’(ﬂ)za(ﬁ)dﬂ +f :” { :n(so(b’)—go(ﬂ’))@*(ﬂ, 0"d6do’

Fh=1{¢e Hy; ¢ is absolutely continuous and N*¥(p, ¢) is finite}.

The space &% is non-trivial, since it contains the function sin?4. The measure

31) In this sense, our boundary condition (6.8) for the disk is never included by
the Wentzell boundary condition [237.
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D40, 0")dOd6’ satisfies condition (9.3), but does not satisfy (9.4). However, the
pair (7§, N¥) clearly satisfies conditions (B. 1), (B.2) and (B. 3), and hence, on
account of Theorem 7.1, we can construct a resolvent G,(x, y) of the class G
which corresponds to this pair (in the manner of Theorem 5.2). I don’t know
whether the closed disk D is identified with the state space D* (the Martin-
Kuramochi type completion of D with respect to G,(x, )) on which the asso-
ciated strong Markov process moves.

(I1) One-dimensional case.

In this case, D is a finite open interval (g, ) and the Martin boundary
consists of two points a and b. We can express explicitly all the resolvents
in the class G.

(1) The case when Fy is triwvial,; circular Brownian motion.

This,is one-dimensional case of section 8 (II). The corresponding resolvent
is expressed as (85). The boundary condition is u(a)=wu(b) and u’(a) = u'(b)*®.
The corresponding process is a conservative diffusion on the one-point com-
pactification of (a, b) and, as one easily sees, it is nothing but the Brownian
motion on a circle.

(A1) The case when F, is non-trivial.

The space &, satisfying (B.1) and (B.2) necessarily consists of all func-
tions on {a, b}. N(p, ¢) satisfying (B.2) and (B. 3) is written as
(9.5) N(g, ) = e(pa)—e(0))
with a non-negative constant x#. Thus, this case is completely determined by
each £k =0. Take a £1=0. By means of one-dimensional Brownian measure
and Brownian hitting time to ¢ and b, we set Hi(a)=E (e *’=; o, < g,) and
Hi(b)y=E (e %% ; 6,<0,), a<x<b., Rewriting formulae (7.4) and (7.5), we can
derive the following expression of the corresponding resolvent density.

HYa) )

(9.6 Gox, ) = GUx, y)+(H(a), HEb))A ( Hyb)

where A% is the inverse of the regular matrix
U?+e+U%, —U®—k+U%
—UP—e U, U“+x+U'zJ’)'
Here, U* = U(a, b)u({a})p({b}), U% = U (q, a)y({a})y({a}) and so on*”. Theorem

0.7 e =

32) See footnote 25).

33) U»= Uga:i“zi(l- V2a cosech V2 (b—a)),

Ugr=Uw="7"(VZa: coth V2 (b-a)~1) and

—a

b
ab__Jjba_. "
Usb=pba= 5 -
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92 M. FUKUSHIMA

6.2 states that u=G(L*a, b)) if and only if (1) u & 9(4), (2) u(x) has limits
at a and b and

2u(@)—u(BNU )+ | duH3 (@)dx =0

(@)~ u()U 0+ | Au(H ()dx=0.

It is easy to see that these conditions (1) and (2) are equivalent to the follow-
ing simple conditions: (1)’ u, u’ and u” are square integrable. Here u’ and
u” are the Radon-Nikodym derivatives. (2)’ u and u’ have limits at @ and b
and

w(@)+ud)—u(a)k =0

w'(b)+(u@)—udNe=0.

Thus, as for the one-dimensional case, the boundary condition (6.8) is
reduced to Feller’s one [127 applied to the class G.

Tokyo University of Education

References

{1] A. Beurling and J. Deny, Espaces de Dirichlet, Le cas elementaire, Acta Math,,
99 (1958), 203-224.

[ 2] A. Beurling and J. Deny, Dirichlet spaces, Proc. Nat. Acad. Sci. U. S. A., 45 (1959),
208-215.

[3] M. Brelot, Etude et extensions du principe de Dirichlet, Ann. Inst. Fourier, 5
(1953-4), 371-419.

[47 J. Deny, Principe complet du maximum et contractions, Ann. Inst. Fourier, 15
(1965), 259-272.

5] J. Deny et J.L. Lions, Les espaces du type de Beppo Levi, Ann. Inst. Fourier, 5
(1953-4), 305-370.

{67 J.L. Doob, Conditional Brownian motion and the boundary limits of harmonic
functions, Bull. Soc. Math. France, 85 (1957), 431-458.

{77 J.L. Doob, Boundary properties of functions with finite Dirichlet integrals, Ann.
Inst. Fourier, 12 (1962), 573-621.

[8] E.B. Dynkin, General boundary conditions for denumerable Markov processes
(in Russian), Teor. Veroyatnost. i Primenen., 12 (1967), 222-257.

[9] E.B. Dynkin, General lateral conditions for some diffusion processes, Proc. 5th
Berkeley Sympos. Math. Statist. and Prob.

[10] J. Elliott, Dirichlet spaces associated with integro-differential operators, I, II,
Illinois J. Math., 9 (1965), 87-98; 10 (1966), 66-89.

[11] W. Feller, On boundaries and lateral conditions for the Kolmogorov differential
equations, Ann. Math., 65 (1957), 527-570.

{127 W. Feller, The parabolic differential equations and the associated semigroups of
transformations, Ann. of Math., 55 (1952), 468-519.

70



[13]
[14]
[15]
[16]
[17]
[18]
[193
[20]
[21]
[22]
(23]
[24]

Boundary conditions for multi-dimensional Brownian motions 93

M. Fukushima, On Feller’s kernel and the Dirichlet norm, Nagoya Math. J., 24
(1964), 167-175.

M. Fukushima, Resolvent kernels on a Martin spaces, Proc. Japan Acad., 41
(1964), 167-175.

M. Fukushima, A construction of reflecting barrier Brownian motions for bounded
domains, Osaka J. Math., 4 (1967), 183-215.

K. Ito and H.P. Mckean Jr., Diffusion processes and their sample paths, Springer,
1965. ‘

H. Kunita, Applications of Martin boundaries to instantaneous return Markov
processes over a denumerable space, J. Math. Soc. Japan, 14 (1962), 66-100.

R.S. Martin, Minimal positive harmonic functions, Trans. Amer. Math. Soc., 48
(1941), 137-172.

L. Naim, Sur le role de la frontiere de R.S. Martin dans la théorie du potentiel,
Ann. Inst. Fourier, 7 (1957), 183-281.

J. Neveu, Une generalisation des processus & accroissements positifs independents,
Abh. Math. Sem. Univ. Hamburg, 25 (1961), 36-61.

T. Shiga and T. Watanabe, On Markov chains similar to the reflecting barrier
Brownian motion, Osaka J. Math,, § (1968), 1-33.

A.V. Skorohod, Boundary conditions for certain Markov processes (in Russian),
Teor. Veroyatnost. i Primenen,, § (1964), 644-654.

A.D. Wentzell, On boundary conditions for multidimensional diffusion processes
(in Russian), Teor. Veryatnost. i Primenen., 4 (1959), 172-185.

T. Watanabe, to appear.

71



TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 155, Number 2, April 1971

REGULAR REPRESENTATIONS OF DIRICHLET SPACES
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Abstract. We construct a regular and a strongly regular Dirichlet space which
are equivalent to a given Dirichlet space in the sense that their associated function
algebras are isomorphic and isometric. There is an appropriate strong Markov process
called a Ray process on the underlying space of each strongly regular Dirichlet space.

1. Introduction. A. Beurling and J. Deny [1] introduced the notion of Dirichlet
spaces and developed the general theory of kernel-free potentials. Recently the
author [6] adopted Dirichlet spaces relative to L?-spaces (we will call them L2-
Dirichlet spaces or D-spaces as an abbreviation) to describe boundary conditions
for multidimensional Brownian motions.

A D-space is a certain space of functions that are defined on an underlying
measure space (X, m). When (X, m) is fixed, there is a one-to-one correspondence
between the set of all symmetric sub-Markov resolvent operators on L*(X; m)
and the set of all D-spaces. In particular, any sub-Markov resolvent kernel on X
which is symmetric with respect to m generates a D-space. The present paper and
the subsequent one [9] concern the problem of whether conversely any D-space
guarantees the existence of a suitable strong Markov process or not.

The present paper aims at constructing a regular and a strongly regular D-space
which are equivalent to a given D-space. A D-space is called regular if it densely
contains sufficiently many continuous functions vanishing at infinity on its under-
lying space. There corresponds a potential theory of a type of Beurling-Deny to
each regular D-space. A strongly regular D-space is a regular one which is generated
by a Ray resolvent kernel. According to D. Ray [15], there is a right continuous
strong Markov process on the underlying space of each strongly regular D-space.

Suppose that we are given a D-space with underlying space (X, m). Theorem 2
in §5 states that there exists then a regular D-space with some modified underlying
space (X', m’) in such a way that these two D-spaces are equivalent to each other
as function spaces. The latter D-space will be called a regular representation of the
given one. The regular representation will be carried out depending on a sub-
algebra L of L*(X; m) satisfying a certain condition denoted by (C). Actually we
will take as X’ the space of all regular maximal ideals of L.
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AMS 1969 subject classifications. Primary 6060; Secondary 4655.
Key words and phrases. D-space, underlying space, L?-resolvent, regular D-space, Ray
resolvent, strongly regular D-space, Ray process, regular representation, continuous embedding.
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There are generally many possibilities to find L satisfying (C). In §6, a special L
possessing an additional property denoted by (R) will be constructed by making
use of the method of F. Knight [11] and H. Kunita and T. Watanabe [12]. We can
regard the condition (R) as a generalization of Ray’s hypothesis for a sub-Markov
resolvent [15]. Theorem 3 in §6 asserts that the regular representation with respect
to such an L turns out to be a strongly regular D-space.

§3 consists of typical examples of D-spaces related to the multidimensional
Brownian motion. Those D-spaces except for the last example took the fundamental
roles in the investigations of boundary problems by J. L. Doob [4] and by the
author [3], [6]. The last example is a rather sophisticated one of regular D-spaces(?).
Much stress on the roles of regular ones will be laid in [9].

The appendix is referred to only in §3.

2. Basic properties of D-spaces.

DErINITION 2.1. We call (X, m, % &) an L2 Dirichlet space (or a D-space, for
short) if the following conditions are satisfied.

(D.1) X is a locally compact, Hausdorff, and separable space. m is a Radon
measure on X.

(D.2) # is a linear subspace of the real L% X)=L2%X; m), two functions of #
being identified if they coincide m-a.e. on X. & is a symmetric nonnegative definite
bilinear form on # and, for each « >0, & is a real Hilbert space with respect to the
inner product

2.1 Eu, v) = Eu, V) +ou, v)y, w,veF,

where (u, v)x denotes the inner product of L%(X).
(D.3) Every normal contraction operates on (%, &):if u € # and a m-measurable
function v satisfies inequalities

b)) = [u()], v —o(W)] £ [u(x)—u(y)]

m-a.e. on X, then v € # and &(v, v) =&y, u).

The present definition of D-space was given in [6]. (X, m) is called the
underlying space of the D-space. According to §2 of [6], let us state a theorem about
a one-to-one correspondence between D-spaces and L2-resolvents.

DEFRINITION 2.2. Let (X, m) satisfy condition (D.1). A system {G,, a>0} of
linear, bounded and symmetric operators on L%(X) is called an L2-resolvent if it
has the following properties.

(G.1) Sub-Markov property: if ue LX) and 0<u =<1 m-a.e. then 0=ZaG,us<1
m-a.e., for any a>0.

(G.2) Resolvent equation: G,— G4+ («—B)G,G;=0, o, > 0.

(1) N. Ikeda suggested to the author the last example of §3 and theorem of the appendix.
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457 REGULAR REPRESENTATIONS OF DIRICHLET SPACES

THEOREM 1. Let us fix (X, m) satisfying condition (D.1). For a given D-space
(ZF, &) with underlying space (X, m), there exists a unique L?-resolvent {G,, «> 0} on
L3(X) satisfying the equation

2.2) EYGqu, v) = (U, V)x

for any ve F, where a>0 and u e LX) are arbitrarily fixed. Conversely, for a
given L%resolvent {G,, >0} on L*(X), a D-space is defined by

2.3) F = {u e L¥(X); B_l'iin Blu—BGau, )y < +oo},
2.4) E(u,v) = BET B(u—BGu, v)x, u,ve &

The correspondence defined by (2.2) and that defined by (2.3) and (2.4) are reciprocal
to each other.

REMARK 2.1. (i) The proof of Theorem 1 was sketched in §2 of [6]. The essential
ideas for the proof can be found in Beurling-Deny [1] and Deny [2]. So far as this
theorem and the next lemma are concerned, condition (D.1) for (X, m) can be
much weakened. These have been proved in [7] without the separability assumption
for X (see also [8]). T. Shiga and T. Watanabe [16] gave a detailed proof of
Theorem | under the assumption that, instead of (D.l), the underlying space
(X, m) is merely a o-finite measure space.

(ii) Condition (D.3) in the definition of D-space can be replaced with the
following apparently weaker but equivalent condition (D.3)’ [16].

(D.3)" Every unit contraction operates on (& &): if u€ % then v=(0vu)Al
isalsoin & and &(v, v) £ &'(u, u). Here, the lattice operations v and A for functions
on X are defined by (u; V us)(x) =max (u1(x), us(x)) and u; A ug= —((—uy) V (—uy)).

The next lemma states the basic properties of D-spaces which we need in the
later discussions. Notice that, for a D-space, &% and &* define equivalent metrics
on & for any «, 3>0.

LEMMA 2.1. Let (X, m, % &) be a D-space and {G,, «>0} be its associated L*-
resolvent. Fix an oy>0.
(i) If S is a dense subset of LX), then, for any o >0, G(S) is dense in F with
respect to metric &%.
(ii) For u,ve %

(2.5 ¢4u,v) = lim - fu—pGy .o, V)x.

(iii) For any ue &, lim;_, , o BGau=u strongly in norm &% and hence strongly
in LAX) sense.

(iv) & is a function lattice: if u,v € ZF, then uvv, uhveF. Further uhl € F
Sforue#.
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V) If u and v are both in F and m-essentially bounded, then the product u-v
is also in #.

(vi) For ue %, put u,=({(—n)Vu)An.
Then lim,,_, . o u,=u strongly in norm &%.

Proof. (i) is a consequence of the equation (2.2).
(ii) is a consequence of Lemma 1 of [8].
(iii) For B> «q,

E%(BGu—u, BGou—u) < E¥BGzu—u, BGzu—u)
= BHBGsu, u)x—2B(u, u)x+ & (u, u)
= —B(u—BGu, u)x+&u, u) — 0, B — +o0.

(iv) Since ju| and u A 1 are normal contractions of u, they are in & if u is. Note
that

uv o=Lut+v)+lu—vl), uAv="ut+v)—|u—o)).

) If ue# and |u| <M m-a.e. for some constant M, then »* is a normal
contraction of 2Mu and hence #? € #. Note that u-v=2}((u+0v)?— (u—0)?).

(vi) By Lemma 2.1 of [6], &%(u,, u,) increases to &*o(u, u) as n tends to infinity.
On the other hand,

éaao(uno Gaow) = (uno W)X (uo W)X = f“o(u, Gaow)

_
n—+0o0
for any w € L?(X). These facts combined with the first statement of this lemma
imply that u, converges to u weakly and after all strongly with respect to the inner
product &%,

We will now give definitions and remarks concerning regularity of D-spaces.
For a locally compact space X, denote by C(X) (resp. Cyo(X)) the space of all
continuous functions vanishing at infinity (resp. with compact supports). C *(X)
(resp. C¢ (X)) will denote the set of all nonnegative elements of C(X) (resp. Co(X)).
We say a measure m on X to be everywhere dense if m(E) is not zero for any non-
empty open set E< X.

DEFINITION 2.3. A D-space (X, m, &, &) is called regular if m is everywhere dense
and # N C(X) is dense both in & with norm &% and in C(X) with uniform norm.
Here, «, >0 is arbitrarily fixed.

Next, consider (X, m) satisfying condition (D.1). For a sub-Markov resolvent
kernel(?) {G,(x, E), «>0} on X, we set

(2.6) Gu(x) = f Gux. dpyu(y),  ue C(X).

(?) Gu(x, E) is called a kernel on X if, for a fixed x € E, G,(x, -) is a Borel measure on X
and, for a fixed Borel set EC X, G,(-, E) is a measurable function on X.
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459 REGULAR REPRESENTATIONS OF DIRICHLET SPACES

DErINITION 2.4, (i) A sub-Markov resolvent kernel {G,(x, E), «>0} on X is
called m-symmetric if

f G () v(x)m(dx) = f () G o(x)m(dx) € +oo

for any u, v € C*(X). (ii) A sub-Markov resolvent kernel {G.(x, E), «>0} on
X is called a Ray resolvent if it satisfies the following conditions.

(R.a) G(C(X))<=C(X) for any «> 0.

(R.b) There exists a countable subcollection C; of C*(X) such that («) C;
separates points of X, and, for any x € X, there exists a u € C; whose value at x
is not zero, (B) for some «p>0, every function u e C; satisfies the inequality
BGyy st =u, B>0.

Consider any m-symmetric sub-Markov resolvent kernel {G,(x, F), «>0} on X.
It satisfies the inequality («Gu, «Gu)x < (U, u)y for all u e L(X; m) N C(X) [16].
Therefore it determines a unique L2-resolvent. The Dirichlet space associated with
this L2-resolvent will be said to be generated by the resolvent kernel {G(x, E), «>0}.

We will say the set C, appearing in the definition of Ray resolvent to be attached
to the given Ray resolvent.

DEFINITION 2.5. A D-space (X, m, &, &) is called strongly regular if m is every-
where dense on X, (%, &) is generated by an m-symmetric Ray resolvent on X and
Z N C(X) contains the set C; attached to this Ray resolvent.

REMARK 2.2. (i) A strongly regular D-space is regular. To see this, let (X, m, %, &)
be a strongly regular D-space and {G(x, E), «> 0} be its associated Ray resolvent.
F N C(X) contains G(L*(X) N C(X)), which is dense in (% &%) by virtue of
Lemma 2.1(i). Owing to the fifth statement of the lemma, # N C(X) is a function
algebra. Since it contains the set C; attached to {G,, «>0}, it is dense in C(X) by
Stone-Weierstrass theorem.

(i) Consider a Ray resolvent {G,(x, E), «>0} on a locally compact Hausdorff
separable space X. Let X=X U {c0} be the one point compactification of X if X
is not compact. If X is compact, let {oo} be an isolated point. Define a new kernel
{G(x, E), >0} on X by G,(x, E)y=Gu(x, EN X)+((1 -G {x, X))/} cr(E),
x € X, G ({00}, E)=(1/a)8,)(E). Then {G,, «>0} is a conservative Ray resolvent
on the compactum X. By Ray’s theory [15], [12], this defines on X a right continuous
conservative strong Markov process for which the point {0} is a trap. Thus, we
obtain a right continuous strong Markov process (X;, ¢, Py, x € X) on X such
that

@.7) Gu(x, E) = Ex( f: =%y (X)) dt),

x= being the indicator function of the Borel set £. We will call the process on X so
obtained the Ray process associated with the Ray resolvent {G,, «>0} on X.
There is a Ray process on the underlying space of any strongly regular D-space.
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3. Examples. Denote by D a domain of Euclidean N-space RY (N=1).
ExaMpPLE 1. Let us put

&l(D) = {u;ue L¥D), éulox,e LAD),i = 1,2,..., N},
10 & ou o
(u, V)p.1 =3 Di=1-95‘7—i5-x—i

Here, derivatives are taken in Schwartz distribution sense and dx denotes the
Lebesgue measure on RY.

(D, dx, &12(D), ( , )p.1) is a D-space in our sense. Condition (D.3)" for this
space can be verified easily (see Proposition A.1 of [16] or Théoréme 3.1 of [3]).
This space is not regular except when it coincides with 22(D) of the next example.
Denote by D the closure of D in R". Let C*(D) be the space of restrictions to D
of functions which are infinitely differentiable on RY. If &D=D— D is a closed
hypersurface of class C?, then &}2(D) N C*(D) is dense in &}2(D) [14]. Therefore,
in this case, (D, dx, &3(D), ( , )p,1)(%) is a regular D-space. When D is bounded,
the space (&i2(D),( , )p.1) is generated by the continuous resolvent density
constructed in [5] and in §8(1) of [6].

ExaMPLE 2. Denote by C¢(D) the space of infinitely differentiable functions on
D with compact supports. Let 212(D) be the closure of C°(D) in

(gll.z(D),( b )D,1+( b )D)

(D, dx, 212(D),( , )p.1) is a regular D-space. Since Zi2(D) coincides with the
completion of &12(D) N Co(D) with respect to metric ( , )p;1+( , )p, we can apply
Corollary 3 of Appendix to show that it is a regular D-space. It is generated by a
continuous resolvent density of the absorbing barrier Brownian motion on D [6].
It is strongly regular when each point of the boundary 9D is regular with respect
to the Dirichlet problem for D.

EXAMPLE 3. Let M be the Martin boundary of the domain D and p be the
harmonic measure on M with respect to a reference point x, of D. J. L. Doob [4]
introduced the space H, of measurable functions ¢ on M for which the integral

Dulp.w) = 4 [ [ (O )2006, mutatyutaim

is finite. Here, 6(¢, ») is Naim’s kernel on M and g is 27 if N=2 or the product of
N -2 and the unit ball boundary area if N>2. It was proved in [4] that H;<
L3(M; p). We can easily see that (M, u, H,, Dy( , )) is a D-space. This is regular
when D is a disk (§18 of [4]). Let H, be the space of all harmonic functions on D
with finite integrals (u, u)p ;. Then, (Hy, Dy( , )) is the trace on M of the space
(H,, ( , )p,1) in the following sense: each function u of H, has a fine boundary

(®) We regard here &12(D) as a subspace of L2(D) (=L2(D)). See Remark 5.2.
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limit function yu in H,, and y define a unitary map from (H,, ( , )p..1) onto (Hy, Dy,).
This is the reason why functions of H,, were called in [4] BLD boundary functions.

A modification of the space (H,, D,,) was introduced in [6] in order to describe
the space of all e-harmonic functions of &32(D). Suppose that D is bounded. Let
U(& 1) and U(¢, 1) be Feller kernels on M. U(§, n) is equal to (¢/2)- 0(¢, ) p-a.e.
Denote by g’ the measure U;l-p on M and put Hy=H, N L*(M;y’). Then,
(M ' Hy, Dy,)is a D-space. By virtue of Lemma 3.1 and equality (3.21) of [6],
it is clear that (M, ', Hy,, D'¥) is also a D-space for each «>0, where

D, ) = Dylo, )+ fM fM HOUE, MbuldE)p(chn).

Let S, be the orthogonal complement of 2i2(D) in the Hilbert space

(€12(D), (, Jpat+e( > )o)

The space (H,, DY) is nothing but the trace on M of the space

(‘%a( s )D,1+°‘( s )D) (4)

EXAMPLE 4(%). Assume that D is bounded. Let A=|J,.p E, be a measurable
partition of the Martin boundary M. Then, A defines a Dirichlet subspace (%, Dy,)
of (Hy, Dy;) by F5={p € Hy,; there exists a set E, such that x'(E,)=0 and ¢ is a
constant on E,— E, for each p € P}. Even when D is a unit disk, (M, ¢/, %3, Dy,)
is no longer regular except for a trivial case that #7 is equal to Hy,.

ExaMPLE 5. Consider the whole plane R? and put

teo £t (ou dv  du dv 6u(x 0) ou(x, 0)
Sl v) = 2f f (axax 8y8y)dd+2f el

= {u € Co(R%); u(x, y) is absolutely continuous in each variable x and y
and &(u, u)y < +oo}.

For this space (%, &), let us check the conditions of Theorem of Appendix. («Z.1)
and (#£2) are evident. To see (££3), assume that a sequence u, €.« satisfies
(uy, u,)p2 — 0 and &, — ty, u, — ) — 0. We have to prove &(u,, u,) — 0. Since
u, converges to zero in Z}2(R%) with metric ( , )g2,;+( , )z2, we can select a
subsequence u,, such that u, (x, y) converges to zero for every (x, y) except on a
2-dimensional Brownian polar set(®) [3]. Especially, u,(x, 0) converges to zero
for every x except on a set of linear Lebesgue measure zero.

Now it is easy to see that |7 (du,(x, 0)/0x)? dx — 0,n — co. Hence &(uy, uy,)
—> 0 as was to be proved.

(*) Theorem 3.4 of [6].
(%) See footnote 27 of [6].
(®) The subsequent paper [9] will provide general discussions of this point.
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By means of Theorem of Appendix we get a D-space (% &) on R?, (% &£°)
being the completion of (s &%) for each «>0. This D-space is regular because
Cy(RY) <./ (Corollary 1 of Appendix).

4. Equivalence of D-spaces. Consider a D-space (X, m, # &). For ue L*(X)
(=L>(X; m)), put |ull,=m-ess sup,.x [u(x)|. Let L be a closed subalgebra of
(L2(X), | ||)- It is well known that L is then a function lattice and that u €L
implies u A 1 € L. Therefore, by making use of Lemma 2.1(iv) and (v), we get the
next lemma.

LEMMA 4.1. F N L is a function algebra and a function lattice. Further,ue % N L
impliesunle % N L.

Now we are in a position to define an equivalence relation in the set of all
D-spaces.

DerINITION 4.1. Two D-spaces (X, m, # &) and (X', m', F', &) are called
equivalent if there is an algebraic isomorphism ® from % N L*(X) onto &' N
L>(X'yand ® preserves three kinds of metrics: ||# o= ||Pu] %, E(u, u)=8"(du, Gu)
and (u, u)x=(Du, Du)x for ue F N L(X).

This definition of equivalence is the same as that of [8] where the definition is
given in terms of the associated D-rings.

It is not difficult to see that the mapping @ of Definition 4.1 turns out to be a
lattice isomorphism and further ® can be extended to a unitary map @, from
(#, &) onto (#', &) and a unitary map @, from LZ(X) onto L X"). Here, L3(X)
(resp. L(X")) is the closure of & (resp. &’) in the metric space L%(X) (resp.
L3(X")). We can use Lemma 2.1(vi) to define the extension ®,. The L2-resolvents
{G4 a>0} associated with equivalent D-spaces are mutually related by Gau'=
O,G, 05, u' € LYX"), «>0. This relation is proved in [8].

Before proceeding to the next sections, we will summarize here some facts related
to Gelfand representations of subalgebras of L*®. Let (X, m) be as above and L be a
closed subalgebra of the real Banach algebra (L*(X; m), | | »). A nonzero algebraic
homomorphism y from L into real numbers is called a (real) character on L.
Denote by .# the set of all characters on L. An algebraic homomorph ® from L
into real functions on . can be defined by

“.D Qu(x) = x(u), uel, xe.
We define a neighborhood of x € # by
(4.2) N(x;uy, tg, . .., Uns ) = {x' €M ; |Pu(y)— Pudx)| < &,k =1,2,...,n}

with any ¢>0 and u,, us, . .., u, € L. The set .# endowed with topology (4.2) will
be called the character space of L.

LemMA 4.2. (i) The character space # of L is a locally compact Hausdorff space.
If the algebra L is countably generated, then # is separable. A is compact if and only
iflelL.
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(i) The map ® of (4.1) is an algebraic isomorphism and isometry from (L, | | )
onto C(M), C(#) being associated with the uniform norm.

(iii) Suppose that m is everywhere dense L<Cy,(X) (the space of continuous
bounded funtions on X) and, for any x € X, there is a u € L with u(x)#0. There exists
then a continuous mapping q from X onto a dense subset of M characterized by

4.3) Du(gx) = u(x), xe X, uel.

Proof. Consider the space 4 =L+ (—1)*2L with uniform norm || ||.. Thisis a
complex Banach algebra closed under the operation of taking complex conjugate
function. If u € 4, then

ul? I < a? — |ul?\k
e - e 2 () <k
where a=|u|,. Therefore, 4 is a symmetric algebra and the character space 4
of L can be identified with the space of regular maximal ideals of 4 (Loomis [13,
subsections 23A and 26C]). Now statements (i) and (ii) of our lemma are known
facts. The statement (iii) is evident but we give its proof here for later conveniences.
Fix an x € X. A map u — u(x) is clearly a character on L which we denote by gx.
¢ is continuous at x € X because any neighborhood N(x; Uy, Us, . . ., u,; €) of x=¢x
includes the set ¢(U(x)), where U(x) is an open neighborhood of x defined by
Ux)={x"e€ X; lup(x)—u(x)| <e, k=1, 2,..., n}. Suppose that g(X) is not dense
in /. There is then a nonvanishing v € C(.#) such that v=0 on g(X). By (ii) and
(4.3), we have |[] =[P 0], =Sup,ex | P 0(x)| =Sup.cx |¥(gx)| =0, which is a
contradiction.
Finally we will state the following lemma according to 26J of [13].

LEMMA 4.3. Suppose that L is a dense ideal of L and every function in L can be
expressed as a difference of nonnegative functions in L. Then, for any positive linear
Sfunctional | on L, there exists a unique Radon measure p. on M such that

(L) = LNA; ),

(4.4) N
I - v) = L{ Du() Do(u(dy), uel, vel.

5. Regular representations. Suppose that we are given a D-space (X, m, %, &).
A closed subalgebra L of L*(X; m) will be said to satisfy condition (C) if it enjoys
the following three properties.

(C.1) L is a countably generated closed subalgebra of L*(X; m).

(C.2) # N Lis dense both in (% &%) and in (L, || ||.), « being a fixed positive
number.

(C3) LYX;m)n Lisdensein (L, | |«)-

THEOREM 2. (i) There exists at least one L satisfying the condition (C). (ii) Let an
L satisfying condition (C) be fixed and X' be its character space. X' is compact if
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and only if 1 € L. There exists a regular D-space whose underlying space is X' and
which is equivalent to the given D-space.

The regular D-space of Theorem 2(ii) will be called a regular representation of the
given D-space with respect to the algebra L.

Proof of Theorem 2(i). We can find a countable subset D, of Co(X) such that
each function in Cy(X) can be uniformly approximated by a sequence of functions
in Dy whose supports are included in a suitable common compactum. D, is dense
in L2(X; m). Let {G,, >0} be the L2-resolvent associated with the given (& &).
Then, G, (Dg)=F N L (X; m) and G,,(Do) is dense in (&, £%) by Lemma 2.1(i).
We define L as the closed subalgebra of L®(X; m) generated by G,,(D,). It is clear
that this L satisfies conditions (C.1) and (C.2). As for (C.3), observe that

Goo(Do) € LMX;m)N L

since

f |G t| dm f G, lu| dm = sup (v, G, luhx
X X )

0=v=1,veCo(X

éif |u| dm < +00,  ue Dy
Go Jx

Proof of Theorem 2(ii). Let L be a space satisfying condition (C) and X' be its
character space. By (C.1) and Lemma 4.2(i), X’ is a locally compact Hausdorff
and separable space. X’ is compact if and only if 1 € L. The map @ of (4.1) is
giving an algebraic isomorphism and isometry from L onto C(X"’). @ is consequently
a lattice isomorph and it holds that ®(x A 1)=(du) A1 for u € L. Let us put

(5.1) R=FNL R =R).

Since Z is dense in L by (C.2), #’ is dense in C(X’). Further, by Lemma 4.1, %' is
a lattice and ¥’ A 1 € Z’ whenever u' € Z%'.

Keeping these in mind, we are now to construct, step by step, a regular represen-
tation (X', m’, #', &) by making use of the map @ of (4.1).

(I) A measure m’ on X'. There exists a unique Radon measure m’ on X’ which
satisfies

OULYX;m)NL)c LN (X'; m'),
(5.2 J‘ , N I
u(xv(xym(dx) = f ' Qu(x"YOv(x"ym'(dx'), uel(X;myNnL, velL.

In fact, by virtue of (C.3), we can apply Lemma 4.3 to a dense ideal L=L(X;m)NL
and a positive linear functional

w) = fx u(xym(dx), uel.
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Consider the spaces # and %’ of (5.1). Since condition (C.2) implies that # 1s
dense in % in L3-sense, we have

(5.3) R < LA(X;m), A= LYX;m),
where the closure is taken 1n L*sense and L¥(X ; m) denotes Z . Next we will prove
(5.4 R < [AX';m), R =ILAX;m).

For any ue %, (du)?=0w?)e ®(L N LY X;m)) and hence QPueLl?X’';m)
according to (5.2). In order to show that #’ is dense in L2(X'; m’), take a function
u in C¢f(X’). Since #’ is uniformly dense in C(X’) and is a lattice, we can find a
veA and u, e Z such that 0=u,<v and u, converges to u uniformly on X'.
Hence, u, converges to u in L2(X'; m’).

Finally let us show

(5.5) f u(x)v(x)m(dx) = f u'(x")0' (xym'(dx"), u,ve X,

where u'= ®u and v"= ®v. Take a nonnegative v € #Z. By condition (C.3) and the
obvious fact that LY(X; m) N L is a lattice, we can select v, € LY{(X; m) N L such as
0=v,Z<vm-ae. and |v,— 0|, — 0. Since ® is a lattice isomorph and preserves the
uniform norm, the same relations hold for v; and »’. Now (5.2) for u=v=v, leads
us to

f o(x)2m(dx) = f () ()

which implies (5.5) because each element of & is expressed as a difference of non-
negative elements of #Z and ® is an algebraic isomorphism.

(I1) Extended map ® on L3(X ; m). In view of (5.3), (5.4),and (5.5) of the preceding
paragraph, the algebraic and lattice isomorphism ® from % to #’ can be uniquely
extended to

(®.1) A unitary map @ from L3(X; m) onto L3(X'; m').

Let us study the features of this extended map ®. It has the following properties.

(®.2) L X; m) is a lattice and ® is a lattice isomorphism. ®(uA 1)=(Ddu) Al
whenever u € L2(X; m).

(®.3) @ is an algebraic isomorphism from L(X; m) N L*(X; m) onto

LA X' ;m)ynLe(X'; m).
Further it holds that
(5.6) o = [®ulay e L3X; m) A L2(X; m).

To prove (9.2), take a u € LZ(X; m) and find a sequence u, € # which converges
to u in L2-sense. Since |u,| € # converges to |u| in L2-sense, |u| € L3(X; m). Since
® is a lattice isomorph on Z and preserves L2-norm, we have ®[u|=1.i.m. ®|u,|
=lim. |®u,| =|Du|. Thus we have proved the first half of (®.2). The latter half
is similarly proved.
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The property (®.3) follows from (®.2). In fact, for u € LY X; m) with |u| .=
a< +o0, we have |®u|=0(|ul)= O(|u| A a)=|Pu| A a which means | Pu’ < ||ul| ..
In the same way, we have [[u'|o2 |® /[, for u' e LA(X'; m') N L*(X'; m').
To see that @ is an algebraic isomorphism, take a u € L3(X; m) N L*(X; m) and
a sequence u, € # which converges to u in L®-sense. We may assume that |u,| < ||u] .
Then w2 (resp. (Pu,)?) converges to u? (resp. (®Pu)?) in L-sense. Since @ is an
algebraic isomorph on Z, ®(u?)=1.i.m. O(u2)=(Ddu)>.

(I111) Induced D-space (X', m’, #',6"). By means of the preceding map ® on
L3(X; m)> % we define

F = O(F),

(5.7
g/(ur’ U’) — g)(q)._lul, (D_lvl)’ u’, v e F,

Then, (X', m’, #', &) is a D-space.

Condition (D.1) for (X', m’) has already been proved and (D.2) for (¥, &) is
obvious by the property (®.1) of ®. Instead of proving (D.3), let us check an
equivalent condition (D.3) in Remark 2.1. Take ¥’ € #’ and put ' =0V ')A l,
u=®-%'. Then we have v'=0v®uAl=00vunrl) by (d.2). Since v=
Ovunle& and €(v, v)£E(, u), v’ € F' and &'V, V)& (', ') proving (D.3).

avy (X', m', F', &) is equivalent to (X, m, &, &). This is evident from (P.1),
(®.3) and (5.7).

V) (X, m', F', &) is regular. O preserves &%-norm and the uniform norm on
A=% N L. Hence by virtue of condition (C.2), Z#'=®(%) is dense both in F’
and in C(X’). Since Z is the intersection of # and the uniform closure of %, the
same relation holds for #’ and #". Therefore

(5.8) R = F' O CX).

On the other hand we have by (5.6),

(5.9) sup |u'(x")| = m’-ess sup [W'(x)|, u' eF N CX).
x'eX’ x'eX’

Since #' N C(X")is dense in C(X"), (5.9) means that m’ is everywhere dense on X".
The proof of (V) is complete.

The proof of Theorem 2 has ended.

The next remarks and lemma will state the meaning of Theorem 2 for special
cases.

REMARK 5.1. Suppose that the given D-space (X, m, &, &) is regular. Since m is
everywhere dense, C(X) may be considered as a closed subalgebra of L®(X; m).
Obviously C(X) satisfies conditions (C.1) and (C.2). It also satisfies (C.3) because
of LY(X; m) N C(X)> Co(X). Therefore, we may consider the regular representa-
tion with respect to C(X). However, as is well known, the character space of C(X)
coincides with X itself, and after all the regular representation goes back to the
given regular D-space without any change.
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LemMma 5.1. Suppose that m is everywhere dense. Suppose further that an algebra
L satisfies not only conditions (C.1), (C.2) and (C.3) but also the following.

(C.4) LeCy(X), L separates points of X and, at any x € X, there is a u € L such
that u(x)+#0.

Let (X', m', F', &) be the regular representation with respect to this L. Then,

() X is continuously embedded onto a dense subset of X'. By this embedding,
any Borel set of X goes to a Borel set of X' and the restriction to X of any Borel set
of X' is a Borel set of X (with.respect to the original topology).

(i) For any Borel subset A of X', m'(A)=m(A N X). Therefore, the space
(LA(X'; m"), (, )y ) is identified with the space (L*(X; m), ( , )x)-

(iii) By the above identification, (¥', &') is equal to (%, &).

Proof. By virtue of (C.4), the map g of (4.3) from X onto a dense subset of X’
is not only continuous but also one-to-one. The rest of the lemma is obvious.

REMARK 5.2. Consider the situation of Example 1 of §3. If oD is of class C!,
then the space L={ue C,(D); u is continuously extendable to D} satisfies con-
ditions (C.1)~(C.4). {D, dx, &}2,( , )p,1} Is just the regular representation of
{D, dx, &2, ( , )p.1} with respect to this L. In this case, D is homeomorphically
embedded into D. Coming back to the general case of Lemma 5.1, X is homeo-
morphically embedded onto a dense subset of X’ if and only if for any x,€ X
and Y< X such as x, ¢ Y, there exists « € L such that u(x,)=1 and u(x)=0 on Y.

6. Strongly regular representations. Suppose that we are given a D-space
(X, m, #, &). Denote by {G,, «> 0} its associated L2-resolvent.

LemMma 6.1. (i) G, makes the space L?*(X; m) N L*(X; m) invariant and

(6.1) |Gadlo < 2 pule werznLe
(i) G, makes the space L*(X; m) N LY (X ; m) (< L%(X; m)) invariant and
(6.2) f |G u(x)|m(dx) < éf Ju(x)|m(dx), uelL® N L.
X X

Inequality (6.2) for u € Co(X) has already been proved in the proof of Theorem
2(i). The proof for u € L*® N L! is the same. The rest of Lemma 6.1 is clear.

Owing to Lemma 6.1(i), G, on L? N L® can be uniquely extended to a linear
operator G, on Ly (X; m) (the closure of L2 N L® in L®). {G,, >0} is a sub-
Markov resolvent on L, that is,

(G.2) Go—Gy+(«—P)G,G;, =0, «,8> 0.

A closed subalgebra L of Ly(X; m) is said to satisfy condition (R) if it enjoys
the following two properties.
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(R.1) G(L)<L for every «>0.
(R.2) L is generated by a countable subset L, of & N L such that each u e L,
is nonnegative and satisfies a@,H,,ouéu, m-a.e., a>0.

THEOREM 3. (i) There exists an L satisfying condition (R) as well as (C). (1) Fix
an L which satisfies (C) and (R). The regular representation of the given D-space
with respect to this L turns out to be strongly regular.

We need the next lemma for the proof of Theorem 3(i).

LEMMA 6.2. Let S, be a set of countable nonnegative functions in & N L® N L.
Then, there exists a set S possessing the following features.

(8.1) S8, and S is a countably generated subalgebra of # N L® N L. Each
Sfunction of S is expressed as a difference of nonnegative functions of S.

(S.2) For any >0, G, makes the space S invariant, S being the closure of S
inL*®.

Proof. According to F. Knight [11, Lemma 1], we construct S as follows.
Starting with S,, assume S5, . . ., S, are defined. Define S, , ; as an algebra generated
by {S., Go,(Sn)s - - -5 Go,(Sh), Go, , (S,)}, where {a,} is the set of all positive rational
numbers. Put S=1J7_, S,, which satisfies condition (S.1) by virtue of Lemma 6.1
and of the fact that # N L® N L is an algebra (Lemma 4.1). It is easy to see that
condition (S.2) is met.

Proof of Theorem 3(i). Let Di be a countable subset of Cg(X) such that the
set Do={u=u, —uy; u; € D¢, i=1, 2} has the property in the proof of Theorem 2(i).
Put So=G,,(D¢), which satisfies the following.

(S5.1) S, is a countable set of nonnegative functions in # N L® N L,

(So.2) The set {u=u; —uy; u; € Sy, i=1, 2} is dense in (&, &%).

(S6.3) aGyiopSu m-a.e. for ue Sy and a>0.

For such an Sy, let S be a set which satisfies conditions (S.1) and (S.2) of Lemma
6.2. By (S.1), there exists a set S of countable nonnegative functions in S whose
linearization is just S. Let us put

(6'3) LO = SO U Gao(§)9
(6.4) L = the closed subalgebra of L® generated by L,,

then the space L meets both conditions (C) and (R).

In order to check condition (C) of §5, denote by %, the algebra generated by L,.
By (So.1), (S.1) and Lemma 6.1, L, and hence %, are included in # N L* N L.
Notice that Z,<%# N L and that L is the closure of %, in L*. Therefore both
FNL and L*(X; m) N L are dense in L. Since %, contains the set of (S,.2), #F N L
is dense in (&, %).

Coming to condition (R), it is clear that condition (R.2) is satisfied by L, of
(6.3). Observe that L is the closed subalgebra of L® generated by S, U G,,(S)
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By conditions (S.1) and (S.2), this means L= S and hence G(L) < G(S) =G, (S)cL
proving property (R.1) for L.

Proof of Theorem 3(ii). Let us fix an L which satisfies conditions (C) and (R) and
let (X', m', %', &") be the regular representation with respect to L according to
Theorem 2(ii). We have to prove that (¥, &') is generated by a Ray resolvent
kernel on X’ and &' N C(X’) contains a set C; attached to the Ray resolvent
(Definition 2.5).

A Ray resolvent can be constructed by ® of (4.1) which is an algebraic isomorph
and isometry from L onto C(X'). ® is a lattice isomorph and satisfies ®uA 1)
=(®u) A1 for u € L. Indeed,

(6.5) G = 0G0, ueCX), a>0,
(6.6) Ci = ®(Lo)

define a Ray resolvent operator {G,, «>0} on C(X’) and a set C; attached to it.

G, is a sub-Markov resolvent on C(X ") on account of (R.1) for L and (G.1), (G.2)
for G, on LY. (R.2) implies that C; generates the closed algebra C(X”) and so that
C1 separates points of X’ and, for any x" € X', there exists «’ € C; nonvanishing
at x". The inequalities &' 20, oG, .4’ <u' for u’ € Cy are obvious from (R.2).

We see that C; is included in #' N C(X’) because of (5.8) and (R.2).

Finally, let us prove that {G., «>0} generates the space (&', &'). It suffices to
show

6.7) ‘w= G, m-ae, uelX';m)n C(X'),

where {G,, «> 0} is the L2-resolvent associated with (#', &").
Observe that G, is related to the L2-resolvent G, associated with (& &) as
follows.

(6.8) Gl = 0,605, o e [A(X';m).

Here, ®, denotes the unitary map from L3(X; m) onto L3*(X’; m’) as appeared
in step (II) of the proof of Theorem 2(ii). We have indeed by (5.7), &G, v")
=, V)x=(Ps, ®;0)y=8%G L7, O;0)=8"4(D,G, 5%, v') for any
v e F'.

Since ® and ®, coincide on # N L and G, is equal to G, on F N L, (6.5) and
(6.8) lead us to the equality (6.7) for «' € #' m C(X). However F' N C(X") is
dense in C(X"). Therefore, taking sub-Markovity of G, and G} into account, we
get (6.7) for u' e LA(X'; m') N C(X").

The proof of Theorem 3 is complete.

The next lemma expresses the meaning of Theorem 3 for a special case.

LEMMA 6.1. Suppose that m is everywhere dense. Suppose further that the next
condition is satisfied.
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(G.3) (Z &) is generated by a symmetric resolvent kernel {G,, «>0} on X such
that G, transforms Cy(X) into Cy(X) and lim,_, , » aGeu(x)=u(x) for any x € X,
u e Cy(X).

(i) There exists then an algebra L which satisfies not only (C) and (R) but also
the additional condition (C.4) of Lemma 5.1.

(ii) Let (X', m', F', &) be the regular representation with respect to such an L.
Then, this is strongly regular and X is embedded onto a dense subset of X' in such a
way as Lemma 5.1. The associated Ray resolvent kernel G on X' is an extension of
G, of (G.3) in the following sense. For any Borel set A of X,

(6.9) Gux, A) = G(x, A), xeX.

Proof. (i) By replacing L%resolvent {G,} with the smooth resolvent {G,} of
(G.3), we can repeat the arguments of the proof of Theorem 3(i) to get an L in
C,(X). Moreover, S, (<L) separates points of X. In fact, assume that Gaou(x)
=G, u(y) for every u € Dg . Then, it is valid for u € C,(X). Hence aGu(x) = aGou(y)
for all >0 and ue C,(X). By letting « tend to infinity, we have u(x)=u(y),
ue Cy(X), which means x=y. In the same way, we see the existence of some
function of S, nonvanishing at any preassigned point of X.

(ii) The identity (6.8) is equivalent to

(6.10) Gul'(x) = Guu(x), ueCX'), xeX,

where u=u'|x the restriction of ¥’ to X. The right-hand side of (6.10) makes sense
because u € C,(X). Since (4.3) implies u'|x =P’ for any ¥’ € C(X’), we have

G|y = O G = O 0G0 = G, u eC(X’), by (6.5).

However, G, and G, are identical on L for they are on L2(X; m) N C(X).

REMARK 6.1. We may consider that Theorem 3 treats the problem of finding
strong Markov processes for a given resolvent operator. Theorem 3 solves this
problem demanding that the construction procedure does not change the structure
of certain associated function spaces. If we take off such a demand, we have much
more possibilities of getting strong Markov processes. The proof of Theorem 3
indicates the following.

Suppose that we are given a sub-Markov resolvent operator {G,, >0} on a
closed subalgebra 4 of B(X) or L*(X; m). Here, B(X) denotes the space of bounded
functions with uniform norm. No kind of assumption of symmetry is imposed
on G,,.

(I) If we are given a closed subalgebra L of 4 which satisfies condition (R)(7),
then (6.5) defines a Ray resolvent (and consequently a strong Markov process of
Ray in the sense of Remark 2.2(i1)) on the very character space X’ of L.

(") Here the term of condition (R) is used under a trivial modification that we do not
require L, of (R.2) to be a subset of #.
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(II) Let D¢ be any countable subcollection of A*. Then DJ generates an L
satisfying condition (R) quite in the same manner as in the proof of Theorem 3.

Our method to get L which satisfies (R) is due to H. Kunita and T. Watanabe
[12]. The above mentioned facts tell the generality of their method and the scope
of the Ray process.

ReMARK 6.2. Consider a bounded domain D of RY, The D-space of Example 1
of §3 meets the condition (G.3) of Lemma 6.1. According to Lemma 6.1, we get
its strongly regular representation accompanied by a Ray process on an extension
D’ of D. On the other hand, we adopted in [5] the compactification D* of D with
respect to G,(D¢) to serve as a state space of an extended strong Markov process—
a reflecting Brownian motion. This process is not necessarily a Ray’s one in the
strict sense of the word. However, it turns out that (D*, dx, &2, (, )p,1) Is @
regular representation of the given D-space, for the algebra generated by G,(Dyg)
and 1 is obviously dense both in C(D*) and in &}2.

The situation is quite the same for the D-space generated by each resolvent
density of class G in [6].

Appendix. Construction of D-spaces by means of completion. Let X be a locally
compact Hausdorff and separable space and m be a Radon measure on X. A pair
(<, &) is said to satisfy condition (%7) if it enjoys the next three conditions.

(#£.1) & is alinear subspace of L*(X; m) and & is a positive definite symmetric
bilinear form on %,

(£2) If ue o, then v=0vu) Al e o and &(v, v) £E(u, u).

(o2.3) If u, € o satisfies (un, t,)x — 0 and & (u, — Uy, u, —u,) — 0, then

& (uy, un) — 0.

Condition (#2.1) means that %7 is a real pre-Hilbert space with respect to inner
product &*(u, v)=8Eu, v)+ a(u, v)x, u, v € o, for each «>0.

THEOREM. Suppose that a pair (&4, &) satisfies condition (/). Let F be the com-
pletion of 7 with respect to a metric &% for a fixed aq>0. Then, (X, m, #, &) is a
D-space.

Proof. (#Z.1) and (£3) imply that & is a linear subspace of L2(X; m) and that
(&, &) satisfies the condition (D.2) of Definition 2.1. Therefore, for each «>0 and
ue L*(X; m), there exists G,u e % such that £%G.u, v)=(u, v)x holds for any
v e Z. It suffices for us to show that {G,, «>0} is an L?-resolvent, because then
(%, &) coincides with the D-space generated by {G,, «>0}. Obviously {G,, «>0}
satisfies the resolvent equation. To see its sub-Markov property, let us assume that
uel?(X;m)and 0=u=<1 m-a.e.

If we put O)=&(, v)+a(v-(1/x)u, v—(1/e)u)x for ve S, then we have
O(v) = V(G u) +ENG u—v, Gou—v), which means that G,u is a unique element of
& minimizing the quadratic form ® on #. Further we see that v, € # converges
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to G,u in &%norm if and only if v, is a minimizing sequence for ®: ®(v,) — O(G,u).

Since &/ is dense in & in &%norm, there exist v, € & which converges to G,u
in &%norm. Put w,=(0Vv,)A(l/e). By condition (#£2), w, €/ and &(w,, w,)
<&(v,, v,). Now it is easy to see that ®(G,u) £ O(w,) < O(v,) for each n. However,
v, is a minimizing sequence for ® and so that w, is. Hence, w, converges to G,u
in &%norm and consequently a subsequence of w, converges to G,u m-a.e. Thus
we get 0S5 Gu=<l/a m-a.e.

COROLLARY 1. In addition to the condition in Theorem, we assume that m is every-
where dense on X and that <7 is a dense subset of C(X). Then (X, m, Z, &) of the
theorem is a regular D-space.

COROLLARY 2. Suppose that we are given a D-space (X, m, #, &). Let s be a
subspace of F such that (0V u) A1 € 57 whenever u € . Denote by %, the completion
of s with respect to &%-norm. Then, (X, m, %, &) is a D-space.

COROLLARY 3. Suppose that we are given a D-space (X, m, F, &) with everywhere
dense m. We assume that F N Co(X) is dense in Co(X). Denote by %, the com-
pletion of F N Co(X) with respect to &%-norm. Then, (X, m, %, &) is a regular
D-space. ‘
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Abstract. We show that there exists a suitable strong Markov process on the
underlying space of each regular Dirichlet space. Potential theoretic concepts due
to A. Beurling and J. Deny are then described in terms of the associated strong
Markov process. The proof is carried out by developing potential theory for Dirichlet
spaces and symmetric Ray processes and by using a method of transformation of
underlying spaces.

Introduction. This paper is a continuation of [10]. We will use those notions
and terminologies adopted in [10].
Let (X, m, #, &) be a D-space. We define («;-) capacity of an open set A< X by

Cap (4) = inf &%, u) iIf %, # 3,
0.1) ueLa
= 400 otherwise,

where « 1s a fixed positive number and

0.2) Z={uecF;,;uz1m-ae. on 4.
The capacity of an arbitrary set 4< X is defined by

0.3) Cap(4) = inf Cap(B).

A< B,Bopen

We show in subsection 1.1 that this definition gives us a Choquet capacity(®). A
set A< X is said to be polar if A has zero capacity. If 4 is polar, then m(4)=0.

From subsection 1.2 to the end of this paper, we will concentrate our attention
on regular D-spaces. According to Definition 2.3 of [10], a D-space is called regular
if m is everywhere dense on X and the space # N C(X) is dense both in & with
norm &% and in C(X) with uniform norm, C(X) being the space of all continuous
functions vanishing at infinity on X. Our goal in this paper is to establish the
following existence theorem of a strong Markov process.
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THEOREM 4.1. Let (X, m, F, &) be a regular D-space. There exist then a (possibly
empty) Borel polar set B< X and a right continuous strong Markov process
M=(Q, 4, M, X,, P,) with state space X U 0— B such that the resolvent of the
process M generates the given D-space (F*, &)(®): if we put

©0.4) Rof(x) = Ex( f : ® e-ar(X,) dt), xe X—B,

Jor fe L¥(X; m) N C(X) under the convention that f(0)=0, then the function R,f
belongs to the space F* and the equation

(0.5) EX (RS, v) = (f; 0)x

holds for every v e & . Furthermore the state space X \J 0— B has no branch point
and M is quasi-left continuous on [0, + o).

In §4 we will prove this theorem by constructing these objects (Q, .#, 4., X,, P,)
in a specific way and describing more detailed properties that they possess. It
turns out that the process M is actually a Hunt process(*).

Here we give a brief account of our procedure.

§1 will provide some basic facts related to a regular D-space most of which are
well known as the contents of Beurling-Deny’s potential theory. We reproduce
them because our definition of the regularity is slightly more general than Beurling-
Deny’s and further our approach to the potential theory is based on the concept
of quasi-supermedian functions.

Theorem 2.1 of §2 will state that, if two regular D-spaces are equivalent in the
sense of Definition 4.1 of [10], then their underlying spaces are related by a capacity
preserving quasi-homeomorphism(®). We need the regular representation theorem
[10] for the proof of Theorem 2.1.

In §3 we examine the relationship between two aspects of a strongly regular
D-space—the potential theoretic one developed in §1 and the probability theoretic
one corresponding to the associated Ray process. For instance, we prove in Theorem
3.12 that a set A is polar if and only if there is an m-negligible Borel set B> A4 such
that almost all sample paths of the Ray process starting at any point of X — B will
never contact with B.

The proof of Theorem 4.1 is accomplished in the following way. Let (X, m, &, &)
be a regular D-space. Then by virtue of Theorem 3 of [10], there is a strongly
regular D-space (X, 71, #, &) which is equivalent to (X, m, #,&). Owing to
Theorem 2.1, X is related to X by a capacity-preserving quasi-homeomorphism g.
g will transform the associated Ray process on X into a process on X which turns
out to have the properties of Theorem 4.1.

(3) #* is the quasi-continuous modification of # (subsection 1.2).

(*) See P. A. Meyer [16, Chapitre XVI]. The state space of the process M is not necessarily
a locally compact set but a Borel subset of the compactum X U 0.

(®) We can find an analogous reasoning in M. Nakai [17].
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Thus every regular D-space is endowed with a probabilistic structure and we can
see that all theorems of §3 are generalized at once to the case of the regular D-space.
Subsection 4.2 collects some of the generalizations—an identification of decom-
position of the D-space and that of an associated Hunt process, an identification
of quasi-continuity and q.e. fine continuity, etc. In particular our notion of polar
sets turns out to be weaker in general than the usually adopted probabilistic one.
They are identical, however, as we will see in subsections 3.6 and 4.2, if and only
if the underlying measure m is a reference measure for the process.

Although we go no further at present, it may be asserted that sample paths
governed by a Dirichlet space will run along ““the roads” indicated by the 0-order
Dirichlet form & and with “speed” indicated by the underlying measure m.

I wish to express my hearty thanks to T. Shiga who read the original version of
the manuscript and gave me valuable suggestions.

1. Potential theory for D-spaces. Let (X, m, %, &) be a D-space. We do not
assume any regularity condition in the first subsection. From subsection 1.2
throughout §1 we will assume that (X, m, &, &) is regular.

1.1. Capacity.

TuEOREM 1.1. The capacity defined by (0.1) and (0.3) for all subsets of X is a
Chogquet capacity, that is,

(a) it is increasing,

(b) for any increasing sequence of subsets A, of X,

Cap (U An) = sup Cap (4,),

and
(c) for any decreasing sequence of compact subsets A, of X,

Cap (m A,,) — inf Cap (4,).

Furthermore it has the property that
(d) it is nonnegative and countably subadditive.

Our capacity is evidently nonnegative and increasing. Property (c) is also clear.
In fact, for any £>0, there exists an open set E>("), 4, such as Cap (N, 4,)
> Cap (E)—e. However, E> A, for some nand we have Cap ([, 4,) Zinf, Cap (4,).

According to P. A. Meyer [15, 111, T23], the other assertions of Theorem 1.1
follow from the next lemma.

LemMA 1.1. The capacity defined by (0.1) for all open sets of X has the following
properties. Denote by % the class of all open sets A for which £,+ @.
(i) It is finite, nonnegative and increasing on %.
(ii) It is strongly subadditive on U: for any A, B€ %,

Cap (4 U B)+Cap (4 N B) £ Cap (4)+Cap (B).
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(iii) If A, € % is increasing and \ ), A, € U, then

Cap (U An) = sup Cap (4,).
(iv) For any open set A belonging to U,,
Cap(4) = sup Cap(B).
Bc A,Bey

Proof. For 4 € %, there exists a unique element p, € %, minimizing the quadratic
form &%(u, u) in %, since %, is a nonempty convex set of % closed with norm
&%, Evidently,

(L.1) Cap (4) = &%(ps, pa)-
Since (OV p4) A 1, being a normal contraction of p,, is identical with p,, we have
(1.2) 0=p, =1 m-a.e. on X,
(1.3) pa=1 m-a.e. on A.
Further we have
(1.4 E%(pgy v) 2 0
for any v € % which is nonnegative m-a.e. on 4. This follows from
E%(patev, patev) 2 E%(pa,pa), &> 0.

It is easy to see that p, € # is characterized by two conditions (1.3) and (1.4).
Keeping these in mind, let us prove Lemma 1.1.

(i) Trivial.

(ii) Since |p,—pg| is a normal contraction of p,—pg, we have

E%(py NV Pp,Pa NV Pp)+E Py A P, Pa A D) S Epy, pa)+E%(pp, Pp),

which implies the desired inequality.
(iii) For n>m,
g“o(pAﬂ _PA,,,, pA,. _pA,,,) = Cap (An) - Cap (Am)
Since Cap (4,) is bounded from above (by the capacity of 4=, 4,), the pre-
ceding equality means that p,, converges to a u, € # in norm 6%. u,=1m-a.e. on 4

because p,, =1 m-a.e. on A4,. Moreover &%(u,, v)=lim,_, , , &%(p,, v)20 for
every v € # which is nonnegative m-a.c. on 4. Thus u,=p, and

lim Cap (4,) = nl_i'Tw E%(pa,, Pa,) = €%(pa, pa) = Cap (4).

n— + ©

(iv) Consider an element 4 of %, and put c=SUpg. 4,pe4 Cap (B). There exists
an increasing sequence of open sets 4, € % such that |, 4,=4. By making use of
statement (iii), we easily obtain the equality c=lim,_, , ., Cap (4,) £ +c0. Now this
equality combined with exactly the same argument as in the proof of (iii) leads us to
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the conclusion that c is finite if and only if 4 € % and in this case ¢ =Cap (4). Hence,
if ¢c=+ 00, then 4 ¢ % and Cap (4)= +oo by definition. In any case, we get the
desired equality. The proof of Lemma 1.1 is complete.

Theorem 1.1 combined with Choquet’s theorem implies that, for any analytic
set A< X,

(1.5) Cap (4) = sup Cap (K).

K = A,K compact
In subsection 1.5, we will give some characterizations of the capacity for compact
sets in the case of the regular D-space.

A subset 4 of Xis called polar if Cap (4)=0. The expression ““quasi-everywhere”’
or “q.e.” means ‘“‘except for a polar set”. Let E be an open set of X. A function u
defined q.e. on E is called quasi-continuous on E if, for any >0, there exists an
open set w< E such that Cap (w)< e and the restriction of u to X —w is continuous
there. Quasi-continuous functions on X are simply said to be quasi-continuous.

THeOREM 1.2. (1) If A4 is polar, then m(A)=0.
(i) If u, and u, are quasi-continuous on an open set E< X and u, 2 u, m-a.e. on E,
then u, 2 u, q.e. on E.

Proof. (i) This is evident in view of the inequality Cap (4) = «gm(A4) for the open
set 4, which is immediate from (0.1).

(ii) Fix an e>0. There exists then an open set w< E with Cap (w) <e such that
u, and u, are continuous on E—w. Put o'={x € E; there exists a neighborhood
U(x) of x such that U(x)=F and m(U(x)—w)=0}. It is easy to see that ' is an
open set, o< w' < E and m(w’ —w)=0(%). Hence L’ =ZFw and, by (0.1), Cap (')
=Cap (w)<e. Now let us show A< ew’, where 4A={x € E; u;(x) < uy(x)}. Suppose
that there is an element x € A N (E—w’). Since x € A N (E—w), there exists a
U(x)<E such that u,<u, on U(x)—w. However, m(U(x)—w)#0 because
x € E—w'. This contradicts the assumption that u; 2u, m-a.e. on E. Thus A< o’
and Cap (A4) <e, proving that A4 is polar.

1.2. Quasi-continuous modification #*. From now on we assume that the given
D-space (X, m, %, &) is regular.

Theorem 1.2(ii) then implies that Cap (4)>0 for every nonempty open set A.
Moreover, if a subset 4< X has a compact closure, then Cap (A4) is finite. In fact,
A is then included in an open set E with compact closure. % is not empty for such
an E.

THEOREM 1.3. For any u € &, there exists u, € % N C(X) and increasing closed
subsets F,, such that &%(u,—u, u,—u) — 0, Cap (n=1 F5)=0 and u, converges

(®) Since X is assumed to be separable, we can use the Lindelof covering theorem to prove
this point. Cf. Hilfssatz 5.9 in C. Constantinescu and A. Cornea, Ideal riinder Riemannscher
fdchen, Springer, 1963.
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uniformly on each Fy. The limit function u* of u, is quasi-continuous and equal to u
m-a.e.

Proof. By means of (0.1), we have
(1.6) Cap {x; [o(x)| > &} £ E%(v, v)/e?

for any e>0 and v e F N C(X). Take u € # and find u, € # N C(X) converging
to u with €%-norm. Subtracting a suitable subsequence if necessary, we can assume
that Cap (G,)<1/2" for the open set G,={x; |u(x)—u,,1(x)] >1/2"}. The state-
ment of Theorem 1.3 holds for F,={\;=, G5

If a function u is defined m-a.e. on X and if u* is quasi-continuous and equal to u
m-a.e. on X, then u* is called a quasi-continuous modification of u. Denote by F*
the set of all quasi-continuous modifications of functions of %#. We regard two
functions of #* to be equivalent if they are identical q.e. on X. On account of
Theorems 1.2 and 1.3, the equivalence classes of % * with inner product * form a
real Hilbert space which is just identical with the space (%, %), two functions of F#
being identified if they coincide m-a.e.

The next lemma can be proved exactly in the same manner as in J. Deny and
J. Lions [5, II, Lemme 4.1 and Théoréme 4.1].

LemMa 1.2. (i) The estimate (1.6) holds for any >0 and v € F*.

(i) If u, is a Cauchy sequence in (F*, £%), then u, converges to a function u € F*
with &%-norm. Further there exists a subsequence ny, such that lim,, ., , o u,(X)
=u(x) g.e. on X.

1.3. Quasi-supermedian functions and potentials. Let {G,, >0} be the L2
resolvent associated with the D-space (%, &). Each G, is a linear operator from
L%(X; m) into & From now on, however, we regard G, as a linear operator from
L2(X; m) into the space F*, as the preceding subsection 1.2 admits us to do.

We call a function u € L2(X; m) («o-) quasi-supermedian if the following two
conditions are satisfied.

(1.7) u is quasi-continuous and u>0 q.e.

(1.8) BG4 usuqe., f>0.

LEMMA 1.3. A function u e F* is quasi-supermedian if and only if &%, v)20
for every v e F* such that v20 g.e.

Proof. If u € #* is quasi-supermedian then according to Lemma 2.1 of [10],
&%, v) = lim Bu—PBGs a4, 0)x 20 forveF
B—+
such that v=0 m-a.e.
Conversely assume that u € F* satisfies the inequality &o(u, v)=0 for every

v € F* which is nonnegative q.e. on X. Then u is the unique element minimizing
the norm &%(w, w) in the convex set &, ={we F*, w2u q.e.}. |4 is a normal
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contraction of # and belongs to %,. Thus u=|u| 20 q.e. proving (1.7). Furthermore
we have, for any v € L3(X; m) such as v=0 m-a.e.,

(u_:BGﬁ+aou5 U)X = éaﬂ_HlO(”s Gﬁ+aou)_18(us GB+aov)X = éaao(u’ Gﬂ+aov)

which is nonnegative because G4 4,0 € F* and Gy.4,020 q.e. (Theorem 1.2(ii)).
This proves (1.8). The proof of Lemma 1.3 is complete.

Denote by M the set of all nonnegative Borel measures . on X satisfying the
following two conditions:

(1.9) F N C(X) < LN(X; p).

(1.10) There exists a function u € % * such that
E%(u, v) = f v(x)u(dx) for any ve F N C(X).
X

The function u of (1.10) is uniquely determined by u € M¢ . It is called the («y-)
potential of p and denoted by U.

Every u € M ¢ is a Radon measure on X, namely, p is finite for any compactum.

Any u e F* defines a linear functional /, on & N C(X) by [, (v)=E%(u, v),
veZ N C(X). Meanwhile, # N C(X) is closed under lattice operations and
vAleZ N C(X) for any veF N C(X) [10, Lemma 4.1]. Therefore by the
general theory of Daniell integral [14, Chapter 3], /, is an integral by means of the
Baire measure with respect to the class % N C(X) if and only if [, is a positive
functional and continuous under monotone limits. Since the Baire family generated
by % N C(X) is the set of Borel functions, we get the following

LEMMA 1.4. ue F* is a potential if and only if

(1.11) &%(u, v) =0 for any nonnegative ve F N C(X).

(1.12) &%(u, v,) | 0ifv, e F N C(X) converges monotonically to zero.

When X is compact, condition (1.12) is superfluous. If u is a potential, u deter-

mines the associated measure p € Mg uniquely.
Now we will state the relation of quasi-supermedian functions and potentials.

THEOREM 1.4. A function ue F* is a potential if and only if u is a quasi-
supermedian function satisfying condition (1.12).

Proof. It suffices to show that condition (1.11) implies the stronger condition
of Lemma 1.3. Suppose that u € % * satisfies (1.11). Let » € #* be nonnegative q.e.
and v, € % N C(X) be a sequence converging to v in &%-norm. Consider v,
=v,V0e F N C(X). Then &%(v;, v;}) =< E%(v,, v,) is bounded in # and

E%7, Goof) = (0F, )x = (1, /)x = E%(v, Gy, f) for any fe LA(X; m).
Since G,,(L?) is dense in .#, vy converges to v weakly. In particular,

&%, v) = lim &%(u, v;) = 0.
n— + @
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1.4. Basic properties of potentials. Define the support Su of we Mg by Su
={x € X; u(U,)#0 for any neighborhood U, of x}. Su is a closed set. Let us
begin with an approximation lemma.

Lemma 1.5. Suppose that uwe My has a compact support Su. Then for any open
set E such that ESSu and E is compact, there exist nonnegative functions
Jn € L3(X; m) which vanish m-a.e. on X — E and satisfy

(1.13) f,-m — n vaguely as measures,

(1.14) G, fr — Up weakly in (¥, §%).

Proof. By virtue of Theorem 1.4, the potential Un is quasi-supermedian, and so
(1.15) g5 = B(Up—BGy10(Up))

is nonnegative. Let us prove the equality

(1.16) gim [ o(@gsmd) = [ oGou@

for every continuous function v such as |v] £ v,, where K= Su and v, is an arbitrarily
fixed function in # N C(X). According to Lemma 2.1 of [10] and (1.10), the equal-
ity (1.16) is true for every v e # N C(X). Incidentally the measures g;-m are
uniformly bounded in 8 on any compactum. Turning to the case of general v,
choose v, € # N C(X) such as |v,| v and |v,—v] — 0, k — +00, and observe
the following inequality:

‘ [, @@ [, oot

<

[, weogsomt@)— [ v

+ o= o)

+ 1060 -0l gabom@+2 [ exgComia).

For any >0, take a compactum F such that vy <& on X — F, then the superior limit
in B of the last term of the right-hand side is less than 2 [ (v A e)u(dx) < 2e- u(K).
Now by taking sufficiently large k, we can make the superior limit in 8 of the
right-hand side arbitrarily small.

It is clear that (1.16) implies (1.13) with

(1.17) Sa(x) = gal)xe(x),  x€ X,
xz being the indicator function of the open set E. It follows from (1.13) that
E(Gagfos 1) = U 05 > | 000() = E(Ups )

forve #F N C(X).
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Since
gao(Gaofm Go!ofn) = (fna Gaofn)X é (gns G(xogn)X
= (gm nGn+¢x0U/‘L)X é (gna U/‘L)X

is uniformly bounded by &%*(Un, Un), we arrive at (1.14).
We will point out here that, for any p € My and compactum K, the measure uy
defined by px(-)=p(K N -)is also in Mg and

(1.18) E(Upy, Upx) < E%(Up, Up).

Indeed, the inequality

< [ 100)utdx) = 65U, Jo)

= V(E(Up, UpDV(E%(v, ),  veF N CX),

[, ooty

implies the existence of the potential Uuy € % satisfying (1.10). Further we have
p—px € Mg . Therefore, by means of Lemma 1.3 and Theorem 1.4,

E%(U(p—px), Ung) 2 0,
which means (1.18). Keeping this in mind, let us proceed to
TueoreM 1.5(7). (i) If A is polar, then u(A4)=0 for every p € Mg.
(i) If p € M§, then F*<LM X, p) and
(1.19) Eo(Up, ) = j wOpdx),  ue F*
X

Proof. (i) Suppose that A4 is polar and p e M. For any e> 0, there is an open
set E> A with Cap (E)<e. Take any compactum K included in E and choose f,
satisfying conditions of the preceding lemma for px and an open set E, < FE with
compact closure E;. Then,

& U, ps) = lim_ E%(Goufyop) = Tim [ fioym(ae) = u(K).
Hence

w(K) = V(E%(Upg, Up)V(E“(pg,pE)) = V(E%(Up, Un))-+/(Cap (E))
and
w(E) £ Ve /(E%(Up, Up)).
Thus u(4)=0.

(") This is a version of Theorem 4(iii) of [1] whose proof was recently given in [4].
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(ii) Consider p € M¢ and ue F*. It is clear from assertion (i) that u is u-
measurable. Let u, € # N C(X), F,<X and u* be those of Theorem 1.3 for the
present u. It suffices to show that u* € L*(X; p) and

(1.20) E%o(Up, 1) = L W ()u(dx)

because u=u* q.e. and the right-hand sides of (1.19) and (1.20) are identical.
Let us prove (1.20). We may assume that each F, is compact. Consider the
sequence of measures u, = ,qu,'then

8V ) = [ o) — fu | eud)

— f p(Ou(dx) = E%(Un, v), veF N C(X),
X
which, combined with (1.18), implies that Un, converges to Uu weakly in (&, §%).
On the other hand,
é()ao(U:u'k’ u) = lim édao(U:u'k’ un)

n— + o

= lim_ kaun(x)p(dx) - kau*(x)p(dx).

Therefore,
E(Up ) = lim E%(Upy, )= f u* (pu(dx) = f u* ()u(dx).
K-> + UkFx X

THEOREM 1.6. Let K be a compact set. Then, for u € F*, the next three conditions
are mutually equivalent:
(i) u is a potential Up with Su<=K.
(ii) &%(u, v)=0 for any v e F N C(X) which is nonnegative on K.
(iii) &%(u, v)20 for any v € F* which is nonnegative q.e. on K.

Proof. Owing to Theorem 1.5, (i) implies (iii). Trivially, (iii) implies (ii). All we
have to do is to derive (i) from (ii). Suppose that u € #* satisfies condition (ii).
We will first prove that u has the properties (1.11) and (1.12). (1.11) is trivial. Let
w be a function of # N C(X) which is no less than 1 on K. If v, € F N C(X) is
decreasing to zero, then v, converges uniformly on X and a,=sup,ex v,(x) de-
creases to zero. Since v, < a,w on K,

&%(u, v,) < a,&%(u, w) — 0, n— +00.

Thus, u satisfies (1.12). By means of Lemma 1.4, u is a potential of a measure
u€ M¢. In view of equation (1.10) and condition (ii), we have Su<K.

1.5. Equilibrium potential and capacity for the compact set. We will first define
equilibrium potentials for open sets in the class % of the subsection 1.1 and study
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their properties. Let 4 be in % and p, be the function of &# which is characterized
by (1.3) and (1.4). Denote by e, any quasi-continuous modification of p,. We call
e, the (og-) equilibrium potential for the open set A € %. According to Theorem 1.2,
e, has the following properties:

(1.21) Cap (A)=E"(ey, e,).

1{1?22) "CA‘=11’L1'.‘C.’\511 4.

(1.23) &%(e4, v)=0 for any v € F* which is nonnegative g.e. on A.

e, € F* is characterized by (1.22) and (1.23) and indeed, it is a unique element
which minimizes the norm &%(u, u) in the convex set {u € F*,u=1 q.e. on 4} of
F*. Obviously e, is a quasi-supermedian function.

In the particular case when the closure 4 of 4 is compact, we can see by Theorem
1.6 and (1.23) that e, is a potential of a measure v, € Mg with S,,<A4. We call v,
the equilibrium distribution for the open set A. We have

(1.24) Cap (4) = v4(4),

because there is a function we & N C(X) which is equal to 1 on 4 and we get
Cap (4)=&%(e,, w)=v,(4).

Now consider any compact set K of X.and put L¥={ue F*,uz1 q.e. on K}.
ZL% is a nonempty convex set of #* and closed in norm &% according to Lemma
1.2. Therefore there is a unique element ex of % which minimizes the quadratic
form &%(u, u) in £§. We call ey, the («q-) equilibrium potential for the compactum K.
It is easy to see that ey is characterized as an element of #* which has the following
two properties:

(1.25) ex=1q.e. on K.

(1.26) &%(ek, v) =0 for any v € F* which is nonnegative g.e. on K.

By virtue of Theorem 1.6 and (1.26), we see that ek is a potential of a measure
vy € Mg with Svx< K. We call vi the equilibrium distribution for the compactum K.

THEOREM 1.7. Let K be compact.
(i) The equilibrium potential ex is characterized as an element of F* possessing
properties (1.25) and

1.27) E%(eg,v) 2 0 foranyve F n C(X)

which is nonnegative on K.
(ii) The next equalities hold:

(1.28) Cap (K) = &%(eg, ex) = vr(K).
(1.29) Cap (K) = inf &%(u, u),
ucty

where €x={uc F N C(X); uzl on K}.

Proof. (i) is evident, since (1.27) is equivalent to (1.26) by virtue of Theorem
1.6. The second equality of (1.28) is immediate from (1.19) and (1.25).
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Let us prove the first equality of (1.28). For any >0, there is an open set A2 K
such that Cap (K)+e¢>Cap (4). 4 is in Z. By (1.21), (1.22), (1.25) and (1.26), we
have &%(e,, ex)=E%(ex, ex) and 0= &E%(e —ey, e, —ex)=Cap (4) —&%(e, ex).
Hence we get the inequality Cap (K) = &%(ek, ex). In order to obtain the converse
inequality, let us take a sequence of open sets 4, such that A, is compact, 4,24, .,
and (7., 4,=K. Let ¢, and v, be the equilibrium potential and distribution for
A, respectively. Since &%(e,—e,, en—em)¥Cap (4,)—Cap (4,), n<m, e, con-
verges to some €, € #* in &%-norm. Since e,=1 qg.e. on A4,, ¢, has the property
(1.25). On the other hand, v, concentrates on A, and v,(4,)=Cap (4,) <Cap (4,)
by (1.24). Therefore a subsequence of v, converges weakly to a measure v, whose
support is in K. Now the equality &%(e,, v)=fgn v(x)vn(dx) leads us to &%(e,, v)
=fK W x)vo(dx), ve F N C(X), which enables us to conclude that e, has the
property (1.27). Thus, by statement (i), we see that e,=ey, and &%(eg, ex)
=lim,, ;o €%(e,, e,)=1lim,, ., Cap (4,)2 Cap (K).

Finally, we will show the equality (1.29). Put c=inf, .4, €%(u, u) and take a
minimizing sequence u, € Gy : lim,_, , , §%(u,, u,)=c. It is easy to see that u,
then forms a Cauchy sequence in norm &% and the limit function u, € #* does
not depend on the choice of the minimizing sequence u,. Since u, A 1 € €, forms a
minimizing sequence as well, we have u,=1q.e. on K according to Lemma 1.2.
Further the property (1.27) for u, can be derived from the inequality

(gﬁao(un—f— v, un+ el)) g g’“o(uo’ ”o)

which holds for any ¢>0 and v € & N C(X) such as v=0 on K. Therefore, state-
ment (1) means that uy=ex and ¢=&%(u,, 4,)=Cap (K). The proof of Theorem
1.7 is complete.

2. Transformation of underlying spaces. Consider two regular D-spaces
(X, m, # &) and (X, m, #, &). The concepts corresponding to the latter will be
denoted with tilde ~.

DEFINITION 2.1. A mapping g defined g.e. on X taking values in X is said to be a
quasi-homeomorphism between X and X if, for any >0, there exist closed sets
F< X, F= X such that Cap (X—F)<e, Cap~ (¥—F)<e and the restriction of ¢
to F is a homeomorphism onto F. X and X are said to be quasi-homeomorphic if
there exists a quasi-homeomorphism between X and X.

It is clear that ¢ is a quasi-homeomorphism if and only if there exist increasing
sequences of closed sets F,cX and F,cX with lim,. ., Cap (X—F,)=0,
lim._, , , Cap~ (¥—F)=0 such that g is one-to-one from Xo=\J-1 F; onto
Xo=\Ug-1 F, and its restriction to each F, is a homeomorphism onto F,. The
domain of definition of a quasi-homeomorphism g will always be considered to
be such an F,-set X,. g and g~ ! are then Borel measurable transformations between
X, and X,. Hence the images by ¢ and ¢~ of analytic sets are also analytic sets(®).

(®) Cf. [15, III, T11].
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A quasi-homeomorphism ¢ is said to be capacity preserving if, for any analytic
set A< X,,

@1 Cap (4) = Cap~ (g()().

We will write as X~ X if there exists a capacity preserving quasi-homeomorphism
between X and X.

Lemma 2.1. Consider the underlying spaces X, X, X of three regular D-spaces.
If X=X and X~ X, then X~ X.

Proof. Suppose that X and X (resp. X and X)are related by the map g, (resp. ¢).
For any >0, there exist closed sets F< X, F,< X, F,= X and F< X satisfying the
following: Cap (X—F)<e, Cap™ (X—F,)<e, Cap”™ (X—F,)<e, Cap~ (¥—F)<e
and g; (resp. g,) is homeomorphic from F (resp. F,) onto F; (resp. F). Put F’'
=g7{(Fy N F;) and F'=qy(F, N F,). Then, g=g,-q, is homeomorphic from F’
onto F’ and

Cap (X—F') £ Cap,(X—F)+Cap (g1 '(£; - £3))

Cap (X—F)+Cap™ (F,—F,) < 2e.

In the same way, we have Cap~ (¥—F’)<2s. Thus, X and X are quasi-homeo-
morphic by the map ¢. Evidently g is capacity preserving.

According to Definition 4.1 of [10], two D-spaces (X, m, &%, &) and (X, w1, %, &)
are called equivalent if there exists an algebraic isomorphism ® from # N L*(X; m)
onto % N L*(X; /) which preserves three kinds of metrics—L®-norm, L2-norm
and &-norm. Notice that we always regard the normed algebra F N L*(X; m)
(resp. & N L*(X; 7)) as the set of equivalence classes in the sense that two
functions of # N L*(X; m) (resp. % N L*(X; m)) are identified if they coincide
m-a.e. (m-a.e.). The isomorphism @ is viewed to transform each equivalence class
to an equivalence class.

The isomorphism @ can be uniquely extended to three kinds of transformations:
a unitary map @, from (&, &%) onto (£, &%), a unitary map ®, from L3(X) onto
L%(X) and an isometric isomorphism ®; from Lg(X) onto LY(X), where L2(X)
(resp. L& (X)) is the closure of # N L*(X) in the metric space L%(X) (resp. L=(X)).
L%(X)and Ly (X) are defined in the same way. Suppose that two D-spaces are regular.
Then @, is regarded as a unitary map from (F*, £%) onto (£ *, £%), two functions
being identified if they coincide q.e. Moreover we have in this case L3(X)=L2(X)
and L§(X)>C(X) because & N C(X) is dense in the metric space L(X) (resp.
C(X)) (see (5.4) of [10]). We also have LI(X)=L*X) and L2(X)> C(X).

Now we will state the theorem of this section.

(®) This definition does not depend on the choice of set Xj.
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THEOREM 2.1. Assume that two regular D-spaces (X, m, #, &) and (X, i, %, &)
are equivalent under an isomorphism ®. Then X~ X under a capacity preserving
quasi-homeomorphism q which has the following properties.

(q.1) g induces the extension of the given isomorphism ©: put

22 (D*u)(x) = u(q %),

where u is a function on X and X is a point of X for which u(q~'X) makes sense, then
D* defines a transformation of functions which coincides on F* with ©,.
(q.2) q is m-measure preserving . m(Ay=m(q(A)) for any Borel set A< X,.

Before proceeding to the proof of Theorem 2.1, we need several notions related
to a regular D-space (X, m, #, &). For a set A< X, we put

23) A ={xe X;mU(x) N A) # 0 for every neighbourhood U(x) of x}.

Obviously A4’ is closed. We say a closed set F is m-regular if F=F".

Consider any closed set F. Then F’ is a closed set contained in F, m(F—F')=0
and Cap (X — F")=Cap (X — F). We can see this in the same manner as in the proof
of Theorem 1.2(ii). Furthermore F’ is necessarily m-regular because m(U(x) N F’)
2m(U(x) N F)y—m(F— F")>0 for any neighborhood U(x) of x € F'.

Denote by X the compact space obtained from X by adjoining the point at
infinity A. If X is already compact, we regard A to be isolated. For each set A< X,
we put 44=4 U A and consider this to be a topological subspace of X2, A set
Fc X is closed in X if and only if F2 is compact.

We further use the notion |u|, defined by |u|,=sup,e, |u(x)| for a function u on
A< X. Since m is everywhere dense, we have

2.9 |u]lw = |u|x, ue C(X).

Finally let {F,;} be an increasing sequence of m-regular closed sets of X such that
Cap (X—F,) — 0. Put C({F})={u; u is defined on X,=Ji=, Fy, |u|x, is finite,
the restriction of u to each F is continuous there and continuously extendable to
F? by setting u(A)=0}. Obviously C(X)= C({F )< L>(X; m). C{F,}) is a Banach
algebra with norm | |x,. Further

(2.5) lule = lulx, — ueCHED.

This is clear from m-ess-Supyer, [W(X)|=|u|s,, k=1,2,..., which is due to the
definition of m-regularity of F.

Each element u of C(X) (resp. C({F,})) will always be regarded as a function on
X2 (resp. X&) by setting u(A)=0.

LEMMA 2.2. Let Q be any countable subcollection of F N L®. Then there exists
an increasing sequence of m-regular closed sets F,, with Cap (X — F,.) — 0 such that
each element of Q has a unique modification belonging to C({F,}).
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Proof. For Q={u,}, u,e # NL*, n=1,2,..., we denote by u¥ a quasi-
continuous modification of u, specified in Theorem 1.3. Thanks to the countable
subadditivity of the capacity, we can select an increasing sequence of closed sets
F,< X with Cap (X— F,) — 0 such that every function #} has the following prop-
erty: the restriction of u¥ to each F; is continuous there. By virtue of the special
manner of the construction of #¥ stated in Theorem 1.3, we may further assume
that «¥ is continuously extendable from F) to F2 by setting #¥(A)=0. In order to
complete the proof of Lemma 2.2, we only have to replace F, with its m-regulariza-
tion Fy. After the replacement, we can see by (2.5) that u¥ becomes a unique element
of C({F,.}) which coincides with u, m-a.e.

Now we will prove Theorem 2.1 by means of the next three lemmas.

LemMMA 2.3. Under the assumption of Theorem 2.1, there exists an increasing
sequence of m-regular closed sets F,< X, k=1,2,...,withlim,_, ,, Cap (X—F,)=0
which satisfies the following. We put Xo=\Jz_, F.

(i) There is an algebraic isomorphic and isometric transformation  from
(C(X), | |z) into (CEF)), | |x,)- @ is just the restriction of the transform ®3* to
C(X).

(i) There is a mapping q from X2 into X 3 such that g(A)= A and the restriction
of q to each F{ is continuous there. For each x € X, qx is characterized by

(2.6) fi(gx) = (i) (x), e C(X).

Proof. (i) Since# N C(X)isa dense subalgebra of C(X), we canfind a countable
subset C;=F N C(X) such that the algebra «7(C,) generated by C; is dense in
C(X) with maximum norm. Applying Lemma 2.2 to ®-1C,=F N L>(X; m),
we get an increasing sequence {F,;} of m-regular closed sets of X with Cap (X— F)
— 0 such that, for every #e C;, ® 4 has a unique modification belonging to
C({F,}). Denote this modification by ##i. The map i is extended to an algebraic
isomorphism on 2/(C;) which is consistent because of

2.7) |17|X = |¢ﬁ|xoa de ﬂ(c‘ﬂ,

where X,=\J7-1 F.. The equality (2.7) follows from (2.4) and (2.5) as |d|x
=|#||z = | @5 8] = 1] x,- Now 3 is readily extended to a map from C(X) into
C({F,}) satisfying conditions of the first statement of the present lemma.

(i) For each x € X2, 1(&1)=(a)(x), & € C(X), is a character (a linear multiplica-
tive functional) on C(X). Hence there exists a unique element gx € X 3 such as
1) =(gx), fi e C(X). Since /,(#)=0, we have gA=A. Suppose that x, e F2
converges to x € F2. Then #(gx,) = (J#)(x,) converges to (J&1)(x)=1#(gx), i € C(X),
which implies ¢gx, — gx, n — o0, and hence the restriction of ¢ to F2 is continuous
there.

LemmA 2.4. In addition to the assumption of Theorem 2.1, we assume
(2.8) O(F N C(X)) = F nCX).
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Then all the conclusions of Theorem 2.1 are valid for the map q of Lemma 2.3.

Proof. By assumption (2.8), there exists an algebraic isomorphic and isometric
transformation ¢ from C(X) into C(X): ¢ is just the restriction of the transform
®; to C(X)=Lg(X). Therefore there is a continuous map y from X2 onto X2
such that, for each ¥ € X 5, yX is characterized by

(2.9) u(y®) = qu(%), ue C(X).

On the other hand, the map ¢ of Lemma 2.3 is the inverse of ¢ in the sense that
Sou(x)=u(x), x € X§, for every u e C(X). Indeed u € C(X) and Ygpu (=035 Osu)
€ C({Fy}) are in the same class of L§(X) and so they are identical on X¢§ by virtue
of (2.5). Hence, in view of (2.6) and (2.9), the map y is the inverse of g of Lemma
2.3:

(2.10) y-qx = X, x € X§.

In particular g(X,)< X because y(A)=A. We put
2.11) Fo=qF), k=1,2,..., % =_JF
k=1

Since the restriction of ¢ to the compactum F2< X2 is a continuous map, its
image q(FkA)=F,§ is a compact set of XA F;, is therefore a closed subset of X.

From now on, let us restrict the domain of the definition of g (resp. y) to X,
(resp. X) and study the detailed properties they possess.

First of all we know from (2.10) that g is one-to-one from X, onto X, and its
restriction to each Fy is a homeomorphism onto F, the inverse being y.

We will prove that g is measure preserving between X, and X,. It is enough to
show

(2.12) m(g~(K)) = m(K)

for any compact set K contained in some F,. To see (2.12), choose a sequence
i, € # N C(X) converging to the indicator function of K everywhere on X as well
as in L2(X; m)-sense. This is possible because # N C(X) is a lattice and a dense
subset «f C(X). Then g, (x) =4,(gx) converges to the indicator function of g~ *(K)
< F, for each x € X, and hence m-a.c. on X. Since ¥y on &# N C(X)is a modification
of @~! which preserves L2-norm, {{iI,} also forms a Cauchy sequence in L2(X; m)
and further

A(K) = 1im (d, )z = lim (i, $il,)x = m(g~(K)),
n— + © n— + o
getting (2.12).
Exactly in the same way as above, we can prove
(2.13) m(K) = m(y~1(K))
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for any compact set K< X. Moreover, combining (2.12) and (2.13), we come to the
conclusion that
(2.14) ity {(F)—-F)=0, k=12,....
Indeed, fix a number k and take any compact set K<y~Y(F,)—F,. Then put
K=y(K) and K;=q(K). K and K, are compact sets in F, and F, respectively.
Since y~Y(K)>K U K,, we have
m(Ky) = mg=*(Ky) = m(K) = iy %(K)) = m(K U K,)

from which follows #(K)=0.

Next we have to show
(2.15) m(y~H(4)) = 0.
Observe that y~1(A)={% e X; ou(%)=0 for every u € C(X)}. Notice further that,
since # N C(X) is dense in L*(X; m), the space p(# N C(X)) (=P(F N C(X)))
is dense in L*(X;m) (=®,(L3%(X; m))). Hence for any compactum K<y~-1(A)
there is a sequence u, € # N C(X) such that gu, converges ri-a.e. on X to the
indicator function of K. But ¢u,(¥)=0, e K, n=1,2,..., and we have #s(K)=0
proving (2.15).

We are in a position to complete the proof of Lemma 2.4. Let us derive the
inequality
(2.16) Cap~ (K) < Cap (K),
where K is any compact subset of y~(X) and K=y(K). Since y is continuous, K
i1s a compact set of X. Consider the sets €x={uc % N C(X);u=1 on K} and
Fr={iieF N C(X); iz1 on K}, and observe the inclusion ¢(%;)=%z. Since ¢
coincides with ® on % N C(X) and @ preserves €%-norm, we get from (1.29) that

Cap (K) = inf &%(u, u) = inf &%(qu, pu)
Uegk ueFK

= inf &%(f, ) = Cap~ (K).

dep(¥k)

We can now show that g is capacity presérving on X,. On account of Theorem
1.1(b) and (1.5), it suffices to prove for any compact subset K< F, with a fixed k,

.17 Cap (K) = Cap~ (K),
where K=g(K). Noting the inclusion
W%r) < (ue F N C{FY;uz 1on K} < L%,

we have
Cap~ (K) = inf &%, #) = inf &%(pd, il
ﬂeix ie@k
= inf &%(u, u) =2 Cap (K),
uew(@R)

which combined with (2.16), proves (2.17).
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For the proof that g is a capacity preserving quasi-homeomorphism and measure
preserving, it only remains to show

(2.18) Cap~ (X—X,) = 0.
Choose any £>0 and fix a number k& such as Cap (X — F,) <. We are going to show
(2.19) Cap~ (¥Y-F) < =

Observe that X— F, is an open set of X consisting of three disjoint parts: X¥— F
=y Y X =F)+ (@ (F)—F.)+y (7). By (2.14) and (2.15), /i-measures of the
last two terms of the right-hand side are zero. y ~!(X — F,) is open and contained in
X —F,. Hence by definition (0.1) of the capacity, we have

(2.20) Cap~ (X—F,) = Cap~ (y (X —F)).
On the other hand (2.16) and (1.5) mean the following:
Cap~ (y~*(X—F)) = sup Cap~ (K) £ sup Cap (K)
K K=y(K)

Cap (X—F,) < ¢,

lIA

the supremum being taken for all cdmpact set K&y~Y(X—F,). Thus we arrive at
(2.19).

It is easy to see that our g possesses the property (q.1) of Theorem 2.1: (2.9) and
(2.10) mean, for u e & N C(X),

(2.21) O*y = d,u qee.,

which can be extended to &#* by virtue of Lemma 1.2. We have completed the
proof of Lemma 2.4.

LeMMA 2.5. Under the assumption of Theorem 2.1, there exists a regular D-space
(X, i, &, &) satisfying the following:

(1) Both the given regular D-spaces are equivalent to (X, i, % &) by isomor-
phisms, say, ® and ®". ® is equal to (®")~*- D',

() ¥(F N C(X)=F n C(X), V' (F n C(X)=F n CX).

Proof. This lemma is an application of the regular representation theorem of [10].
First of all we will establish the inclusion

2.22) y(Co(X)) = LYK h),  ®7Y(Co(X)) = LI(X; m).

It is enough to prove the first. For any function u € Co(X), there is a nonnegative
functionv € # N C(X)such as v +/|u| on X. Since @, is a lattice isomorph as well
as an algebraic isomorph and since ®ve F <L} X; ), we have ®y(+/|u|)
€ LA(&; i) and | dgu| =(Do(v/|u]))? € LX(X; ).

Now denote by L the closed subalgebra in LY (X) generated by C(X) U ®51C(X).
Then L satisfies the condition (C) of [10, §5]. (C.1) and (C.2) are clear. By (2.22),
LY(X; m) N L includes the algebra generated by C,(X) U ®;(Co(X)) which is
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dense in L, proving (C.3). Therefore we can take as (X, , % &) the regular
representation of (X, m, &, &) with respect to L (Theorem 2 of [10]). The algebraic
isomorphism @’ associated with this representation is translating # N L onto
F N C(X) getting the first inclusion of (2). The second is also clear because
(X, i, %, &) is the regular representation of (X, /i, &, &) with respect to L under
the isomorphism ®’-® -1, L being the closed subalgebra of LY (X; 77) generated by
D(C(X)) U C(X).

Proof of Theorem 2.1. Lemmas. 2.1, 2.4 and 2.5 admit us to conclude that
Xz X under a capacity preserving quasi-homeomorphism g possessing the property
(q.1). (q.2) is a consequence of (g.1) because ®* is L2-norm preserving from F*
onto Z*. The proof of Theorem 2.1 is complete.

If two D-spaces are equivalent and if one of them is regular, then it is said to be
a regular representation of the other.

COROLLARY TO THEOREM 2.1. The underlying space of a regular representation
of a given D-space is unique up to a capacity preserving quasi-homeomorphism.

3. Potential theory for symmetric Ray processes. Let (X, m, % &) be a strongly
regular D-space and {R,(x, E), « >0} be its associated symmetric Ray resolvent
kernel on X. For a function u on X, put

G.1) Rou(x) = J R(x, dy)u(y),  xeX,

whenever the right-hand side makes sense. The images by R, of Borel (universally)
measurable functions are also Borel (universally) measurable. By definition,
(%, &) is generated by {R.(x, E), «> 0}, that is, R,(L*(X; m) N C(X))=F N C(X)
and R, ue L2(X; m) N C(X), satisfies the equation

3.2) S (R, v) = (u, v)x

for every v e # Moreover & N C(X) includes a set C, attached to the Ray re-

solvent (Definition 2.5 of [10]).
3.1. Supermedian and excessive functions.

LemMA 3.1. For any nonnegative measurable function u of L2(X; m), the function
R,u defined by (3.1) belongs to the space F* and satisfies the equation (3.2) for each
a>0.

We will prove this lemma by making use of the following proposition:

PROPOSITION. Suppose that a set H of real-valued functions on X satisfies the
next conditions.

H.1) If fi,foe H and cifi+cofs20 with some constants ¢y, ¢y, then cif;
+cofs€H.

(H.2) If f,, € H increases to f€ L*(X; m), then fe H,

(H.3) C¢(X)<=H.

Then H contains all nonnegative Borel measurable functions of L*(X; m).
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For the proof of the Proposition, it is enough to take any open set E< X with
compact closure and consider the class S of all Borel subsets of E whose indicator
functions are in H. S contains all open subsets of E. Since S is a A-system relative
to E, it contains all Borel subsets of £ (Lemma 0.1 of [7]). The rest of the proof is
clear.

Proof of Lemma 3.1. Let H be the set of all nonnegative Borel measurable
functions u of L*(X; m) such that R.u belongs to #* and satisfies equation (3.2)
for each «>0. H. satisfies (H.3) because L*(X;m) N C(X)=H. Suppose that
u, € H increases to u € L*(X; m). Then

éw(Raun — Ry, Rty — Raum) = (un —Unp, Ru(un - um))X

< (1) vy —thyy Uy~ tp)x — 0, n, m— +o0.

By virtue of Lemma 1.2, a subsequence of R,u, € #* converges to a function % *
g.e. on X as well as in &%“norm. However R,u,(x) converges to R,u(x) for each
x € X. Therefore R,u belongs to % * and satisfies (3.2). Condition (H.2) is verified.
Thus we see by the proposition that Lemma 3.1 is valid for any nonnegative Borel
measurable function u of L2(X; m).

Finally let # be a nonnegative universally measurable function of L(X; m).
There exist nonnegative Borel measurable functions #; and u, such that u; Su=<u,
on X and u;=u, m-a.e. on X. We have R,u, < R,u=< R,u, on X. Further, by the
symmetry of R,,

(=]
IA

= f (Rauz— R )(x)m(dx) = f Ra1(x)(un(x) — ur(x))m(dx)

A

éfx (u2(x) —uy(x))m(dx) = 0,

which implies R u, = R u, m-a.e. on X. Since R,u, and R,u, are quasi-continuous,
we see by Theorem 1.2(ii) that R,u,=R,u=R,u, q.e. on X and consequently
R,ue F* The equation (3.2) for u can be derived from that for u,. The proof of
Lemma 3.1 is complete.

DeriNITION 3.1. A function % on X is said to be («q-) supermedian if the following
two conditions are satisfied:

(3.3) u is nonnegative and universally measurable,

(3.4) BRy 1o u(x)Su(x), x € X; f>0.

A supermedian function u is said to be («aq-) excessive if

(3.5) limy, 1 o BRy 4+ u(x)=u(x), x € X.

If u is nonnegative and universally measurable, then R, u is excessive.

If u is a nonnegative universally measurable function and limg._, . BRy 4 u(x)
=1i(x) exists for every x € X, then the limit function # is said to be the regularization
of u. Every supermedian function has its regularization which turns out to be
excessive.
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THEOREM 3.1. If a function u is nonnegative universally measurable, belongs to the
space F and has its regularization @, then ii is a quasi-continuous modification of u.
In particular any excessive function belonging to F is an element of F*.

Proof. We see by Lemma 3.1, that R,u € #* and the operator R, applied to u
is identical with L2-resolvent associated with (%, &). Hence by taking Lemma
2.1(ii1) of [10] and Lemma 1.2 of the present paper into account, we see that a
subsequence of SRy, ,,u converges d.e. on X to a quasi-continuous modification of
u. Thus we get Theorem 3.1. ‘

REMARK 3.1. Every supermedian function belonging to the space #* is quasi-
supermedian in the sense of subsection 1.3. According to Theorem 3.1, every
excessive function belonging to the space & is quasi-supermedian.

3.2. The associated Ray process and the branch set. Put X=X U @ where 8 is
adjoined to X as the point at infinity if X is noncompact and as an isolated point
if X is compact. Extend the kernel {R,(x, E), « >0} to X in the manner of Remark
2.2(i1) of [10]. Then the extended kernel becomes a conservative Ray resolvent over
the compactum X to which the original set C; is still attached if we extend each
function u of C; to X by setting u(3)=0.

Therefore the results of D. Ray [18, Theorem I, II and III] concerning resolvents
on compact spaces and their improvements by H. Kunita and T. Watanabe [13, §2]
can be brought over to our situation and we get the following conclusions.

The first conclusion is about the branch set. For each x € X, the measure
aR,(x, -) on X converges to a unique substochastic measure p(x, -):

i eRof(x) = [ ulx, d9)f(2) for any fe C(X).

A point x € X is said to be a branch point if the measure u(x, -) is not a unit dis-
tribution at x. The set X, of all branch points of X is called the branch set. The
measure p(x, -)is not supported by X, for any x € X. X, is characterized as follows:

(36) X, = U {x:809 > [ st an},

.

geCy

where Ci={g=fAc; fe C,, cis any positive rational number}.
The second is about the transition function. There is a unique sub-Markov
transition function P,(x, E) on X such that

(3.7) PI@ = [ Pl dn)f(),  feC(),xeX,
defines a right continuous function of ¢>0 with

+ ®
(3.8) f e=UP.f(x) dt = R f(x), «> 0.

0
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The third is the existence of a right continuous strong Markov process on X
with transition function P,. This is called the Ray process associated with
{R/x, E), «>0}. We can adopt as the Ray process the canonical realization
M=(W, #?, P,) of {R,(x, E), >0} in the following sense(*®). W consists of paths
w=w(t), t€[0, +0), taking values in X such that w(¢) is right continuous in
t € [0, +00), has the left limit at any ¢ € (0, +00) and stays at & after its lifetime
{(w). The tth coordinate w(t) of w is denoted by Xi(w). {(w) is defined by
inf {20, X;(w)=20}. %7 is the o-field of subsets of W generated by {X, € E} with
0=<s=Zt and Borel set EcX. For each x, P, is a unique probability measure on
B°=\/ =0 % which satisfies

Px(IYt1€E1, 1Yt2EE2,---, IYt,.EEn)

(3.9) ) i o
= jE jE .. jE Pt1(x, dy1)Pt2_t1(y1, dyz) . 'Ptn—tn-q(yn—l, dyn)

for 0<t;<ty<---<t, and Borel sets Ej, Eo, ..., E, of X, where Py(x, E)
=Pi(x, E O\ X)+(1 —P(x, X))3(E).

The Ray process M=(W, 2?2, P,) has the following properties:

(M.1) P (X, € E)=pu(x, E) for x € X and Borel E< X, Define Z to be the com-
pletion of #° with respect to the family of measures {Pu(-)= [y p(dx)P.(-); pis a
finite measure on X} and 4%, to be the completion of %9 in 4 with respect to the
same family(*?).

(M.2) Strong Markov property with respect to the augmented fields {#}: for
any stopping time T, ¢t>0 and Borel EC X, P.Xy,,€ E|B;)=P( Xy, E), P,-
almost everywhere for each x € X. Here, T is said to be a stopping time if {T'<t}
€ %, for any t20 and % is defined as the collection of those sets A € # such that
{T<t} N Ae B forall t.

(M.3) Quasi-left continuity in the restricted sense: if stopping times T, increase
to T, then Xy=Ilim,_, ,, Xy P.-almost everywhere on the set

n

{T< +0o0, lim XTne,\_’—X,,} for each x € X.
n- +

(M.4) P(X,e X—X, for any t20)=1, xe X.

For a set A< X, we define the first entry time o4(w) and the hitting time o(w) by
3.10) oqa(w) = inf{r = 0; X, € 4},
3. oh(w) = inf {t > 0; X, € 4}.

We define o4(w) or o’y(w) to be {(w) when the set in the braces is empty. If 4 is
analytic, then random times oy, oy and 7=inf{r>0; X,_ € A} are Z%-stopping
times. We can see this by [15, Chapter IV, T47 and 53].

(*%) See [16, XIII] for the canonical realization of a Feller semigroup.
(**) See R. M. Blumenthal and R. K. Getoor [2, p. 26] for the terminology.
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THEOREM 3.2. The branch set X, is polar in the sense of §1.

Proof. By Lemma 4.1 of [10] and by the inclusion C; <% N C(X), we see that
& N C(X)includes the countable collection Ci which appeared in (3.6). The members
of C1 will be numbered as g1, g2, . . ., gk - - - - Put X&' o ={x; gu(X) — a Ry 4 4, 81(x) > 1/n},
which includes the set {x; g.(x)> [x gx(y)u(x, dy)+1/n} for every «>0. Lemma
2.1(iii) of [10] and the estimate (1.6) lead us to

Cap (X(ic.n) = nzc”(oao(gk_aRa-i-aogk, gk_aRa+a'ogk) g 0, o« —> +00.

For any >0, take ¢, >0 such as >3 &, <e. For each k and n, choose « such that
the open set ¥Y¥= X¥ . has the capacity less than ¢,/2"*1. Now X, is included in
the open set |, |, Y¥ whose capacity is less than e, as was to be proved.

3.3. Symmetry of the process. Here we will observe how the behaviours of the
associated Ray process reflect the symmetry of our Ray resolvent. It is clear that
the symmetry of {R,(x, E), « >0} implies the symmetry of the associated transition
function {P(x, E), t >0}: for any >0 and nonnegative Borel measurable functions
fandgon X

(3.11) L Pif(x)-g(x)m(dx) = Lf(X)-Ptg(X)m(dx) = +oo.

LemmA 3.2. For O0<t;< ... <t,_;<t, and nonnegative Borel measurable func-
tionsf09f1, .. -9fn—1,fn on X,

E(fo(Xo)[1i(Xs): - fr—1(Xe, - )fa(Xe,))m(dX)
3.12) °F

- ."X ELfl XM fna(Xoy — ) - Fi(Xoy e Mo X Y)mddx).

Proof. Notice that P (X,=x)=1 for m-a.e. x € X because of (M.]) and Theorem
3.2 of the preceding subsection and Theorem 1.2(i). We will prove this lemma by
induction. Suppose that (3.12) holds for a given n. Then

L E(fo(Xo) - fulXe Mo s2(Xe, , Dldx)
- f E(fo(Xo) - -(fo- P s fos DX ()

- f P S GE X a1y )+ SoXo ()

which is equal to

Jx fn+1(X)Pt,,+1—t,,(E'(fn(Xo)fn—l(Xt,,—t,,_l)' : -fo(th)))(x)m(dx)

— | Bas ey SoKey ()
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by virtue of (3.11) and the Markov property. Thus (3.12) holds for n+ 1, completing
the proof of Lemma 3.2.

Since 2 is not a branch point of M, (M.3) implies as in [2, (9.3)] that the left
limits of sample paths must lie in X up to their lifetimes almost surely. In the follow-
ing we assume without loss of generality that every w € W has the property that
X;_(w) € X for every 1< {(w).

Fix a positive number ¢>0. Denote by £ the set of all functions ¢(t) (0=t=c¢)
taking values in X. The (time reversal) transformation ¢ of the space & is defined
by ge(t)=¢(c—1), 0=t=c. For w e Wsuch as X,_(w) € X, we define v,w and vo
€ 8 by

()t) = X(w), 0=2t1<c  (m)t) = Xo(w), =0,

= X._(w), t=c; Xi (w), O0<t=Ze

Finally we put for 'c{X,_ € X},

(3.13) o1 = vy i, T(2).

Denote by %, the restriction to {X,- € X} of the o-field \/; ., %7.
THEOREM 3.3(*%). If T'<=%B,,.,, then yI' € B ., and

(3.14) f P.GyTym(dx) = f P.Dym(dx) < +co.

Proof. It suffices to prove the theorem for the set
(3.15) I'={X,€Ey, X,,€E,, ..., X, ,€E,_1, X._. €E},
where 0<t; <ty;<-.-<t,_;<cand E,,..., E, are Borel subsets of X. Clearly
yI' ={Xo€E, Xe—t, - €En-1, .., Xicmtyy- € E1, X._ € Eg}.

By Lemma 3.2 we have for sufficiently small e>0 and 8>0,

[, BUSDAK 00 fa s (X HXe ()

- f E X0 oKzt s moms) - SiKo iy o~ Mo Ko s)m(d).

Assume that fy, f3, . . ., f, € Cd(X) and let e and 8 tend to zero. Then after a routine
procedure we get the equality (3.14) for T' of (3.15).

(*2) The operator v was introduced by E. B. Dynkin [7, IV, §4] in connection with the
multidimensional Brownian motion. The present author used a similar notion in the analysis
of a reflecting Brownian motion [8]. However the notion y defined in [8, p. 206] was insufficient
for the situation there and he likes to correct it here: it must be replaced by the present definition
(3.13).

(*3) Cf. Theorem 4.12 of [7].

114



1971] DIRICHLET SPACES AND STRONG MARKOV PROCESSES 209

Here we give two applications of Theorem 3.3.

According to the proof of IV, T52 of P. A. Meyer [15] we observe that, for any
Borel set B< X and ¢>0, the set {oz<t} is in the completion of the o-field %9
relative to Pu, p being an arbitrary probability measure on X. This fact will be used
in the proof of the following theorem:

THEOREM 3.4(**). For q.e. x € X,

(3.16) P(X,_ € X— X, for every t € (0, )) = 1.
CoRrROLLARY. If T, are increasing stopping times with limit T, then
(3.17) Px( lim Xy, = Xp, T < ;) — P(T < )
n— + o
forg.e. xe X.

This corollary is immediate from Theorem 3.4 and property (M.3). Here, the
exceptional points x € X do not depend on the choice of {T,}.

Proof of Theorem 3.4. Put I'.={o%, <¢, X, € X} and A, ={X,_ € X, for some
te(0,c), X,- € X}. X, is a Borel set (actually an F,-set) and P (I",)=0, x € X,
according to (M.4). Hence there exists a set I'; € By, such that I'.<T; and
{x P(L)m(dx)=0. Since A=yl <yI'., Theorem 3.3 implies that P.(A,)=0 for
m-a.e. x € X. Notice that A={X,_ € X,, for some ¢ € (0, {)} = ceo A, Q being the
set of all positive rational numbers. We have therefore P,(A)=0 for m-a.e. x € X.
On the other hand u(x)=P,(A) is an excessive function: u is universally measurable
and

exp (—oos)YPu(x) = exp (—os)P.{X,_ € X, for some te (s, {)} + u(x), s | O.

Thus #(x)=0 for g.e. x € X in view of Theorem 3.1 and Theorem 1.2.
Finally for an open or a closed set 4< X we define

(3.18) Pl(x,E) = P(X,€E, t < o,), t=0.
{P?(x, E), t=0} is a sub-Markov transition probability on X. Since P?f(x)
=[x P?(x, dy)f(y) is right continuous in 1 2 0 for f€ Co(X), P2(x, E) is measurable
in (¢, x) € [0, + 00} x X for each fixed Borel set E< X. Put

+ o
(3.19) R(x, E) = f e %PX(x, E) dt.

0

{RY(x, E), o >0} is a sub-Markov resolvent on X. Obviously RS f(x)=[x RY(x, dy)f(y)
satisfies

(3.20) ROf(x) = Ex( f *e-af(x,) dt), xex,
0
if fis Borel measurable and RS f(x) is well defined.

(*%) Cf. Lemma 3.7(iv) of [8].
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THEOREM 3.5(*%). For an open or a closed set A< X, the transition probability
and the resolvent kernel defined by (3.18) and (3.19) are m-symmetric:

(3.21) f F(x)-POg(x)m(dx) = f PYf(x)-g(Im(dx), 120,

(3.22) L S(x)- Reg(x)m(dx) = L R f(x)-g(x)m(dx),  « >0,

for f, g € C*(X).

Proof. (3.22) is a direct consequence of (3.21). Let us show (3.21) when 4 is an
open set. Fix a positive number ¢ and Borel sets F, G< X. Consider the set
I'={X,eF, cso, X._ € G}. Since 4 is open, I' € #, ., and

yI'={Xo€G,c =0y X, €F}.

Noting that P(X,=x)=1 m-a.e., we get by Theorem 3.3,
f PuX._ €G,c < o)m(dx) = f PX._ €F, ¢ < o)m(dx)
F G
from which follows the equality

L J)ELg(X.-), ¢ = o )m(dx) = fx E(f(X:-), ¢ £ a)g(x)m(dx)

for 1, g € Co(X). By putting c=1+ 1/n and letting » tend to infinity in this equality,
we obtain (3.21).

Next suppose that A is closed and choose a sequence of open sets A4, such as
A,>A4,,,°A4 and A4, | A. By virtue of the quasi-left continuity (Corollary to
Theorem 3.4)

(3.23) Po, f o) =1 qexeX

Hence (3.21) for the closed set 4 follows from those for open sets A4,,.
3.4. Probabilistic decomposition of (F*, £%). Let A be an open or a closed set of
X. We put

Hyx,E) = E,(e"%4; Xo,€ E),

(3.24) )
Hyx, E) = E, (e %%4; Xo), € E).

In this subsection we will consider the kernels H, and H, on X as well as the
localized resolvent RS defined by (3.19) and reveal the roles they play in the strongly
regular D-space (%, &).

Any Borel measurable function on X is extended to X=X U 2 by defining its
value at 0 to be zero. It holds under this convention that H,f(x)=E,(e™*f(X,,))
and R, f(x)=Ex(f§ e (X, dt) for all xe X when f is Borel measurable and

(*%) Cf. Lemma 14.1 of [7].
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H,f(x)=[yx Hx,dy)f(y) and R,f(x) are well defined for x € X. H,f can be ex-
pressed in a similar way. If a Borel measurable function f is excessive, then H, f
is supermedian and H; f is excessive. When A is open, o,=0 and H,=H,.

Lemma 3.3. If fis a bounded Borel measurable function on X, then for each x € X
(325) Raf(x) = Rgf(X)'i- HaRaf(x)5 o > 0,
(3.26) Hof(x)— Hp f(x)+(«—B)RZH, f(x) = 0, B> 0.

Proof. We can use the strong Markov property (M.2) to obtain the formula
(3.25). (3.26) is a result of the Markov property.

By virtue of Theorem 3.5, the kernel {R3(x, E), «>0} is an m-symmetric sub-
Markov resolvent kernel on X. Let (F©, £©) be the Dirichlet space generated by
{R3(x, E), «>0} : RYL¥X; m) N C(X))=F® and the function R, fe LA(X; m)
N C(X), satisfies

(3.27 EORSS, v) = (f, v)x for every ve FO,
THEOREM 3.6. F O F and &9 is the restriction of & to F©:
(3.28) EOu, v) = E(u, v), u,veFO,

Proof. Denote by B the set of all bounded Borel measurable functions on X.
Since RJ(L* N C) is dense in F@ with metric &%, it suffices to prove the
following:

For every fe® nNL? R) fe#% and
E%(RG, fs RS, S) = (f, RG,f)x-

We can observe by Lemma 1 of [9] that u € L2(X; m) is an element of & if and only
iflimg, , o B(u—BRy 4 o, Wy is finite and in this case the limit is equal to &%(u, u).
Thus the relation (3.29) is equivalent to

(3.30) lim B(u—BRy+ou, Wx = (f, wx

B+ @

where u=R} f, fe B N L2
Let us show (3.30) for an open set A. By (3.25) and the resolvent equation for RS,

IB(u_lBRﬁ +a0u9 u)X = B(Rg +(Z0f; u)X_Bz(Hﬁ +a0Rﬁ+a0u9 u)X'
Since R} is symmetric and its L2-norm is no greater than 1/e,

BR: +oof, Wx = (f, RG [~ R} oo/ )x — (L w)x,  B— +o0.
We have to prove

(3.31) BP(Hp 1 4Ry 4 oot )x — 0, B— +o0.

(3.29)

We may assume without loss of generality that f is nonnegative. By the symmetry
of Ry, and the formula (3.26), the left-hand side of (3.31) is no greater than
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B(H Ry . oot [ )x. Notice that u is the difference of two excessive functions:
u= R, f— Hy(Ruf). Hence limg, . oy B(HeooRg 1 agtt, [ )x=(Heut, f)x. However, since
04(0,,0)=0 for we{o,<l}, we have H, -H, (R, f)(x)=H, (R, f)x), xeX,
which means H, u(x)=0, x € X, yielding (3.31). Here ¢ denotes the usual trans-
lation operator on W (cf. [16]).

Thus (3.30) and hence (3.29) are established when A is open. (3.29) for a closed
set 4 is now to be proved. Find open sets 4, such that 4,24,,; and 4, | 4.
Denote by "Ry and "H, kernels corresponding to A,. Put u,="R} f for a non-
negative f€ B N L2 Then owing to (3.20) and (3.23), u, increases to RS f g.e. as
n— +o0. Now observe the following equality: for m=n,

B(“n - BRB +agtns Unm)x
= B(ng + aof, um)X + B(mHB +ag nRg + aof, um)X - Bz(nHB + aoRB + aoum um)X-

Here we used the identity "R)f="R}f+ ™H,; "R}f. Let 8 tend to infinity. Then the
first term of the right-hand side of the equality tends to (f, u,)x as was proved
earlier. The second term is, in view of the symmetry of "R and (3.26), no greater
than ("H,, "R} +«,/, f)x, which decreases to zero. The absolute value of the last
term is no greater than B*("Hy o Ry + oplin» Un)x, Which also tends to zero by (3.31).
What we have proved is %(u,, u,)=(f, t,)x, m<n, which in turn tells us that u,
converges to RY fin &%-norm, arriving at (3.29) for the closed set 4. The proof of
Theorem 3.6 is complete.

On account of Theorem 3.6, F© is a closed subspace of F with metric &%.
Let us denote by #;, the orthogonal complement of # in the Hilbert space
(# €%).

LemMA 3.4(6). If u is either an element of & N C(X) or of the form R, ph,
he B N L? then H,u is quasi-continuous and
(3.32) H,u = Px,u,
Py, being the projection on the space #,,.

Proof. Let usfirst show this foru= R, A, h € B N L? By (3.25),(3.29) and Lemma
3.1, we have

é"“o(HaoRaoh, Rgog) = éa"O(Raoh—Rgoh, Rgog)
= (h, Rgog)x_(ha Rgog)x =0
for every g e B N L2 This means that the formula (3.25) represents the direct

decomposition of u= R, into the sum of elements of F#© and #,, getting (3.32).
The quasi-continuity of H,u is clear if 4 is open, because it is then the difference

(*%) We have further H,qu=H, u, q.e. for u e F N C(X). Since HyyRgouis the regulariza-
tion of the quasi-continuous function H,,R,,u4, these two are equal q.e. From this we can get
the desired equality.

118



1971] DIRICHLET SPACES AND STRONG MARKOV PROCESSES 213

of excessive functions H,(R,,A*) and H, (R.h~) of F to which we can apply
Theorem 3.1. Coming to the case when A is closed, consider open sets 4, and
corresponding kernels "R} and "H,, just as in the second part of the proof of
Theorem 3.6. Then the quasi-continuous functions "H, u=u—"R¢ h converge to
u— R4 h=H,u q.e. on X as well as in &%-norm. Hence the latter must be quasi-
continuous (Lemma 1.2).

Next take any u € # N C(X). Since, for each >0, Ru is equal to R, A with
some h € B N L?, we have H, (BRsu)=Pax,,(BRsu).

By Lemma 2.1 of [10], BRs;u — u and hence

Py, (BRsu) — Ppgu, B— +o0,
with respect to &%-norm. On the other hand,
Jim o (BRui)(x) = lim E(exp (—aoo)BGyu(X,); Xo, ¢ X,)
= E.(exp (oo )u(X,,)) = Hou(x), x€X,

by virtue of property (M.4). Thus we get (3.32). H,u is quasi-continuous because
it is the limit of quasi-continuous functions H, (8R,u) in &%-norm as well as in
the pointwise sense.

LEMMA 3.5. Suppose that A is compact. Any quasi-supermedian function belonging
to the space ¥, is a potential of a measure whose support is concentrated on A.

Proof. Assume that u is quasi-supermedian and u € . Then u € #* and we
have by Lemma 1.3 that &%(u, v) 20 for all v € #* such as v20 q.e. Let v be any
function of # N C(X) which is nonnegative on 4. By Lemma 3.4, &%(u, v)
=&%(u, H,,v) which is nonnegative because H,v(x)=0, x € X. According to
Theorem 1.6, we arrive at Lemma 3.5.

The next two are the main theorems of this subsection.

THEOREM 3.7(*7). Put
(3.33) Fi a={ueF* u=0gq.e. on A

Then F % _ ,=(FO)*, where (FO)* denotes the set of all quasi-continuous modifica-
tions of functions in the space F 0.

Proof. On account of Theorem 3.6 and Lemma 1.2, (F)* and #% _, are closed
subspaces of the Hilbert space (#*, £%). If fe L* " C, then R} f(x)=0on A— X,
and R{ f=R} f—H,(R,f) is quasi-continuous in view of Lemma 3.4. Hence
F%_acontains R (L? N C) which is dense in (FO)*. Thus, F5_,>(FO)*,

(*") We can assert even more: for any nonnegative universally measurable function
feL?(X; m), RSf belongs to the space F%_, and the equation &*(RSf, v) =(f, v)x holds for
every v € F¥_ 4. In view of the proof of Theorem 3.7, this is true for fe L? N C(X). Now the
general case can be obtained exactly in the same manner as in the proof of Lemma 3.1.
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Let us prove the converse inclusion. Denote by 5 the space of all quasi-
continuous modifications of functions of the 5, . It suffices to show that 7 —the
orthogonal complement of (Z©@)* in (F*, &%)—is orthogonal to F%_,. Since
H,,R,(L* N C) is in #;, by Lemma 3.4 and dense there, it is enough to prove

(3.34) E%(Hy Ry f,v) =0, fel>NCHveFi_,

Assume first that 4 is compact. Since H, R, f is supermedian, it is quasi-super-
median (Remark 3.1) and is a potential of a measure u € My with Su< 4 by virtue
of Lemma 3.5. Owing to Theorem 1.5, the left-hand side of (3.34) is equal to
J 4 v(x)u(dx)=0.

In the case when A4 is open or closed, we can find compact sets 4, such that
A, 1+ A. Denote by "H, the kernel corresponding to A4,. It is easy to see that
"H, R,/ then converges to H, R, f increasingly and in &%-norm. If v e F%_,,
then v € #%_,, and the left-hand side of (3.34) is equal to lim,, £%("H,, R, f, v)=0.
The proof of Theorem 3.7 is complete.

Owing to this theorem, we get an important conclusion about a local property
of the space 55, : Any function in % is determined by its restriction to the set 4.
In fact the space (F*, &%) is expressed as a direct sum F*=%3%_, @ #a and
so any function of #7, which vanishes q.e. on 4 should vanish q.e. on X. Keeping
this in mind let us prove the next theorem.

THEOREM 3.8. Suppose that A is a compact set or an open set belonging to the
class U. Then we have for q.e. x € X,

(3.35) es(x) = E(exp (—agoy); 04 < £) = E(exp (—agoy); ol < {).

Here e, denotes the equilibrium potential of A defined in subsection 1.5.

Proof. Suppose that 4 is compact. By (1.25) and (1.26), e, is an element of
H# s, which is equal to 1 g.e. on 4. The function u(x)= E.(exp (—«0,); 04 <{) has
the same property. Indeed u(x)=1, x € 4 — X,, and hence g.e. on 4 by Theorem 3.2.
u can be expressed as H,, f(x) with any function fe & N C(X) such as f(x)=1 for
x € 4. Hence u € #°;, by Lemma 3.4. Thus we get the first equality of (3.35). The
third term of (3.35) is the regularization of the second. Hence they are equal q.e.
on X in view of Theorem 3.1.

When A is an open set of the class %, (3.35) is also obtained by approximating
A with a sequence of compact sets increasihg to 4 and by noting (1.22) and (1.23).

3.5. Regularity of quasi-continuous transformations along sample paths. Let us
begin with a lemma which states a probabilistic feature of polar sets.

LeEMMA 3.6. Let A be a Borel polar set and {A,} be a decreasing sequence of open
sets such that A,= A and lim,_, . , Cap (4,)=0. Then the equalities

(3.36) P.(X; or X;_ € A for some t = .0) =0,
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n—+®

(3.37) Px(aAn — for some nor lim o, = +oo) —1

hold for q.e. x € X.

Proof. (3.36) is a consequence of (3.37). In order to show (3.37), let us put
Un(x)=E(exp (—ag0,,); 04, <{). By Theorem 3.8 and (1.21) we have &%(u,, u,)
= Cap (4,) which decreases to zero by the assumption. Since u, is quasi-continuous,
Lemma 1.2 implies that lim,_, , ».1,(x)=0 q.e. on X. We arrive at (3.37) on account
of the identity

Iim wu,(x) = Ex(exp (—ao li:n aAn); fj; fou, < C}).

n-+

Since the branch set X, is polar (Theorem 3.2), we can apply the above lemma
to X, to get

(3.38) P.(X;_ € X, for some t = 0) = 0,

for g.e. x € X. Notice that (3.38) is stronger than (3.16). We will further strengthen
the assertions of Lemma 3.6 as follows:

THEOREM 3.9. Under the same assumption as in Lemma 3.6, there exists a Borel
polar set B including A such that the equalities (3.37) and

(3.39) P.(X; or X,_ € B for somet =2 0) =0
are simultaneously valid for every x € X— B.

Proof. By virtue of Lemma 3.6, we see that (3.36) and (3.37) are valid for every
x € X except on a polar set N;. By replacing N; with a G4-polar set including it if
necessary, we may assume that N, is a Borel set. Apply again Lemma 3.6 to the
Borel polar set 4 U N;. We get

(3.40) P(X,or X;_e AU N;forsomet=0)=0

for every x € X except on a Borel polar set N,. Repeating the same argument, we
have a sequence {N,;} of Borel polar sets such that for each & the equality

(3.41) P(X;or X,_e AUN;U---UN,forsomet=0)=0

holds for every x € X— N, ;. Put B=4 U ({J#:3 N,). B is polar by Theorem 1.1.
If x € X— B, then (3.41) is valid for every k. Letting k tend to infinity, we get (3.39).

Turning to the main task of this subsection, let us consider a quasi-continuous
function g on X taking values in some nice topological space. We fix a decreasing
sequence {4,} of open subsets of X such that g is continuous on each X — A4, and
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lim,., ,» Cap (4,)=0. By virtue of Theorem 3.9, there is a Borel polar set B such
that B> (" 4, and equalities (3.37) and (3.39) hold for every x € X — B: if we put

Wy ={weW; X(w) and X,_(w)e X—Bforall t = 0},

(3.42) )
Wi, = {w € W, 0,(w) = {(w) for some n or lim o, (w) = +oo},
n—+
then
(3.43) P (W) =1, xe X—B,

where W, denotes the set W, N Wy,
Now let us put

(3.44) B =B-W,, Bt =B, W, tz 0,

and denote the restrictions of measures P,, x € X— B, to #* by P, again. We also
maintain the notion X; to express its restriction to W,. It is then clear that the
process M, ={W,, #*, B, X,, P,} is a right continuous Markov process with state
space X —B.

THEOREM 3.10. (i) The process'M, is a strong Markov process with state space
X —B. The resolvent kernel of My is the restriction to X— B of the Ray resolvent
kernel {R,(x, E), « >0} of the original process M. Further

(3.45) R(x, B) =0, xe X—B.

(ii) The o-field #B* (resp. B}) is the completion of B°- Wy (resp. B2- W, in BY)
with respect to the family of measures

{P,,(-) = L_B wW(dx)P.(-); p is a finite measure on Y—B}.

(iii) Assume an additional condition that
+ o

(3.46) X, < ) A,

Then the process M, is quasi-left continuous on [0, +00): if {#}}-stopping times
T, increase to T, then lim,_, , ., X7, =Xy Pya.e. on {T< +o0} for every x € X—B.

(iv) Assume an additional condition that

(3.47) g can be extended to X — (431 A, in such a way that the restriction of q to
X — A, is continuous there for every n.

Then, for each w € W, g(X(w)) and g( X, _(w)) are well defined and Y ,(w)=q(X(w))

is right continuous in t Z0. Y(w) has the left limit at every t >0 with
(3.48) Y;-(w) = q(X, ().

(v) Assume that both the conditions (3.46) and (3.47) are valid. If {#}}-stopping
times T, increase to T, then lim,_ ., Yy =Y; P,ae. on {T<+o0} for every
xe X—B.
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Proof. (i) The latter assertion together with (3.45) is evident. M, is now a
Markov process on X — B with right continuous sample paths and right continuous
o-fields {#}}. Obviously the right continuity of R,f, f€ C(X), along the sample
paths is preserved under the transfer from M to M,. Thus, M, is a strong Markov
process on X — B.

(ii) Take a set A € #" and consider its property with respect to the original
process M. Property (M.1) implies that

P(A) £ P(Wy{Xo =x}) =0 ifxeB-X,

and

PN = [ plndp)P8) = [ wlx PN i xe X,

Therefore, for any finite measure x on X, P,(A)=P, (A) with a finite measure p,
supported by the set X— B. This means statement (ii).
(iii) By the hypothesis (3.46),

P(X,_€ X,forsome?t=0)=0, xeX—B.

Combining this with statement (i), we can prove the quasi-left continuity of M,
on [0, +o0) exactly in the same way as in [13, §2] (see [16, XIV, T15] for more
information).

(iv) Fix an we W,. If {(w)< +o0, then o4 (w)={(w) for some n and hence
X,(w) and X,_(w) belong to the closed set X— A, for all £=0. Hence we get the
desired properties of Y; by the hypothesis (3.47). If {(w)= + o0, then for any =0
there exists an A, such that o, (w)> . Hence we get the desired conclusion in this
case also.

(v) By the preceding two statements (iii) and (iv), we have lim,. . Y7,
=q(lim,, 4 » X1,)=q¢(Xy)= Y7 P,-a.e. on {T'< 4o} for every x € X— B. The proof
of Theorem 3.10 is complete.

REMARK 3.2. Here we give some remarks on the hypotheses (3.46) and (3.47) in
Theorem 3.10. We can assume (3.46) without loss of generality because the branch
set X} is polar. Assertions (iv) and (v) are still valid up to the lifetime { without
assuming (3.47). Condition (3.47) is satisfied by two important cases in which we
have interest. Theorem 1.3 implies that each numerical function u € % has a
modification # which is not only quasi-continuous but also satisfies (3.47) by
setting (@) =0. In case that g is a quasi-homeomorphism from X to the underlying
space X’ of some regular D-space, g satisfies (3.47) if we put g(8)=8". We can see
this immediately from the definition of quasi-homeomorphism.

Theorem 3.10 will be the key to prove Theorem 4.1. Here we state another appli-
cation of Theorem 3.10. Consider a function u defined q.e. on X. Let us agree to
say u to be Borel (resp. universally) measurable if there is a Borel (resp. universally)
measurable function # on X such as u=i# q.e. We call u finely continuous q.e. if
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there exists a nearly Borel polar set B satisfying the following: B> X,, X—Bis a
fine open set and u is finely continuous at each point x € X— B, fine topology being
defined in terms of M(*®). For instance take a quasi-continuous function u (not
necessarily real valued). Then u is clearly Borel measurable in the above sense.
Furthermore from the first and second remarks in Remark 3.2, we can see that u
is finely continuous qg.e. Thus we get the first part of the following theorem.

THEOREM 3.11. (i) Every quasi-continuous function on X is finely continuous q.e.
and Borel measurable.

(ii) Conversely if a function u of F is finely continuous q.e. and Borel (or more
generally, universally) measurable, then u is quasi-continuous.

Suppose that a function u € # is finely continuous g.e. and universally measur-
able. Denote by # a quasi-continuous modification of u. Then by the first part of
Theorem 3.11, the m-negligible function v=u — & is finely continuous q.e. Therefore
the second part of Theorem 3.11 follows from the next lemma which is a counter-
part of Theorem 1.2(ii).

LEmMMA 3.7. If a function v is finely continuous q.e. and universally measurable
and if v=0 m-a.e., then v=0 g.e.

Proof. By making use of Theorem 3.9, we see that there is a Borel polar set
B> X, such that X— B is finely open, v is finely continuous at each point of X— B
and v is universally measurable on X — B. The set C={x € X— B; v(x)#0} is then
a fine open and universally measurable set which is consequently contained in the
set D={x e X—B; R, (x, C)>0}. Since C is m-negligible and R,, is symmetric,
D is m-negligible. Hence D becomes polar by virtue of Theorem 1.2(ii) and Lemma
3.1. v now vanishes except on the polar set B U C.

3.6. Polar sets and absolute continuity conditions. The first half of the preceding
subsection gives us probabilistic interpretations of pelar sets. Here we will com-
plete them.

We say a Borel set Y< X is M-invariant if the equality

P (X;and X;_e YuUdforallt 20) =1
holds for every x e Y.

THEOREM 3.12. The following statements are equivalent to each other:
(i) A Borel set A is polar.
(i) For m-almost all x € X,

(3.49) P(oy < L) = 0.

(iii) There exists an m-negligible Borel set B including A such that X—B is
M-invariant.

(*8) See [2, IT] or [16, XV].
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Proof. (i) implies (iii) according to Theorem 3.9. Statement (iii) means (ii).
Suppose that statement (ii) is valid. Then E,(exp (—oq0g); ox <{)=0 m-a.e., for
any compact set K& 4. We have Cap (K)=0 by Theorem 3.8 and (1.21). Owing to
(1.5) we arrive at the statement (i).

It should be noticed that we cannot generally strengthen the above statement (ii)
by replacing ““m-almost all x”’ with ‘“all x”. The simplest example illustrative of
this point is the case when % =L?*(X) and €=0. In this case each m-negligible set
is polar but every point of X is trap with respect to the corresponding Ray process.
The next theorem will concern the conditions to eliminate such irregular situations.

Suppose that a Borel set A is of potential zero: R,(x, A)=0 for all xe 4 and
«>0. Then m(4)=0. Indeed symmetry of the kernel implies « [, R,1(x)m(dx)
=« [y Ry(x, A)ym(dx)=0. Letting « tend to infinity, we get m(4) =m(4— X,)=0.

THEOREM 3.13. The following conditions are mutually equivalent:
(i) A4 Borel set A is polar if and only if (3.49) is satisfied for all x € X.
(ii) m is a reference measure of M: a set A is of potential zero if and only if
m(A)=0.
(iii) R,(x, -) is absolutely continuous with respect to m for each x € X and «>0.

Proof. It suffices to show the equivalence of (i) and (iii). Suppose that condition
(iii) is satisfied and consider a Borel polar set A. By Theorem 3.12, we have u(x)
=P,(¢,<l)=0, m-a.e., and consequently u(x)=lim,., ;. BRsu(x)=0 for every
x € X. Thus condition (i) is valid. Conversely assume that (i) is met. Let 4 be an
m-negligible Borel set. Symmetry of the kernel and Lemma 3.1 then imply that
R,(x, A)=0 holds for every x € X except on a polar set, which is of potential zero
under condition (i). Thus we have R (x, 4)=lim;., ; » BRg+Ro(x, A)=0 for every
x € X arriving at condition (iii).

ReEMARK 3.3. Suppose that condition (iii) of Theorem 3.13 is satisfied. Theorem
3.13 then tells us that we can adopt the set ("2~ ; 4,) U X, as the set B in Theorems
3.9 and 3.10.

4. Regular Dirichlet spaces and strong Markov processes. Let (X, m, &%, &) be a
regular D-space. We adjoin a point ¢ to X as the point at infinity if X is noncompact
and as an isolated point if X is compact.

4.1. Construction of a strong Markov process—proof of Theorem 4.1. This sub-
section is devoted to the proof of Theorem 4.1 mentioned in the beginning of the
present paper.

(I) By Theorem 3 of [10], there exists a strongly regular D-space (X, m, %, &)
which is equivalent to (X, m, &, &). Every notion related to this strongly regular
D-space will be written with tilde ~. We already have several related notions
specified in §3—the Ray resolvent { R, (%, E), «> 0}, the branch set X, the transition
function {P,(%, E), >0} and the Ray process (W, %, P;) on the extended space
Xus.
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By Theorem 2.1, there exists a capacity preserving quasi-homeomorphism g from
X to X: there are decreasing sequences of open sets 4,< X and 4,< X such that

lim Cap (4,) =0, lim Cap~ (4,) =0
k= + k= +w
and the restriction of ¢ to X— A, is homeomorphic onto X¥— A, for each k. The
equality (2.1) holds for every analytic set A= X — (55 A,. If we extend ¢ by setting
q(9)=09, then according to Remark 3.2,

(4.1) the restriction of g to X U @— A, is a homeomorphism onto X U d— 4,.
Moreover we can assume without loss of generality that

o~ + o o~
4.2 X, < ﬂl Ay
k=
because we can replace A, (resp. 4,) with
~ ~ ~ ~ +o ~ +oo
A, VD, =AY (Dk— N An) (resp. A, U q'l(Dk— N An))
n=1 n=1
if necessary. Here {D,} is a decreasing sequence of open sets of X such that 5,> X,
and lim,_, , , Cap~ (D,)=0.
By Theorem 3.9, there exists a Borel polar set B> ("5 A, which satisfies the
following: if we put
Wy, ={oecW; X(a)and X,_(a)e XU 0—B forall t > 0},
4.3 . - .
Wi = {u’) e W; 6z (@) = &(a) for some nor lim &z (o) = +oo},
n—+o
and W;=W,;; N W,,, then
4.9 P.w)=1, %eXud-B

Accordmg to Theorem 3.10, we have a rlght continuous strong Markov process
=(Wh, % , X,, P.) with state space X U &— B which is quasi-left continuous on
[0, +00).
(I1) Definition of M=(Q, M, #,, X;, P,). Let us define a set B X by

4.5 X—B =q Y(X-B).

Since B=(N\=1 4x) U ¢ {(B—(N-1 4,), B is a Borel polar set including the set
(=1 A, We put

(4.6) Q=W M=% M=%

The element of Q (resp. #) is denoted by w (resp. A) instead of & (resp. A).
Define X; and P, by

X(w) = g7 (X(w)), weQ 120,

4.7 ~
“7) P (A) = P(N), xeXuUéo—B,Ae .
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X, takes values in X U 8— B. The field A4?=2?- W, is generated by functions
X,, s<t, because it is generated by X, s<t, and both ¢ and g~! are one-to-one
Borel measurable between X U &é— B and X U 8— B. The field #°=%°- W, is of
course generated by X, s20.

By (4.4), P, is a probability measure for each x€ X U &— B. P,(A) is for each
A € #° a Borel measurable function of x € X U — B because it is the composition
of two Borel functions ¢ and P-(A).

The field .# is the completion of .#° with respect to the family of measures
{P)={x0s-5 M(dX)P(-); pis a finite measure on X U 0 B}. This follows from
Theorem 3.10(ii) and from the following observation: there is a one-to-one corre-
spondence between finite measures on X U @— B and those on X U d— B by the
relation w(E)=@(g(E)) and in this case we have P,(A)=P;(A), A € #°. The field
M, is the completion of .#{ in .# with respect to the same family of measures.

(II1) M is a Hunt process on X U ¢— B. M has namely the following properties
(M.a)~(M.e).

(M.a) The sample path X; is right continuous for =0 and has the left limit in
XU d—Bfor t>0, P,rae. (x€ XU 09— B). Further X,=0 for t={ P,~a.e., where
{(w)=inf {12 0; Xy(w)=20}.

M.b) P.(Xo=x)=1,xe XU &—B.

M.c) M,=M,., t>0. M, is the completion in the sense of the preceding para-
graph of the o-field generated by { X, =520},

(M.d) Strong Markov property.

(M.e) Quasi-left continuity.

In the present case, the statement (M.a) is valid for all w € Q in view of Theorem
3.10(iv) and (4.1). By (4.2) we see X,=B and P (X,=x)=P,. (X,=gx)=1,
x € X U d— B yielding (M.b). The second property of (M.c) is evident by the
observation of the preceding paragraph. The first is due to the right continuity of
%,. (M.d) follows from Theorem 3.10(i). To see this, consider an .#,-stopping time
T and a set A € #r. Then for any >0 and any Borel set E< X U 6— B,

Px(XT+t EE; A) = qu(YT+t Ean A) = qu(ﬁ)?T(j;t EqE): A)
= E(Pi-1ap(X, € E), A) = E(Px,(X, € E), A).
(M.e) is due to Theorem 3.10(iv): if {T,} is an increasing sequence of .#,-

stopping times and if T=1im,_, ; o T}, then

Px( lim Xp, = Xp, T < oo) = f’qx( lim Xp, = Xp, T < oo)

n—+ n—+
= P, (T < 00) = PAT < ).

(IV) The resolvent of the process M generates (F*, &). If we define the resolvent
kernel {R,(x, E), «>0} on x— B by

(4.8) Ry(x, E) = Ex( f: ¥ ety (X)) dt),
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then for any nonnegative universally measurable function fon X — B which belongs
to the space L2(X; m),

(4.9) R.fe F*

and R, f satisfies the equation (0.5).

In order to prove this statement, put f= ®*f with ®* defined by (2.2): O*f(%)
=f(q~'%), %€ X—B. fis then a nonnegative universally measurable function on
X — B. If we extend fto a function on X by setting f(%)=0, % € B, then f becomes
universally measurable on X. Further by virtue of (q.2) of Theorem 2.1, fe L2(X; ).
Hence we can see by Lemma 3.1 that Ref belongs to & * and satisfies the equation
EY(R,f, 0)=(f, 0)x for all # € #. On the other hand we have R, f(%)=®*(R,f)(%),
%€ X— B, because

Ref) = B[ erony ar)

~ qu( fom e-f(R) dz) — R)gx), xeX—B.

Now (gq.1) of Theorem 2.1 leads us to (4.9) and the equality &%R.f, v)
=&YR, f, D*v)=(f, ®*v)z which is equal to (f, v)x for v € F* according to the
property (q.2).

4.2. Generalizations of theorems of §3. All results of §3 are still valid when the
strongly regular D-space and the associated Ray process of §3 are replaced with the
regular D-space (X, m, #, €) and its associated Markov process due to Theorem
4.1 respectively.

We consider a Borel polar set. B< X and a Markov process

M == (Q, ﬂ, %, Xtan)

on X U d— B which enjoys the properties (III) and (IV) of subsection 4.1(*®).
Observe that in the course of arguments of §3 the speciality of the Ray process
that its resolvent leaves the space C(X) invariant has been essentially used nowhere
except in the proof of Lemma 3.1. Besides we now have the counterpart of Lemma
3.1, namely, property (IV) of 4.1. Thus all the arguments of §3 are immediately
applicable to the present context to establish following generalizations.

THEOREM 4.2. If a function u is nonnegative universally measurable on X— B,
belongs to the space & and has its regularization i on X— B, then il is a quasi-
continuous modification of u. In particular any excessive function on X — B belonging
to F is an element of F*.

This corresponds to Theorem 3.1. The next is a generalization of Lemma 3.4,
Theorems 3.7 and 3.8.

(1°) It is sufficient to assume property (IV) only for fe L2 n C.
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THEOREM 4.3. Let A be an open or a closed subset of X. Put
Fi s={ueF*; u=0q.e. on A}

(1) The D-space (F%_., &) is generated by the resolvent kernel R,(x, E)
=E,(f;* e *xz(X,) dt), >0, on X — B: for each nonnegative universally measurable
function f on X — B belonging to L*(X; m), the function RS f(x)={,_, R3(x, dy)f(y),
x € X— B, belongs to the space F ¥ _ , and the equation E*(RLf, v)=(f, v)x holds for
every vEF ¥_,.

(i) Denote by H#?% the orthogonal complement of F% _, in the Hilbert space
(F*, &%) and define the kernel H,(x, E) on X— B by

H,(x, E) = E.(exp (—oas,); X,, € E).

Then the relation Pwyu= Hu holds for every uc % N C(X) where Px; stands for
the projection on Y.

(iil) If A is an open set of the class % or a compact set, then the equality (3.35)
holds q.e. on X.

The first assertion of the above theorem generalizes Lemma 3.7(ii) of [8].
Finally we give generalized versions of Theorem 3.11, 12 and 13.

THEOREM 4.4. A function uc F is quasi-continuous if and only if u is finely
continuous q.e. on X and universally measurable.

This essentially generalizes a theorem of J. Deny and J. Lions [5, Chapitre II,
Théoréme 3.2] concerning BLD functions and Cartan’s fine topology.

THEOREM 4.5. The following statements are equivalent to each other:
(1) A Borel set A is polar.
(i1) (3.49) holds for m-almost all x € X.
(iii) There exists an m-negligible Borel set C> AU B such that X—C is M-
invariant.

THEOREM 4.6. The following conditions are mutually equivalent:
(i) A Borel set A is polar if and only if (3.49) is satisfied for every x € X — B.
(ii) m is a reference measure of the process M.
(iii) R, (x, -) is absolutely continuous with respect to m for each x€ X—B and
a>0.
(iv) m is strictly positive on every nonempty finely open set.

The last condition of Theorem 4.6 follows from condition (iii). The converse is
also true because of symmetry of R,.
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ON THE GENERATION OF MARKOV PROCESSES

BY SYMMETRIC FORMS

Masatoshi Fukushima

831. 1Introduction

The advance of the theory of Markov processes during the past

15 years was principally led by the notion of the strong Markov

property. Among others, Hunt built up a probabilistic potential
theory based on a certain strong Markov process now called a Hunt
process (cf. R.M. Blumenthal and R.K. Getoor [2]) and Dynkin estab-
lished the theory of transformations of a slightly more general

strong Markov process named a standard process (cf. E.B. Dynkin

[51).
As compared with such an intensive development of the theory,

the existence theorems of strong Markov processes are not rich

enough. In this article we will give a method of producing a wide
class of symmetric Hunt processes from some concrete analytic data.
In order to illustrate our method, take a look at a formally

self-adjoint second order elliptic partial differential operator

N
3 3u (x)
(L.1) Au(x) = E ~—~ (a,.(x)——=) =~ c(x)u(x)
i73=1 9x; i3 ij

. . . , . N
acting on functions u defined on an Euclidean domain D < R .
Kolmogorov first discovered that the transition function of a
given Markov process satisfies under certain regularity conditions

a parabolic differential equation, which is of the form

du(t,x) _

Nt Au{t,x) in the symmetric case.
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Given conversely coefficients {ai., cl, there have been two
ways of constructing a strong Markov process whose transition
function satisfies the given parabolic equation:
1°. an analytical method relying essentially upon the theory of

partial differential equations,

2°. a probabilistic method of solving Ito's stochastic differ-

ential eguations.

In the following, we will present another method:
3°. an analytical method relying essentially upon an analytic

potential theory.

Instead of thinking about the elliptic operator (1.1) direct-

ly, we consider the bilinear form

(1.2) e{u, v) = (-Au, v)
N

=f ‘Z_ 3_3}%1_ a%:’_ a5 (0 ax +fu(x)v(x)c(x)dx
D i,j3=1 1 3 D

defined for u, v € C:(D), C:

differentiable functions with compact supports in D. Much more

(D) Dbeing the space of all infinitely

generally, we start with the integro-differential expression of
the type

N
1.3)  elw, v) = O f%%%j‘d“
D J

i,j=1 i
+f (u{x)~u(y)) (v(x)=-v{y))d(dx,dy) +f u{x)vi(x)n{(dx),
D XD D

u, v € C (D), and regard this as a symmetric bilinear form on the

[e=]
0
space LZ(D ; m} based on another measure m.

We formulate our problem as follows; given a set of measures
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{v.,., 2, n, m}, how can we produce a strong Markov process on D
1]
governed by the form (1.3) in a certain sense? Our procedure

consists of two steps. The first step is, given {vij’ ¢, n, m},

to construct a regular Dirichlet form ( 82, 3, 6). The second step

is, given a regqular Dirichlet form, to construct a Hunt process
(%4, 5). 1In 1959, A. Beurling and J. Deny [1] introduced for the

first time the axioms of a Dirichlet space and developed an associ-

ated potential theory. It is this axiomatic potential theory that
we are going to use in the second step.
The important notions in the above theory are, among others,

the capacity of sets and the guasi-continuity of functions. Given

a regular Dirichlet form, there corresponds uniquely a Markov semi-

group {Tt} on Lz-space (83). By virtue of the potential theory,
the functions T, u for sufficiently many u have the following
properties : each Ttu has a quasi-continuous modification and

lim T, u = u except on a set of zero capacity.
30 tp p e P Yy

Accordingly we encounter in the second step a semigroup which
is not very much worse than a strongly continuous Feller semigroup.
Going along a similar line as in Blumenthal-Getoor [2 ; pp 46-50]
but ignoring successively the sets of capacity zero on which things
might go wrong, we can finally get a Hunt process outside some
Borel set of capacity zero (& 5). We regard two such Hunt processes
as equivalent if they obey the same law outside some Borel set of
capacity zero. Our Hunt process to be constructed should be consi-
dered as a representative of an equivalence class.

By allowing the state space to narrow this way, we are able

to obtain a considerably wider class of symmetric Hunt processes
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than we ever know. We can observe this in %6 by several examples.

The idea for the first step appeared already in [9 ; Appendix],
but we will exploit the method further by introducing the notion
of Markov symmetric forms ( §2).

The second step has been carried out in [10] for the first
time but by taking a rather indirect course. Quite recently
M. Silverstein [16] pointed out that a much more direct course is
available. Our present purely potential theoretic approach is
based on Silverstein's idea, although ours is different in many
technical points.

It is conjectured that, if the measure ¢ vanishes identi-
cally in the expression (1.3), then the constructed process is a
diffusion : almost all sample paths are continuous. This condition

for the form e 1is closely related to its local property already

defined by Beurling-Deny [l]. In this connection, we refer the
reader to the article by N. Ikeda and S. Watanabe [11].
The third case (1°.c) in Example 1 of &6 is due to K. Sato

who permits me to mention it in this paper.

82. Markov symmetric forms

Let X be a locally compact separable Hausdorff space and m

be a positive Radon measure on X. A symmetric form & on the

real Lz—space L2(X ; m) 1is, by definition, a non~negative

definite symmetric bilinear form defined on &[e] x Llec]l, Llel
being a dense linear subspace of L2(X ; m).

Given a symmetric form €, we say that every unit contraction

operates on e 1if, for any u €,/{e], the function v = (0Vu)Al

is again in JB[e] and e(v, v) S e(u, u). We now define a notion
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of Markovity of e which is more useful and general than the
above one. They are equivalent however when € 1is a closed form

in the sense that will be specified later.

A symmetric form € is called Markov if, for any § > 0,

there exists a non-decreasing function ¢6(t), - <t < >,

satisfying the following conditions.

(2.1) é5(t) =t for 0=t < 1. Further [¢5(t)] =t and

-5 & ¢6(t) £ 1+ 8 for all t.

(2.2) If a function u belongs to fle], then so is the compo-

site function ¢,s(u). Moreover e{dg(u), ¢5(u)) & e(u, u).

We are particularily interested in the following examples.

Let D be a domain of the N-space RN.

Example 1. The form

N
(2.3) e(u, v) = J( .2 sulx) 3v{X) . (y)ax
D i1,J=1

th ¥ 8xj 1]
+V£ uf (u(x) - u(ly)) (v{x) - v(y))®(dx, dy) +v£‘u(x)v(x)n(dx)
D
(2.4)  Blel = ¢y D)
is a Markov symmetric form on L2(D j m). Here a,.(x),

1]

12£4i,j$N, xeD, is a symmetric non-negative definite matrix
in i,j, and a locally integrable function in x. ¢ is a posi-

tive symmetric measure on D x D such that

4:‘/~(x - y|2 ¢ (dx, dy) < @ for any compact set K < D. m and
K
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n  are positive Radon measures on D, m Dbeing everywhere dense.
In orxder to verify the Markovity of ¢, it suffices to take a c”-

function ¢5(t) satisfying not only (2.1) but also the property
0 ¢:(t) 31 for all t.

The next example is a case that the measure Vij in the
expression (1.3) is not necessarily absolutely continuous with

respect to the Lebesgue measure.

Example 2. On Rz, we define

T su(x) Avix)
(2.5) e(u, v) —v[w d[m —5;1- -ggzw dxlu(dxz)

du(x) v (x)
vf u( 3x2 —525— \)(dxl)dx2

(2.6)  Slel = cg®%),

1

where § and v are positive Radon measures on R”. This is’a
Markov symmetric form on LZ(RZ) = L2(R2 ; dx). The proof is the
same as in Example 1.
Example 3. The form

1 N du(x) av{x)
(2.7) e(u, v) = ———"( 221 5 T dx

2 “Iy 1= X3 Xy

. 2

with o3[e] given by (2.4) is a Markov symmetric form on L (D) =
L2(D : dx). This is a very special case of Example 1. But we

can get Markov symmetric forms on LZ(D) of guite different
characters if other domains J[e] rather than (2.4) are adopted.

For instance
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(2.9)  Ble) = H (D),

N

Ao .
where C (D) 1is the restrictions to D of functions in C:(R )

and Hl(D) is the space of those functions of L2(D) whose
distribution derivatives are also in L2(D). The Markovity of
the form (2.7) with the domain (2.8) or (2.9) is verified in the

same way as before,

3. Generation of pirichlet forms by a Markov one

A symmetric form € on L2(x ; m) 1is called closed if

Hlel is complete with metric Je(u, u) + (u, u), where ( , )
denotes the Lz—inner product. The space [S{e] is then a real

Hilbert space with the inner product
(3.1) ea(u, v) = e(u, v) + a(u, v)

for each o > 0.

Let B be a non-negative definite self-adjoint linear

operator on L2(X i m) and {EA} be the associated spectral
family. For any non-negative continuous function ¢(t) on
[0, =), the operator ¢(B) defined by Lem)) = {ue 12 ;

q[ ¢(A)2d(EAu, u) < + =}, (¢ (Bu, v) = Jr ¢(X)d(EAu, v},
0 0

u € BB, v é“Lz, is again a non-negative definite self~

adjoint operator. Now we proceed to

Theorem 3.1. All closed symmetric forms € on LZ(X ; m)

and all-non-negative definite self-adjoint operators -A on
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2 .
L“(X ; m) stand in one to one correspondence. The correspondenct

is given by
(3.2) e{u, v) = (4/-A u, J—A v
(3.3) Slel = H(JSE).

Let -A Dbe a non-negative definite self-adjoint operator,
then so is -A . Consequently J-B is a closed linear operator,
which means that the symmetric form € defined by (3.2) and (3.3)
is closed, proving the half of Theorem 3.1.

Before completing the proof of Theorem 3.1, we will give two
lemmas. A family {Ga' a > 0} of symmetric operators on
L2(X ; m) 1is called a symmetric strong continuous contraction

2

resolvent on L if Ga - GB + (o - B)GaGB = 0, (aGau, aGuu)

{aGau - u, aGau - u)y —>» 0, ao—>, u & L2. Its generator A

AN
ot

. , -1 .
is defined by A = al - G_, Ha) =@G). A family {T_, t >0}

of symmetric operators on L2(X ; m) 1is called a symmetric

strongly continuous contraction semigroup on L2 if Tth =T

t+s’
(Ttu, Ttu) £1, (Ttu - u, Ttu ~-u4) ——>»0, t-—>0, ue L2.
Ttu—u
Its generator A is defined by Au = %%g —_— L@y =

2

{fuelr® ; au e Lz}. In this case, A coincides with the generator

{>o]
of the resolvent G =~[ et o gt
o h t

Lemma 3.1. (i) For a given symmetric strongly continuous

contraction semigroup or resolvent on L2, let us denote its

generator by A. Then =-A 1S a non-negative definite self-

adjoint operator. (ii) Conversely, given a non-negative definite
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L 2
self-adjoint operator -A on L, then Tt = exp(tA) (resp. Ga =
1

(a - A) ") becomes a symmetric strongly continuous contraction

semigroup (resp. resolvent) on L% whose generator coincides

with the given A.

We only note the following : given any symmetric strongly

continuous contraction resolvent {Ga’ o > 0}, then ?%T(Gau’ u) 2

. _ 2 . _ .

0 and &ig(Gau, u) = 0, u &€ L”. Hence Ga is non-negative
definite. Let A be the generator of G,. A 1is then self-
adjoint and -A is non-negative definite because (-Au, u) +

(au, u) = (G;lu, u) 20, u € G@a), for any o > 0.

Lemma 3.2. Let =-A be a non-negative definite self-adjoint

operator on L2, € be the closed symmetric form generated by -A

according to (3.2) and (3.3) and finally Tt(resp. Gy) be the

semigroup (resp. resolvent) generated by A according to

Lemma 3.1 (ii). Then
1) T P € Blel,

Y —l—((u, u) - (T, u, Ttu)), ue L2,

s(Ttu, Ttu) T

(ii) 6, (®) < Plel. For any fixed ue L?,

sa(Gau, v) = (u, v) , v e Blel.

(iii) For any u & Glel, T.u —> u and

_t .
e (Gyu e Gthu)-——+ u as t—>0 in €,-norm.
Proof. All statements can be obtained simply by using the

spectral family {EA} associated with -A. For instance,
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integrating the inequality he 2t% < E%(l - 7%t 4ith the

measure d(EAu, u), we arrive at (i).

We now return to the proof of the remaining half of
Theorem 3.1. Given a symmetric form ¢, there exists, for each
o >0 and u &-Lz, a unigque element Gau e fHe]l such as
Ea(Gau' v) = (u, v) , v & Blel, in view of Riesz representation

theorem. It is quite easy to see that this {Ga’ a >0} is a

symmetric contraction resolvent on Lz. For u e Hlel,
2
- - < - -— E— -
S(SGBu u, BGBu u) = SB(BGBH u, BGBu u) 8 (GBu, w)
B(u, u) + e{u, u}) £ e€(u, u), and hence (BGBu - u, BGSu - u) £
1 . . . 2
7§'€(u, u) —> 0, B ~—> o, Since PH[el is dense in L and

{Ga} is contraction, we can see that {Ga} is also strongly
continuous.

Let A be the generator of {Ga}' -A is then non-negative
definite and self-adjoint by Lemma 3.1 (i). Let €' be the closed

symmetric form generated by -A according to (3.2) and (3.3). By

virtue of Lemma 3.2 (ii), Ga(Lz)ci Lle'l and ey (Gu, Guu) =
(Gau, u). Therefore e& = €, on the space Ga(Lz), which is
however dense in S[e) (resp. fe']) with respect to the metric

€, (resp. e&), getting €'= ¢. Any closed symmetric form is thus
generated by a non-negative definite self-adjoint operator, comple-

ting the proof of Theorem 3.1.

A bounded linear operator S on L2(X 7 m) 1is called
Markov if 0 € su$l m- a.e. whenever u € L® and
0$uf€l m- a.e.

Suppose that a symmetric form ¢ has the following property :
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if ueSlel] and v e L2 are such that there exist their Borel
modifications U and ¥V satisfying the inequalities |¥(x)| &
‘ﬁ(x)‘, | ¥(x) - ¥(y)| € |¥(x) - W(y)| for every x,y € X, then
veHlel and e(v, v) £ e(u, u). In this case we say that every

normal contraction operates on €.

Theorem 3.2. Let € be a closed symmetric form and

{T,, £t >0}, {G , o > 0} be the associated semigroup and resolvent
t o P

according to Theorem 3.1 and Lemma 3.1. Then the following five

conditions are equivalent to each other:

(a) € is Markov,

(b) Tt is Markov for each t > 0,

{c) aGa is Markov for each o > 0,

(d) every unit contraction operates on ¢,

(e) every normal contraction operates on €.

Proof. (a) =» (c). Take any function u € L2 such as

02£u<£l m- a.e. For any 8§ >0 and a > 0, let ¢6(t) be

the function in the definition of the Markovity of €(8§2) and
put ¢} d(t) = %ﬁ ¢ _(at). Since G_.u 649{6], the composite
o’ o [+3
function w = ¢] <S(Gau) also belongs to 49[51, and ef{w, w) =
EI
e(Gau, Gau).

Define a quadratic form ¥ =¥ = on Llel by
7

(3.4) ¥(v) = elv, v) + a(v - % v - %), v &€ Glel,

then
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(3.5) W(Gau) + Ea(Gau - v, Gau -v) = Y¥(v),

namely, Guu is a unique element in el minimizing the gquadra-

tic form VY. However it is easy to see that (w ~- %} , W - %}) <
- M - 2 i

(Gyu i G, a)' Hence Y (w) £ ¥(Guu), from which follows

G,u = w. Therefore -§ < Gau s {%-+ § for any § > 0, proving

the Markovity of uGu

(¢) = (b). This follows from
. -t8 ()" n
Ttu = }){3 e oy ol (BGg) u.

The implication (b) == (c) and (e) = (d) = (a) are
trivial. As for the proof of the implication (c) => (e), we

refer to J.Deny [3 ; pp 155].

Turning to the main task of this section, let us introduce
an important notion.

We call a symmetric form € closable if s(un, un) —>0
whenever u_ € Blel satisfies e{u) -u,u - u)—>0 and
(u , u ) —>0.

Given a symmetric form ¢, any closed symmetric form ¥ is
called a closed extension of ¢ if JI[F] > Hle] and T = ¢

on Blel x Sel.

The closability of a gymmetric form is a necessary and suffi-

cient condition for it to admit at least one closed extension.
For a closable symmetric form ¢, its smallest closed extension
€ can be defined as follows: the domain B[] of & 1is 3just

the abstract completion of J3[{e] by means of the metric

Jelu, u)y + (U, u).
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Theorem 3.3. If a symmetric form € is Markov and closable,

then its smallest closed extension € 1is also Markov.

Proof. Let {Gg, o >0} be the resolvent associated with
the closed symmetric form € according to Theorem 3.1 and
Lemma 3.1. On account of Theorem 3.2, it suffices to show that
aG, is Markov. Take any function u & L2 such as 0 2 u =1
m - a.e. Then by making use of the identity (3.5) and following
essentially the same line as in [9 ; Appendix], we can get
1

-8 = Gu £ - + 8 m - a.e. for any 8 > 0.

A closed Markov symmetric form is called a Dirichlet form.

Theorem 3.3 provides us with a method of generating a Dirichlet
form starting with a form of the type in the preceding examples.
Once we get a Dirichlet form, then we have a symmetric Markov
semigroup on L2 by virtue of Theorem 3.2. We will assert in

§ 5 that we can even get a Hunt process provided that the Dirichlet
form is regular. In the final section, the examples of £ 2 will

be examined to see whether they generate regular Dirichlet forms.

Incidentally we mention some more about closed extensions.
Suppose that a symmetric form € satisfies the following:
(3.6) if u € [Jle] converges to zero in L2, then e(u_ , v)
—> 0 for any v & Lle].

Then ¢ 1is readily seen to be closable. In particular this

criterion applies to the case when a symmetric form is expressible

by some symmetric operator.

Assume that S 1is a symmetric linear operator densely defined
2
on L"(X ; m) such as (-Su, u) 2 0 for all u & S(S). Then

(3.7)  eglu, v) = (-su, v), Hiegl = B(s),
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is a closable symmetric form. Let “Agp be the non-negative

definite self-adjoint operator associated with the smallest closed

extension of eg- AF turns out to be a self-adjoint extension

of s. AF is called Friedrichs extension of S.

To any non-negative definite self-adjoint extension -A of
-5, there corresponds a closed symmetric extension €a of Eg-
Among them, there is one, say Ay, which is maximum in the sense

that j}[sAK] :»é}[sA}, eAK(u, u) £ ep(u, w), ue é?[eA], for

every A's. We call Ay Krein extension of 5 ([13]).

Suppose that the given €g is Markov. Theorem 3.2 and 3.3

tell us that Ag then generates a Markov semigroup. However the

same statement does not hold for Ag in general. In a sense

EAK is too big to be Markov. As for a description of all possible

closed Markov extensions €a of Egr

[8] and by J. Elliott [6]. Among those extensions, there is the

see the papers by the auther

maximum one, which is related to the reflecting barrier Markov

process (c.f. §6, Example 3}.

%4. Potential theoretic preparations

From now on, we assume that m(A) > 0 for any non~-empty open
set A € X. Let us consider a Dirichlet form ¢ on L2(X ; m)
which is regular in the following sense : the space Sle]l N C(X)
is dense both in _G[e] with metric €, and in C(X) with the
uniform norm. Here C{(X) is the space of all continuous functions

on X vanishing at infinity.

Denote by & the class of all open subsets of X.

(1-)capacity of a set A € ¢ 1is defined by
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inf e(u, u &5A # ¢

uefy

o0 0€A=¢,

(4.1) Cap (3)

where gﬁA ={ue,Blel ;u2l m-a.e. on A} The capacity

of any subset B < X 1is defined b Cap(B) =_inf Cap(a).
y Y P BCA, Aedy P

This gives rise to a strongly subadditive Choguet capacity [10 ;
Theorem 1.1].

Let us put €, = {ae e ; i% # ¢}. For A & @,, there is a

OI
unigue element e, € 2}{8] called the (l-)eguilibrium potential

which minimizes el(u, u) on x%{el. It has the following
properties.
(4.2) 0 s e £ 1 m - a.e. on X
e, = 1 m - a.e. on A.
(4.3) eile,r v) 20 for any v € Biel such as v = 0
m- a.e. on A.
(4.4) e_tT e S e m - a.e on X.
° t™A T TA e
Here Tt is the Markov semigroup associated with €. 1In
fact, for any v & L2 such as v 2 0 m- a.e.,
-t _ _ .-t - _
(eA - e TteA’ v) = el(eA e TteA’ le) el(eA, le
et T,G;v) which is non-negative in view of (4.3) and the
inequality G,v 2 et T G V.
(4.5) If A, B €& Gb and A < B, then en = ep m - a.e.
This follows from el(eA - ey A egr €5 T € A eB)

+
=g (-ey A ey, (eA - eB) )
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=e.((ey ~eg) , (e, ~ep)) - g (ep, (eA-eB))éO-

Now let us introduce several notions. A set A is called

almost polar if Cap(A) = 0. "Quasi-everywhere" or "g.e."
means "except on an almost polar set". Denote by X U 3 the
one~point compactification of X. 3 1is adjoined as an isolated

point if X 1is compact already. A function u defined g.e. on

X is called guasi-continuous (in a restricted sense) if, for any

§ >0, there is an open set G with Cap(G) < § such that the
restriction of u to X - G 1is continuous and continuously
extendable to X VU3 - G by setting u(3) = 0.

An increasing family {Fk} of closed sets such as

Cap(X - Fk) — 0 is called a nest. A closed set F

is said to be m-reqular if m(U(x) N F} # 0 for any X &€ F and
any its neighbourhood U(x). A regular nest {Fk} is a nest
such that each F, is m-regular.

The notion of m-regularity has been introduced in [10].

See [10 ; pp 198-199] for the proof of the next theorem.

Theorem 4.1. (i) Let ¢ be a countable family of guasi-

continuous functions. Then there exists a nest {Fk} such that

0 < C({Fk}), where

(4.6) C({Fk}) = {u ; the restriction of u to each F, is conti-
nuous and continuously extendable to FV 3 by setting
u(s) = 0}.

PO i 3 . -
(ii) Let {Fk} be a nest. Then Fy = {x & Fioos m{F N Ux)) # 0

for any neighbourhood U(x) of x} defines a regular nest {Fil.

(iii) Let {F,} be a regular nest. If u &€ C({F,}) and u z0
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m - a.e., then wu{x) 2 0 for every x é’;p&Fk.

This theorem particularily implies the following : if a quasi-
continuous function u 1is non-negative m - a.e., then u 2 0
g.e. We note that this statement can be localized to any open
set (see [10 ; Theorem 1.2]).

The next theorem due to Deny is fundamental for regular

Dirichlet forms (see [41, {101).

Theorem 4.2. (1) Any function u é-i?{s] admits a quasi-

. . ~ ~ . . . P~
continuous version u : U 1 guasi-continuous and U = u m - a.e.

(ii) If guasi-continuous functions G; e Blel form a Cauchy

sequence with respect to the norm then there is a subsequence

El,

n, such that ﬁ; converges g.e&. to a quasi-continuous function

~
u. Furthermore wu ~ converges to 4 in €, -norm.

(iii) If functions u_ & Hie] form a Cauchy sequence in norm €]

and if their suitable guasi-continuous versions G; converges to

a function U g.e., then U is quasi-continuous and u, conver-

[l .
ges to u in el—norm.

§ 5. Generation of a Hunt process by a reqular Dirichlet form

We follow Blumenthal-Getoor [2 ; Chap. I] about the defini-
tions of a Markov process and a Hunt process except that we allow
the state space of a Hunt process to be an arbitrary Borel subset
of X. See P.A. Meyer [15 ; Chap. XIV] where the definition of a
Hunt process is relaxed in this respect.

For a Borel set A < X, we denote by /3(a) the topological
o-field of subsets of A and by B(a) the space of all bounded

d?(A)—measurable functions on A. d?(x) and B(X) are simply
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denoted by ﬂ} and B_ respectively.

Suppose that we are given a regular Dirichlet form € on

L2(X i m) and a Markov process M = (Q,/{,/{t, Xt et, PX) with

state space (Y, AB(Y)), Y being some Borel subset of X. We
adjoin a "death" point 9 to Y regarding Y U 3 as the

topological subspace of the one-point compactification X U 3 of

X. The Markov semigroup on L2(X ; m) generated by the form ¢

will be denoted by {T_, t > 0}, while the transition semigroup of

tl

the process M will be denoted by {Pt, t>0} P f(x) = B _(£(X.)),

x €Y, £ €B(Y). Let us agree to say that the Markov process M

is properly associated with the Dirichlet form & if

(5.1) Cap(X - Y) =0,

(5.2) Ptf is a guasi-continuous version of th for each

fer?n B and t >o0.

Our main theorem is the following.

Theorem 5.1. For any regular Dirichlet form ¢ on

LZ(X ; m), there exists a Hunt process properly associated with

€.

This theorem can be reduced to the next proposition. For a

Borel set Y € X and a nest {F,} such as U F, DY, let
k=1

C({Fy}, Y) Dbe the restrictions to Y of those functions in
C({F. . 0% will stand for the set of all positive rational

numbers.

Proposition 5.1. For any regular Dirichlet form & on

L2 (x ; m), there exists a normal Markov process M = (&, M, M,
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Ko et, Px) with state space (Y, B(Y)) satisfying the following

conditions.
(1) Cap(X - Y) = 0.

(ii) For each w € @, the sample path Xt(w) is right continuous

{t 2 0) and has the left limits (t > 0) on Y U 3.

(iii) P f is a version of T,f for each f e L’ n c(X) and

t e qt.

(iv) There is a regular nest {F,} such that
(a) Ur, oy,
k=1

(b) P (C(X)) € C({FJ} ; Y) for each t eq,

(c) lim o, (W) = « for each w € {, where o, {(w) = inf {t >0
Nwoo k —_——c where k

Xt(w) € Y - Fk}.

It is easy to see that the Markov process M described in
Proposition 5.1 is properly associated with €. To prove this,

take any t »* 0 and f € L2 N C(X). Then Py f(x) —> Ptf(x),
n

x €Y, as tn G-Q+ decreases to t. On the other hand

Ttnf = Ttn~tth converges to T, f in e;-norm by virtue of

Lemma 3.2. Hence Ptf is a guasi=-continuous version of th

on account of Theorem 4.2. The same statement can be proved for
2

any £ € L" nB in the same way as in Lemma 5.1 below.

Proposition 5.1 implies Theorem 5.1. To see this, it now
suffices to show that the Markov process M of Proposition 5.1
gives rise to a Hunt process. Take the canonical modification

of M exactly in the same manner as in Blumenthal-Getoor
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[2 ; pp 49~50]. It is then a Hunt process satisfying
Proposition 5.1 with (iv) (¢) replaced by a.e. statement. Its
strong Markovity and quasi-left continuity follow easily from the

following observation for M : Psf(xt(w)) is right continuous in

t 290 i -
and %%?t Psf(Xt.(w)) = Psf(Xt_(W)), t > 0, for each

fixed we 0, s ot and f € cC(x).

From now on, we will concentrate our attention on the proof
of Proposition 5.1. Suppose that we are given a regular Dirichlet
form ¢ on L2(X ; m) with the associated semigroup {Tt, t > 0},
resolvent {Gy, @ >0} and equilibrium potentials {e, ; A € &yt
We will produce a Markov process M of Proposition 5.1 by six

steps (I) e (VI) .

s

{I) 1Integral operators Pt’ t G-Q+, and E}.

Since the form ¢ is regular, we can find a countable sub-
collection B, of ‘gi[a](\ C(X) such that B, 1is linear over
rationals, uniformly dense in C(X) and closed under the operation

of taking the absolute value. We then put H, = (\J, T BN U
o = e e

Gl(go). Hy is a countable subset of £2[€} by Lemma 3.2, and
consequently each element u e-HO admits a quasi-continuous
version U according to Theorem 4.2. Applying Theorem 4.1 to

Hy = T;:ue Ho}, find a regular nest {Fko} such that

~ 0 _JpoO
H,C c({F ). Let us put ¥, = éﬁle .

. T — e e
By virtue of Theorem 4.1, T (u + v) {x) = Ttu(x) + T VX)),
——~— o
Tt(au)(x) = a Ttu(x) for every u, Vv € By, rational a and

x €& Y,. Further 0 $usS1, ueB, implies 0 < §;G(x) <1,
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X & YO. Therefore there exist unique stochastic measures
N

+ N
{Pox, ), teQ, xe YO} on /B(X) such that T u(x)
_ e N +
= Pt(x, dyJu(y), ue B, teQ, xe&¥,. In the same way,
X ~0 0
we can introduce unigue substochastic measures {ai(x, <), x e—YO}
N g

such that Glu(x) =J4-Gl(x, dylul(y), u e BO, X & YO.

Let us define

[, ayuy) . x ey,
NS
(5.3) Ptu(x) =
0 , X € X - YO.

ézu is similarily defined. It is easy to see that ﬁz and 61
are then linear operators from B into B. Furthermore

Lemma 5.1. For each u E-Lzlﬂ B, the functions ﬁZu and
ézu are quasi-continuous versions of Ttu and Glu respectively

+
teq).
: ad + L g + 0
Since Pt(C (X)) and Gj(C (X)) are subsets of C({Fk h,

this lemma can be shown just in the same manner as in [10; §3] by

making use of Lemma 3.2.

(ITI) A regular nest {Fk}.

Let {A_ } Dbe a countable open base of X such that each

An is relatively compact. Put &, = {A ; A is a finite union of

1

]_C GO' For each A & 91,

—~ '
continuous version éX of e, Let ‘f}[e] be the collection of

An's}. Obviously & choose a gquasi-

all quasi-continuous versions of elements in JQ[E]. Define H as

TN ~
the smallest subfamily of S [e]l satisfying the following. H

is then countable.
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~ ~ ~ .
(H.1) H > By, (& i pe o).
(H.2) P (McH, teo', and & c H.
(H.3) H is an algebra over rationals.
Lemma 5.2, There exists a regular nest ({F,} satisfying the

following. Put Yl = ﬁg Fk'

(5.4) Hccdrh, F,cr®, k=1, 2,

(5.5) eA(x) =1, x&AN Yl , A& Gl.

(5.6) There exists a sequence of rationals tk¢ 0 such that,
~ 1, ~ I % PP N

as tk¢ 0, Ptku(x)——~e u(x) and E;(Glu(x) e GlPtku(X))<——9

u(x) for every x &€ Yl and u e H.

o~ e~ + ~
(5.7) PtPsu(x) = Pt+su(x) , X é—Yl , s,t €Q, ueH.

—ta o~ ~ + -~
(5.8) e Pt lu(x) < Glu(x), X & Yl , teQ, ueH.
(5.9) e tFeéT(x) sé(x), xecvY,,teq’, Ae€e

: t = cat 1 ! 1
L &Y <

(5.10) 0 = eA(x) £1, x €& Yl’ A 6»91.
(5.11) é;(x) ,S_e\B:(x) » xe¥, A,Be6, ACES.

Proof. Use Theorem 4.1 (i), the equality of (4.2), the
remark preceding to Theorem 4.2, Lemma 3.2 and Theorem 4.2 (ii) to

find a nest {F,} satisfying (5.4) ~ (5.6) and then pass to its

k
m-regularization (Theorem 4.1 (ii)). Theorem 4.1 (iii) implies
the remaining properties of this lemma. We can use (4.4), (4.2)

and (4.5) for (5.9), (5.10) and (5.11).

(III) A Markov process with time parameter Q+

Lemma 5.3. There exists a Borel set Y2<: Yl such that
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ol

Cap{X - Y2) = 0 and Pt(x, X - Y2) = 0 for every x &€ Y2 and
t €.
Proof. Since m(X - Y;) = 0, ﬁ:(x, X -Y)) =0 for m- a.e.
x & X. Lemma 5,1 implies that there is a Borel set
(1) _ oo fl)y S _ =
v, oy such that Cap(X Y, ) = 0 and Pt(x, X Yl) = 0
for all x e Y{l) and t.e»Q+. Apply the same argument
to X - Y{l) to get a Borel set Y{zk: Y{l). FPinally
o0
Y2 = {W Y{k) works.
k=1
Let us define
.
P (x, B) xeyY, , B €/
(5.12) Pt(x, B) =
0 xeX -y, , B &3
and put Ptu(x) =J£ Pt(x, dy)uly) . Then
(5.13) P, u(x) = Pru(x) Y B
. N = Pou(x) , x€eY,, ueB,
(5.14) PtPSu(x) = Pt+su(x) , X€X, ue€B.
This follows from (5.7) and the above lemma. Extending Pt to
(X Vs, /B(X L 3)) by Pt(x, {3}) =1 - Pt(x, X) and
P (3, {3}) = 1, we now have a transition probability over X U 3.
o 0 +
We put Q5 = (XU 3)~ , X, (w) = wit), we i, teq,
0 _ (L + + _ 0
M T =olX," 5 0<s<t, seQ’}, teqQ, and/‘[—ééﬂt~

Then there are uniquely probability measures P x&X V3,

over (Qo,ﬂ{ ) such that

0 =
{(5.15) E, (f(Xt )) = Ptf(x)

0 0
(5.16) E . (£(X )/ M) =E_o(£(X

xeXxVs, t,se€Q’, fcBEXUS?.
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Y, is obviously an invariant set for the Markov process

0 _ 0 +
Moo= @y, MM xR0, tea

(5.17) Px(Xt0 € Y,V 3 for every t & Q+) =1, xe€%

2 2°

(IV) Supermartingale Yt0 = e_tEZ(XtO), t e Q+.

Take A€ &) and fix a point x € Y,. Then (Yto,ﬁfto, P

t e Q+, is a positive bounded supermartingale because of (5.9),
(5.16) and (5.17). Therefore, for almost all w e QO, the right

limits Y, = lim YSO exist for all t 2 0 and
seQt, sit

(Yt’/wit" PX), t 2 0, is again a positive bounded supermartin
gale.

Here

sam M= () MO Mo =MW

seQt, s>t
/¢/ being the collection of those sets T & /VZ such as

PX(F) = 0 for every x e Y, (c.f. Meyer [14 ; VI]).

— 0 +,
Lemma 5.4. PX(Yt = Yt for all te& Q) 1.

Proof. For any f & C[0, 1] and any polynomial g with

0

. .. 0
rational coefficients, we have Ex(f(Yt )g(Yt+t

_ 0
)T B E)

+

0 . ~ . ~ 0
Ptkg(Yt Y), t€ Q Since goeA is an element of H, Ptkg(Yt )

_ favd ~ 0 ~ 0 _ 0 . .

= Ptk(goeA)(Xt ) converges to goeA(Xt ) = g(Yt ) in view of
0 _ 0 0 .

(5.6). Hence Ex(f(Yt )g(Yt)) = Ex(f(Yt )g(Yt }), completing the

proof.

Let us define, for an open set G C X,
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(5.19) cGO = inf {t € ¢ ; Xto e G}.

OGO is an ﬂ{ﬁ—stopping time. We are ready to prove the

following.

Lemma 5.5. (1) For each A e 61 and x & Y2,
_OAO
i/\/
Ex(e ) < eA(x)

(ii) For any G & &y eg admits a quasi-continuous version e

such that

0

E_(e G ) € & (x) , X &Y

X G 2"

(iii) For any decreasing sequence G,& 6, such as Cap(G ) —> 0

n — «©, we have

P (limog) = ») =1 for g.e. xe¥,.

N>
Proof. (i) When either 9a is irrational or OAO is
) 0 , . _ -OAO
rational but XGAO Q} A, then (5.5) implies YcAo = e .

When GAO is rational and ono € A, then Lemma 5.4 means
0 -0,0 .
that YOAO = YOAO =e A, Hence, by the supermartingale
~5,0
inequality ([14 ; vIl), E_(e ») = EX(YOAo) S E (Y,)
= lig e %p 85 (%) ¢ &, (x).

(ii) It suffices to choose A, & 07 such as An? G and put

e (x) = lim ézn(x), X € Y,. The limit exists in view of (5.11).
Moreover (e, - ggn' eg - 6;n) = Cap(G) - cap(a)) —> 0.

(iii) Since el(gég, Qan) = Cap(G ) —> 0, a subsequence of EED
converges to zero g.e. on X. Hence (ii) implies ({(iii}.
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(V) Regularity of sample paths

Lemma 5.6. There exists a Borel set Y3(: Y, with
Cap(X - Y3) = 0 and the following statements hold.
. _ o9 O _ _ e
(1) Put Qnq = {wefy ; iig GX"F}( ==}, 85, = lwely, ; X (W)

has the right and left limits in Y. Ub at every t Z 0 through

0"}, gy = (w e o5 wilo,6] ") is bounded in x if XD (w)
+

€X, teQ} and Q =0, %, N %, Then P _(2) =1

for every x & Y3.

(ii) For w & Ql and t 2 0, we put

(5.20) X (w) = lim  x%(w).
S€Q  , s}t
_ L0 + L
Then Px(xt = Xt for every t€ Q) = 1, x & Y3.
(1ii) PX(XO =x} = 1, x & Y3.

Proof. (i) Lemma 5.5 (iii)implies that there is a Borel
set Y3C Y, such that Cap(X - ¥3) =0 and PX(QOl) =1 for
X € Y;. Next (5.4) and (5.6) imply that G, (') is contained
in C({Fk}) and separates points of ‘{1 . Therefore we

Q _ L“j ¢ e 0 + _—
have @, €q, C e {we £y 7 Gyu(Xl), s € 0, has an oscill

A —-—gn~ 0
atory discontinuity at some t 2 O0}. However f{e sGlu(XS) ,Mcs),

+ . Co .
PX } s € 0, 1is a bounded positive supermartingale for each

At
ué& H and x € Y2 on account of (5.8). Hence PX(QOl - Qoz)
=0, X £ YZ' Finally there is, by Lemma 5.2, a function v & C+
such that a/lv € C({F}) is strictly positive on Y, and satisfies
Iad (0]
(5.8). We have then Qg - 0, = L,/+ lwe 2g, 5 Gvixd) > o,
teQ
. ~ (0] . . .
inf le(XS) = 0 }, which has zero Px-measure (x € Yz) in view
s€Q ,sEt
L. +
of {2; Chap. O, (1.6)J . (ii) For wu, v € By, £ €0Q and
9 _ . 0 o] _ 0 0
X € er Ex(u(xt)v(xt)) = lim EX(U(Xt)Pth(Xt)) = Ex(u(Xt)v(Xt))
td0
by virtue of (5.6). (iii} E_(u(X.))y = 1lim P, u{x) = u(x),
b4 (6] tk
th/O
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uéBo, xeYz.

Lemma 5.7. There exists a Borel set YO Y3 with

Cap(X - ¥) = 0 satisfing the following condition: the set

F={weszl;x w) or X

¢ or X, _(w) X - Y for some t Z O} is

contained in a set I“O eM such that PX(FO) = 0 for every

X € Y.

Proof. Choose a decreasing sequence of Open sets GnDX - Y3
such as Cap(Gn)-—} 0. Put F3 = {w € Ql : Xt or Xt_é X - Y3
for some t Z 0}, FO={wéQ ; limco<+°°}. Then T CFO

3 0 Gp, 3 3
nr>e
and Lemma 5.5 (iii) further implies PX(F(;) =0 if x 1is in
some Borel set Y4C Y3 with Cap (X - Y4) = 0. Apply the same
argument to Y4. We thus get sequences Y3D Y4 Do, F3C F4
o o = .

and T F4C c++. Put Y = Q3 Y, , then obviously

0 o 0
r=1/ I.- Now T. = T works.

xZ3 K © kg3 k
(VI) Extended Markov property

; . e} e}

Let us put Q = Ql - I“O. The restrictions to § of Xt,/"(t

+ ' .

(te Q). Xt’Mt (tZ‘O),M and PX(xéYUB) are again
denoted by the same notations.

Lemma 5.8. M = (Q,/"(,/V(t, Xt’ PX) is a normal Markov
process with state space (Y,03(Y)) satisfying

.+
(5.21) P.(X,€B) = P.(x,B), teQ, x&¥y, Be [B(Y).
Moreover M possesses all the properties of Proposition 5.1.

Proof. (5.21) and the normality of M, follow fr(')m Lemma 5.6

(ii) and (iii) respectively. Other properties of M are now
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evident except for its Markov property.

Take t, s 20, f£fecC(x) and e€M_. We have, by (5.16)

— 0 '
Ex(f( £ +s,) /\) = E EXtQ( X )) /\) for any t'> t and
s'>s, t', s' e Q+, because ,4 E,A{ 9. Note that the function
v(x) = Ex(f(ng)) = Ps.f(X) is an element of C({Fk} ; Y). Hence,

by letting t' decrease to t and then s' to s, we arrive at

Ex(f(Xt+S) P A= E (B (£(X ) i /\) the Markovity of M.

X

8 6. Examples

We now return to the examples of Markov symmetric forms in
§ 2 to see if they give rise to reqgular Dirichlet forms. According
to Theorem 3.3, it suffices to check the closability of a given
Markov symmetric form and then the regularity of its smallest

closed extension.

1°. Consider Example 1. Let us confine ourselves to the case

when ¢ 0, n =0 and m is the Lebesgue measure on D. If
either

(1°. a) the first order (Schwartz) distribution derivatives of
aij(x) are locally integrable functions

or

(1°. b) a..(x) is uniformly elliptic : there is a positive

13
constant § such that for any N-vector &,
N 2
a,.(x)g.£. = 8§ X €D
gj_‘:l iy ®EEy 2 SElT ,

then € 1is closable and the smallest closed extension © is
clearly a regular Dirichlet form. An associated Hunt process

(according to Theorem 5.1) is the well-known absorbing barrier
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diffusion process on D if A..(x) are sufficiently smooth.

ij
In case of (1°. a), & can be expressed as (3.7) with the

symmetric operator Su = i‘ Wa.(aij(x)—u}({—).{)) , 08/(5) = CS(D) .

i,3=1773 J
Hence ¢ 1is closable. Next assume that (1°. b) is satisfied.
Consider u_ € C“(D) such that e€(u - u , u - u) — O and
n (0] n m n m
u — O in L2(D) . Then {un} forms a Cauchy sequence with
respect to the usual Dirichlet integral D. Since ] 1is a
special fort satisfying (1°.a), D[Jfu_, u ) — O, which in turn
~ n n a\un
implies that a subsequence ny, exists and % - 0 a.e. on
i
D, i=1 2, **+, N. By Fatou's lemma,
N d(u p-u ) a(unk—um)
e(u , u) = lim (24 (x) (x)a. . (x))dx
m’ m D nse 1i,3=1  ox ax +J
¢ k r] i J
< lim e(u -u ., u ~u ), which is small if m is
= n m n m
n, > k k
k
sufficiently large. Hence ¢ 1is closable.
Here is an example of K.Sato. Assume that D = R and
(1°.c) 8% aij(x) is locally integrable for 1g£ k £ N-1 but
k
=2 a.. (x) is defined and continucus only on {x & RN; x_ ¢ 0} ,
axN 1] N

then ¢ 1is closable (and & 1is a regular Dirichlet form).
To prove this, let us put g‘o = {u €& Cg’(RN) ; u(x) =
u(xl,xz,'-,xN_l) if Xy € (-§,8) for some § > O}. We can see

that our form ¢ with domain restricted to ?O satisfies (3.6).

Hence this is closable. Moreover we can find, for any u € C:;(RN) ’
0]

a sequence u € :77:, such that e(u - u, u - u) =+ O and

(un -u,u - u) » O, proving that ¢ 1is closable. For instance,

it suffices to take une g{O such that un(x) - u(x),
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suy, (%) 3u (x)

— boundedly on RN—F and all u have a common
3Xi axi n

compact support.

2°. Consider Example 2. We assume that there is a positive

constant & such that w(E) 2 §|{El , V(E) 2 8|El] for any linear

Borel set E, |E! being the Lebesgue measure. € 1s then closable
and the smallest closed extension ¢ is a regular Dirichlet form.

An associated Hunt process on R2 is one of the diffusions that

are constructed more concretely by N. Ikeda and S. Watanabe [11].

OO(RZ) satisfies e{u_ -~ u_, u - um) -— 0

Suppose u € C0 n -

and un-—9 0 in L2(R2), then Jh»D(u , u) + (u_, u) —> 0,

N
§
5
5
5

which means, by virtue of Theorem 4.2 and [10 ; Theorem 4.5},

that a subsegquence unk(x) converges to zero on Rr? except on a

Borel polar set /V’ of the two-dimensional standard Brownian

motion. In particular the linear Lebesgue measure of o X

vanishes for any straight line £ on R2.

There is a Borel function ¢(xl, X on R2 such that

5)

dun ) 2.2 . ,
Ix. converges to ¢ 1in L7(R" ; dxl X du). This implies

1

©° 3u_(x,,Xx,)

lim ‘f (__2“,}__2___ o (x,, X ))zdxl =0 for p-almost all
Mo® v 3Ky 1 2
X, & Rl. Hence, by making use of the above observation and the
equality
X X aunk

$lxy, x,)dx; = uy (%9, x,) - uy (@, x,) = (5= - ¢)dxy,
) k k a 1
we can see that ¢(xl, x2) =0 for a.e. X, & Rl.
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Ju
Thus =—= converges to zero in LZ(R2 ; dv X dxz). In this way

(u » u ) —> 0 the closability of e.

3°. Consider Example 3. The form (2.7) with the domain ut (D) is

closed already. Hence this is a Dirichlet form, which is not
regular however unless RNvD has zero Newtonian outer capacity
{in case N 2Z 3).

More generally consider a linear space 057 such that
Ca) C ¥ <l (D) and denote by ¢ g the form (2.7) with the
domain é}. We suppose that 29, is Markov. Then 5£} is
closable and its smallest closed extension Eé} is a Dirichlet
form. Eé} is not regular in general, nevertheless we can regard
this as a regular Dirichlet form by a suitable enlargement of the
underlying space D,

A locally compact separable Hausdorff space D* is called an

admissible enlargement of D relative to &9/ if D is continuously

embedded onto a dense subset of D* and if the intersection
é}[\C(D*) is dense in the domain of Eé} and is uniformly dense
in C{(D¥*).

Given 56T and D* as above, let m be the measure on D¥*

induced by the Lebesgue measure on D : m(E) = | EMND}. Identify

2

the space L2(D) with L2(D*) = L°((M* ; m). Then the form E&}

turns out to be a regular Dirichlet form on LZ(D*} {in the

terminology of [9], (D*, m, Eé}) is a regular representation of
EQ})' In this way, we can get a strong Markov process on D¥*
which may be considered as an extension of the absorbing barrier

Brownian motion on D.
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Let us examine three cases.

(3°. a) ag}'= Cg(D)‘ D itself is an admissible enlargement of
D relative to C;(D). A process associated with Eé} is the

absorbing barrier Brownian motion on D.

(3°. b) OE¥’= ¢ m). The closure D of D in R' is an
admissible enlargement of D relative to %w(D) in view of Tietze
extension theorem of a continuous function. The associated process
on D (minus an exceptional set} may be considered as a reflect-
ing barrier Brownian motion if the domain of Eé? coincides with

H™ (D). This is the case if the boundary oD =D - D is suffi-

ciently smooth.

(37, ¢) &9'= H (D). As we have just mentioned, D is an admissible
enlargement of D relative to Hl(D) if 3D is sufficiently
smooth, 1In the general case, we can take as an admissible enlarge-
ment D* the space constructed in [9 ; §6]. The associated

process on D* 1is, by definition, a reflecting barrier Brownian

motion. If Di and DE are admissible enlargements of D
relative to the same space Hl(D), then Di and DE are related

to each other by a capacity preserving guasi-homeomorphism [10 ; §2]
which is the identity on D. This transformation interrelates the

reflecting barrier processes on the respective spaces.
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Almost polar sets and an ergodic theorem
By Masatoshi FUKUSHIMA

(Received March 25, 1972)

§1. Introduction.

We will develop a potential theory for two Markov processes which are
in duality and apply it to an extension of the Chacon-Ornstein ergodic theorem.

Let X be a locally compact separable Hausdorff space and m be a positive
Radon measure on X. Consider standard Markov processes M=(X,, P,) and
M=(X¢,Px) which are in duality with respect to m in the sense that the
equality

1.1 f, Ttg):(thrg), >0,

holds for any non-negative Borel functions f and g on X. Here 7T (resp. T%)
is the semi-group associated with M (resp. M) and (f, g) is the integral

jxf(x)g(x)m(dx). The quantities relative to the dual process M are denoted

with ~ and designated by the prefix co-. Notice that the present duality is
much weaker than that of Blumenthal-Getoor [2; VI] and we do not assume
the absolute continuity of resolvents or transition probabilities.

A set AC X is said to be almost polar if there is a Borel set B such that
AC B and

1.2 Pop < F0)=0 for m-a.e. x= X,

where op is the hitting time inf {{>0; X, B}. “ Quasi-everywhere” or
“g.e.” will mean “except on an almost polar set”.

Recently the notion of almost polarity was employed independently by
S. Port and C. Stone [12] for additive processes with m being the Haar meas-
ure and by the author [8] for general m-symmetric Markov processes whose
associated Dirichlet spaces are regular”. In both cases, almost polar sets
were identified with the sets of A-capacity zero, the A-capacity being defined
suitably according to the respective situations. When M is the Brownian
motion on R? the almost polar set is just the set of the Newtonian outer
capacity zero.

1) Almost polar sets are called “essentially polar” in [12] and “polar” in [8].
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18 M. FUukuUsHIMA

In §2, we will study almost polar sets together with ¢.e. finely continuous
functions and present some fundamental properties that they possess. Asser-
tions (i)~(ix) of § 2 are the generalizations of those established in [8; §3, 4],
while (X)~(xiv) are our versions of those in Blumenthal-Getoor [2; VI]. The
second assertion states that each almost polar set is m-negligible. But the
converse is not necessarily true. Proposition (viii) asserts that the resolvent
of M is absolutely continuous with respect to m if and only if each almost
polar set is semipolar. The final assertion states that the next two conditions
(C)) and (C)) are equivalent.

{C,) Each semipolar set is almost polar,

(C) A function is q.e. finely continuous if and only if it is q.e. cofinely
continuous.

In particular, condition (C),) is met when M is m-symmetric (M=M).
In §3, we will prove under the assumption (C,) that, for any bounded
Borel f, g= LY(X; m), g=0, the ratio

J Tufods

(13) o
J, Tigaas

converges, as t— 00, to a finite limit q.e. on the set where the denominator
becomes eventually positive. The novelty of this generalization of the
Chacon-Ornstein theorem is that the original statement of a.e. convergence
is strengthened to q.e. convergence. Since almost polarity and m-negligibility
are equivalent, however, in the cases of discrete time Markov processes, the
two notions have not been distinguished in ergodic theory so far. Our key
step is to generalize Brunel’s ergodic inequality following the line of A. Garsia
[10]. Brunel’s inequality combined with a potential theoretic result of §2
will immediately implies q.e. convergence of the ratio (1.3).

We note that, in other fields of analysis, especially in Fourier analysis
and the boundary limit theorem, we often encounter this kind of phenomena
of the transfer from a.e. to q.e. (cf. Carleson’s monograph [4]).

Our ratio limit theorem can be applied to an ergodic decomposition of
the state space. In §4 we will show that the conservative (resp. dissipative)
part of our decomposition consists, after a suitable modification by a polar
set, just of finely recurrent (resp. transient) points in the sense of Azema,
Kaplan-Duflo and Revuz [1], assuring further that the conservative part is
not only Ti-invariant but also sample path-invariant. An additional absolute
continuity condition will be imposed in § 4, for we will have to use a theorem
of J.L. Doob [6] concerning the quasi Lindel6f property of the fine topology.
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Almost polar sets and an ergodic theorem 19

§ 2. Potential theory for M and M.

Our assertions will be listed up.

(1) Let E be universally measurable. The next three conditions are equi-
wvalent.

(@) m(E)=0.

(B) Pt x, EY=0 m-a.e. x€ X, for each t>0.

(7) Golx, EY=0 m-a.e. x& X, for every a>0 (equivalently for some a>0).
Here p(t, x, E) (resp. Guolx, E)) is the transition probability (resp. the resolvent
kernel) of the process M.

PROOF. We only show the implication (8) = (a):

0:1imj T,IE(x)m(dx):limj T,l(x)l,;(x)m(dx)gj I(x)m(dx)
tjo v x tjovx X

where I; denotes the indicator of E.

(i) If N is almost polar, then m(N)=0.

PROOF. There is a Borel almost polar set EDN. Then E satisfies (B).
Hence m(E)=0.

(iii) Let A be a Bovrel set and put

Tf()=E(f(Xy); t<o4),

HE f(x) = E (e *f(Xo ) .
Then we have

(2.1) (f, T'g)=(T?f, g), t>0,
(2.2 (f, HiGo8) = (HGof, 8),  a>0,

for any non-negative Borel functions f and g. Here G, is the resolvent of T..

PROOF. (2.2) is equivalent to (2.1). (2.1) was proved by Dynkin [7; Lemma
14.17] for the Brownian motion by making use of a method of time reversion.
The same method has been extended to m-symmetric Markov processes in
T8; Theorem 3.5]. The argument there is independent of the symmetry of
T, and only the relation of duality (1.1) is enough to get (2.1) for open A®.
Next (2.1) for any Borel A can be obtained just as in [2; pp. 262] by noticing
that any semi-polar set (resp. cosemi-polar set) is of potential zero (resp.
copotential zero) and hence m-negligible according to (i).

For a nearly Borel set EC X, we will write

ei(x) = Hgl(x)
ep(x) = Hi 1(x) = Py(05 < +0).

(2.3)

2) Recently T. Watanabe [14] gave a quite different proof of the relation (2.2)
for open sets by making use of a method of the balayage of excessive measures.
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20 M. FUKUSHIMA

Here are two consequences of the relation (2.2).

(iv) Almost polarity and almost copolarity are equivalent.

PrROOF. Let E be Borel and almost polar. Then, for any g< Cy(X) (the
space of continuous functions with compact supports), 0=(1, H3G,g)=
(A%6.1, g). Hence 0=HA%G,1=H%Gs1 m-a.e. for all Bz a. But then 63(x)=
ﬁg?wﬂﬁ‘,"géﬁl(x)zo for m-a.e. x< X, proving that F is almost copolar.

(v) Let A be nearly Borel and finely open. Suppose that a nearly Borel
subset EC A has the property that

2p(x)=0 m-a.e. on A.

Then E is almost polar.

PrROOF. If E is nearly Borel, then there are, for a strictly positive func-
tion he LY(X, m), some Borel sets E’ and E” such that E‘EC ECE” and
Py.(X,€ E”—E’ for some t=0)=0, which means that E”—E’ is almost polar.
Hence it suffices to show the proposition (v) for a Borel set E.

R Take any compactum KCE. Since éx=0 m-a.e. on A, we have 0=
(H%Gf, L) =(f, HG,I,) for any f& Co(X). Therefore HgGgl,=0 m-a.e. for
all f>a. HE is supported by K but éim BGal4(») =1 for y= K(C A) because

A is finely open. We get ¢(x)=0 m-a.e. Now find, for a strictly positive
he LY(X; m), an increasing sequence of compact sets K, C E such that (h, eg)
=Ilim (A, eg,) to complete the proof.

DEFINITION. A function f defined g.e. on X is called q. e. finely continuous
if the following conditions are satisfied : there exists a nearly Borel almost
polar set B such that X—B is finely open and f is nearly Borel measurable
and finely continuous on X—B.

(vi) If f is q.e. finely continuous and if f=0 m-a.e. on X, then f=0 g.e.
on X. .

PROOF. Let B be the set appeared in the above definition of g.e. fine
continuity of /. Then the set A=(X—B) {x; f{x) <0} is nearly Borel and
finely open. Since m(A)=0, é,=0 m-a.e. on A trivially and A is almost polar
by (v).

The following characterization of almost polar sets already appeared in
[8; Theorem 3.127. We say that a set E is M-invariant if Py(X,< E for every
te[0,0))=1 for every x< E®,

(vil) A set N is almost polar if and only if there exists a Borel set BON
such that m(B)=0 and X—B is M-invariant.

PROOF. Let N be almost polar then there is a Borel set B, D N such that
ep(x)=0 m-a.e. Since ep, is excessive, it is nearly Borel and finely continuous.

3) ( is the life time of the process M.

168



Almost polar sets and an ergodic theorem 21

Hence, by the previous assertion, ep,(x) =0 q.e., that is, except on some Borel
almost polar set B,. Apply the same argument to the function eg,ps,- In
this way, we get a sequence B, By, -, B, -+ of Borel almost polar sets. It

suffices to put B:kU B,.
=0

Now we will give some criteria for the absolute continuity of the resolvent
in terms of the relationship among almost polarity, polarity and semipolarity.

(viit) The following four conditions are mutually equivalent.

(@) A set is almost polar if and only if it is polar.

(B) Any almost polar set is semipolar.

(y) m is a reference measure for M: a set is of potential zero if and only

if it is m-negligible.

(0) Gulx, ) ts absolutely continuous with respect to m for each a>0 and

e X,

PROOF. (y) and (0) are equivalent in view of the first assertion (i). (a)
implies (8). Suppose that the condition (j) is satisfied. Let E be an m-
negligible Borel set. Then G.(x, E)=0 m-a.e. x X, by virtue of (i). But
GJ-, E) is a-excessive and finely continuous. Hence G.(x, E)=0 q.e. by (vi)
and moreover except on a semipolar set by the present assumption. Since
any semipolar set is of potential zero, we have Gu(x, E) =£1_1£1° BGproGalg(x)=0,

xe€ X, arriving at (6). Evidently (0) implies («). The proof is finished.

REMARK 1°, Assertion (viii) is a generalization of [8; Theorem 3.137.
Combining (vii) and (viii), we get the following criterion: G.(x, -) is not abso-
lutely continuous with respect to m for some @ >0 and x< X if and only if
there exists an m-negligible Borel set E such that X—F is M-invariant but
E is not thin.

2°, In the case that M:M, those conditions in (viii) are also equivalent
to the following one (¢) [9].

(¢) The transition probability p(¢, x, -) is absolutely continuous with re-
spect to m for each >0 and x= X.

The next proposition says that we can reduce the nearly Borel measur-
ability of qg.e. finely continuous functions to the Borel measurability.

(ix) A function f is q.e. finely continuous if and only if there exists a
Borel almost polar set B such that X—B s M-invariant and f is Borel measur-
able and finely continuous on X—B.

PROOF. Let f be q.e. finely continuous. Then by the definition and (vii),
there is a Borel almost polar set B, such that X—B, is M-invariant and f is
nearly Borel and finely continuous on X—B, For a fixed natural number
M we define the trancated function ¥ of f by f2=(AM)V(—M) on X—B,.
We extend f¥ by setting its value to be zero on B,. By the fine continuity
of /¥ on X—B,, we have
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22 M. FukusHIMA
lim nG, f%(x) = f¥(x), xe X—B,.

On the other hand, there are Borel functions f; and f, such that f,<f¥ </,
on X and f (folX)—F1()m(dx) = 0. But, for any ke Cy(X),
X

(/’L, Gn(fz'—f1)) - (Gnh, f?.—fl) =0
yielding that G,f,=G,f;, m-a.e. and hence q.e. owing to (vi). Therefore
there is a Borel almost polar set B, such that G,f¥(x)=G,f.(x) for every

x& X—B,. Put By=B,"J\B,, then
n=1
fY(x)=1lim nG,f"(x) =1lim nG, f(x), xe X—By.

Consequently f¥ is Borel measurable on X—B,. According to (vii), there is
a Borel almost polar set BD‘\A{BM such that X—B is M-invariant. Then
f(x):}{ime(x) is Borel measurable on X—B, completing the proof.

(xX) Let {fa} be a decreasing sequence of a-excessive functions with limit
f and suppose that f=0 m-a.e. Then f=0 q.e.

This proposition corresponds to Blumenthal-Getoor [2; VI (3.2)]. The
proof is quite the same. We do not know whether in our case every semi-
polar set is cosemipolar. But by making use of (X) and following the same

line as in Blumenthal-Getoor [2; VI (1.19)], we get
(xi) Each semipolar set is the sum of a cosemipolar set and an almost

polar set.
(xil) For any Borel sets A and B, we have

(g HSH3G b = (815G 8, h)

for any non-negative Borel functions g and h.
PrROOF. This is a consequence of (2.2). Take non-negative g and % in
C,(X). Since H%G,h (resp. HeG,.g) is an a-excessive (resp. a-coexcessive)

function, we have
(g, HRHEG ) =ﬂljrfw B(g, HiGsHEGR)
= lim f(g, HIGI—(B—a)GHH5GA)
= lim SU5CI~(B—a)CoH5Caz, )
=lim_ BAECA4G g, hy=(A8A%C.g, h).

(xiii) Let A be a Borel set. Denote by A" (resp. ™ A) the totality of regular
(resp. coregular) points of A. Then "TA— A" is written as
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rA— A" = N,+N,

with a Borel semi-polar set N, and.a mnearly Borel almost polar set N,. The
same conclusion holds for AT—TA.

PROOF. Since "A is co-nearly Borel, there are Borel sets A’ and A” such
that A’c"Ac A” and A”—A’ is almost copolar. There are also Borel sets
A’ and A” such that A’C A" A" and A”— A’ is almost polar. Put F=A4’'— A",
then F is a Borel set, FC"A— A" and the set (A—A")—F is almost polar in
view of (iv). By the preceding identity, we have

(g H3HG h) = (H3HGC g, h) .

Since FUTFC”A, we see that HgH3G,g=H2G.g. Hence, by (22), (g,
H3HEGh) = (g, HEG h). Now choose h, such that G.h, T1. We have (g, H5ed)
=(g, ¢2) for every g< Cy(X). Using (vi) we get eg=Hjeg q.e. If x&F, then
xe A" and HSeg(x) < H31(x) <1. Thus, there is an almost polar Borel set N’
such that eg(x)<1 for x& N;=F—N'. N, is then a Borel semipolar set
because %, (x)<efx)<1 for x&N;.. Now "A—A"=N+N, with N,=
[CA—A")—F1+FN N is the desired expression.

(xiv) The following two conditions are equivalent.

(C) Each semipolar set is almost polar.

(C) A function is q.e. finely continuous if and only if it is q.e. cofinely

CONLINUOUS.

PROOF. Assume the condition (C,). Consider a q.e. finely continuous
function f. By (ix), there is an almost polar Borel set B such that X,=X—B
is finely open and f is Borel measurable and finely continuous on X,. For a
real number «, put E,= {x& X,; f(x) <a}. Since X—E, is finely closed,

Na. = T(X—Ea);(X“Ea) C T(X—Ea)—(X—Ea)T

which is almost polar on account of (xiii) and (C,). Notice that F,—N,=
E,—"(X—E,) is cofinely open. Choose an almost polar Borel set N, D N, and
set B,=B\U( U NJ). By virtue of (vii), there exists an almost polar Borel

a: rational
set BD B, such that X—B is M-invariant. Now, for any rational a, the set
{xe X—B; f(x)<a} =E,—~B is cofinely open because E,—B=(E,~N,)N
(X—B) and both E,—N, and X—B are cofinely open. This shows that f is
q. e. cofinely continuous.
Coming to the converse, fix a compact thin set K. We first note that

(2.4) Pz(}iym 2 (X)) =1, 0xg < +o00)=P,oxg <+ 0) for m-a.e. x& X.
K

To see this, let {G,} be open sets such that G, DG, and NG,=K. Using

(xii), we can easily see that Hz‘;ne;‘((x):é;‘{(x) m-a.e. Since K is thin, we then
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have P(o0x < 40)=P,(04,< 0k for every n, lim 64, = g, 05 < -+o0) for m-a.e.

xe X. We arrive at (2.4) by virtue of [2; II (3.12)].
Now let us assume the condition (C}) and prove that K is almost polar.

Put B,={xeX; ei”z(x)gl—%}, then (2.4) implies that oz, <ox P,-almost

surely on {og < 4o} for m-a.e. x= X. Hence HE,H%f=Hyf m-a.e. for any
bounded Borel f. Using (xii) again, we finally get

(2.5) (AgAg,8 b= (Hgg, h)

for bounded continuous £ and m-integrable bounded Borel 4. On the other
hand, the function e% is, being a-excessive, q. e. cofinely continuous by (C)).
On account of (ix), there is an m-negligible Borel set N such that X—N is
M-invariant and each set B,—N is (relatively) cofinely closed in X—N. Fix
a strictly positive bounded m-integrable function A. Rewriting (2.5) as
(Flj"zg, h)=(IX_NFI§"z-NFI%n-Ng, h), we can observe that the measure #(E)=
(FI;’%IE, h) is concentrated on B,—N. But N B, is empty and hence 7 must
be a zero measure. In particular, e‘%(x):ﬁ;’él(x) vanishes m-a.e., yielding
that K is almost polar.

§3. An ergodic theorem.

Let us assume the condition (C,) throughout this section. We put
t
(3.1) Kf@= T.fods, xeX,

for a bounded Borel function f and ¢> 0.
QOur main theorem is this.
THEOREM 3.1. For any bounded Borel f, g LY(X; m), g=0, the ratio

th(x)
(.2 K.2(x)

converges, as t— oo, to a finite limit g.e. on the set

(3.3) Eg=t\Uo{xeX; K:g(x)>0} .

This generalization of the Chacon-Ornstein ergodic theorem is an easy
consequence of the following version of Brunel’'s lemma [10; 2.7] and the

assertion (v) of the preceding section.
LEMMA 3.1. Let f be a bounded Borel function of LY (X; m) and A be a

Borel subset of

(3.4) ﬁwengKmn>m.

n=1
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Then we have

(3.5) (éA’ f) _Z_ 0 4
where
(3.6) e,(x) =P, o, < +o0), xeX.

We will have to use our condition (C,) to prove Lemma 3.1. It is con-
venient to introduce here the notion of characteristics of the Markov process
M. A non-negative finite valued function c¢,(x), t>0, x= X, is called a non-
negative characteristic if

3.7 ¢(+) is universally measurable,
(3.8) c()+Toe(x) = (), 5,t>0, x£X,
(3.9 lim ¢,(x)=0.

tlo

The difference of two non-negative characteristics is called merely a char-
acteristic. K, f is a simple example of a characteristic. It is easy to see that
any characteristic is right continuous in t>0. Furthermore any bounded
characteristic is nearly Borel measurable and finely continuous in x< X. The
proof of this quite useful fact was given in E.B. Dynkin [7; Theorem 6.5].

PROOF OF THE IMPLICATION : LEMMA 3.1, = THEOREM 3.1. We may assume,
without loss of generality, that f is also non-negative in the statement of
Theorem 3.1. Since K, g is continuous in t >0, E, = go xe X; K,g(x)> 0},

rational

which is Borel measurable and finely open because of the corresponding
properties of the function K,g. Now let us consider the set

_ T i{zf(x) —
N={xeE; lim 705 =+oo}.
Then, for any 41> 0,
Ne () {sup K /—28)(%) > 0} .
By Lemma 3.1, we have

00> @, /)2 Xy, )2 (Koo, 8)= 2 (ox, K 8).

A being arbitrary, we must have éy=0 m-a. e. on the set {x= X; K, g(x) > 0}
and hence m-a.e. on E,. In view of §2 (v), N is almost polar. In the same
way, we see that the set

. i K S () T Kzf({)__
Neo={x @ By lim gy <40 b <0 Koy

is also almost polar for any a <b. g.e.d.
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From now on we will concentrate our attention on the proof of Lemma
3.1. We essentially follow the reasoning of A.M. Garsia [10; Chap. 2] and
its refinement by P. A. Meyer [11; Theorem 6]. We have to prepare three
lemmas (Lemma 3.2~3.4). The following lemma presents our version of Hopf’'s
maximal ergodic inequality (in Garsia’s form).

LEMMA 3.2. Let c¢,(x) be a bounded m-integrable characteristic and h be a
positive number., We put E,—= {x & X; sup c,x(x)>0}. Then we have
(3.10) Ugp v, ) =0,

where v is an arbitrary bounded co-excessive function, namely, v is non-negative
bounded and Twlv ast}0.
ProOOF. Consider the set

2= {x; max c,3(x) > 0} = {x; max c;(x) > 0} .
1=v=En 1=y=n
For x= E7, we have
calX)+max (Cornn—Cn) (%) = max cfi(x) .
1Svsn 1svsn
Since ¢, is a characteristic,

(Cwrpn—cn)® = (Theun)* < Thely
and hence
max (Co+pn—Cn)" < Th max ¢y .

1SvEn 1svsEn
Therefore we have
e P = gy Vs MAX cy+h—Tn(g§;<n Cin))
= (v, max ci—Th(max ciz))
1Sv=n 1SvEn
=@w=Thy, max ¢) = 0.
1=v=En
Letting 7 tend to infinity, we get (3.10).
Consider next a Borel set AC X and a constant 7> 0. We put
OTg(x)=E(8(Xy); t<o4)
©K, g(0)= [ ‘OT,g(x)ds
0
HaA/\T g(x) == Ez(g(XaA/\T)) .
LEMMA 33. Let f be a bounded m-integrable Borel function and d’ be
(3.11) () =K, f(x)=—CKr f(x)+T,-PKr f(x), >0, xeX.
Then
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(i) d% is a bounded m-integrable characteristic.
(ii) df satisfies the equality
(3.12) (g, d)=Hone Rz, f)

for any bounded Borel function g.

PROOF. We write d4 simply as d,.

(i) d; is bounded and fmiversally measurable. It follows from (1.1) that
1T fll21=Z1fll 21 for any Borel fLYX; m). Hence d, = LY(X; m). The equality
(3.8) for d, is easily verified. Let us verify (3.9). Denote 6,AT by o.

Since K /()= E.( | #X)ds), we bave TW0Kpfn=E(f " fX)as),

0. being the shift of the sample path w: (f.w),= wi,, s>0. Hence we have

d(x) = E,(j:wwtw)f(Xs) ds), which tends to zero as t| 0 because t+a(@,)—0a(t ] 0).
(ii) We introduce a-order quantities:

Trg(xy=e"Tog(x), OTeg(x)=e T, g(x),

- T A A
©Rig(= “Tigds, Hzg(x)=Eieg(X,).

Since %g(x):Ex(jde‘“sg(Xs)ds>, we have by Dynkin’s formula
0

(3.13) A%G,0=G.8—"Ksg.

Replacing the function g in (3.13) by T2g and subtracting the resulting
equality from (3.13), we have H2K¢g=Kig—©VK¢g--“KT¢g. Letting a tend

to zero,
Hoth: Kt g Tg+(0>KTTtg .

Taking the duality relations (1.1) and (2.1) of 7 and “°T, into consideration,
we finally get

(H,R.5 f)=(g K.f~"Ke f+T. K f)=(g, d).
Let us write as A, C A, if A,—A, is almost polar.
q.e.

LEMMA 34. Let f be a bounded m-integrable Borel function and A be a
Borel subset of

(3.14) NixeX; sgp K, f(x)>0}.
Fix a constant T >0 and consider the characteristic d, of Lemma 3.3 defined

for the present f, A and T.
Then, for any ¢ >0,

(3.15) AqE {xe X, sup (eK | f1(0)+di(x)) > 0} .
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PROOF. From (3.9),

A0+ T K| f1(x) 2 K, f(x)—CKp f(x).
Observe that
TEIW _y  cex

1 Rl St AT

—o K f1(%)
defining 0/0 to be 0 by convention. Hence, for any ¢ >0,
di(x0)FeK, | f1(x) = K, f(x)— K7 f(x)

for every t greater than some f,=1?#,(x)>0. On the other hand, the condition
(C)) implies

(3.16) Plo,=0)=1 for q.e. xe A.

This is because A—A" is semipolar (c.f. [2; II (3.3)]) and hence almost polar
by (Cy). Therefore we have

GANT
OKr ) =E(| 7 fX)ds)=0 for q.e xeA4,
0

arriving at the desired inclusion (3.15).

We are now ready to prove Lemma 3.1.

PROOF OF LEMMA 3.1. Let f be a bounded Borel function of LY{(X; m).
Consider any compact subset A4 of (3.14). Then, by Lemma 3.4, we have the
inclusion (3.15) with an arbitrarily fixed 7> 0 and ¢> (.

The characteristic ¢’ satisfies the relation (3.12) which can be rewritten

as follows:
(3.17) (g, ¢y =(HIR, g [)+(QrR.g )
where R

Hih(x)=E,(W(X,,); 04 <T)
(3.18) B :

Qri(x)=E(h(Xr); T<a,).

Let us put

(3.19) c(x) = eK, | fl(0)+d(x) ,

which is a bounded m-integrable characteristic. We then define
(3.20) E.,= {xe X; max c,(x) >0}
for positive integer . By virtue of Lemma 3.2, we have (IEe’l-v, Cyet) =0 for

any bounded co-excessive function v. Combining this with (3.17) and (3.19),

we get )
e(Kyav, 1f1)+(QTK1/2W, |f|)+(H£K1/2l(IEE’l'U),f) =0.

Multiplying 2* and letting ! tend to infinity,
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v, 1/1)+Q, |71)+im 204K U5, ,0), /)2 0.

Now look at the last term of the left hand side of this inequality.
Recalling Lemma 3.4, we see that, there is an almost polar set N; such that

o0
A—N,C\UE,,. Furthermore we can find almost polar sets N{ such that each
=1

set E.,;—N} is cofinely open, because ¢(x) is finely continuous and hence q.e.
cofinely continuous by virtue of the condition (C7) which is equivalent to (C,)

(§ 2, (xiv)). Select then an almost polar set NZDC)N‘Z such that X—N, is
=1
M-invariant according to §2 (vii). It is easy to see that each E.,—N, is

cofinely open. Thus
(3.21) %im 2K llz, - 0)®)=2(x), x€A—N,UN,.

Since the signed measure f-ﬁﬁ(E):(ﬁﬁlE,f) is concentrated on the com-
pactum A and does not charge on any almost polar set, we obtain

(3.22) e, 1f)+Qo, |f)+%, /)2 0.

Letting & tend to zero, (Qrv, |/)+(A%v, f)=0. Finally put v=2¢, and let
T tend to infinity. Observe that Qré4(x) = Py(04(0r0) < +o0, T<0,) =P (T<
o4 < +00)—0, T—oco, Using again the property of the measure f-A% stated
just before (3.22) and recalling (3.16), we are led to ;Lrg (ﬁﬁéA,f) = 1T1§o10 (ﬁﬁl,f)
=(84, f), arriving at the desired inequality (3.5).

§4. An ergodic decomposition of the state space.

Let @ be an m-integrable bounded continuous function strictly positive
on X and let us put

C={xe X; GO(x) = +oo}
D={xe X; GO(x) < +oo}

4.1

where GO(x) =1im K,@(x). We call C (resp. D) the conservative (resp. dissipa-
t—o0

tive) part of X. If we assume the condition (C,), then Theorem 3.1 holds and
hence the decomposition X=C+D does not depend on the choice of such a
@ up to an almost polar set.

In order to study some more about this decomposition, let us assume the
following conditions throughout this section:

(C,) A set is semipolar if and only if it is almost polar,

(C,) Each point x= X is either polar or stable,
where we say a point x= X to be stable if almost all sample paths starting
at x stay there during some initial time intervals.
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The condition (C,) is the -same as (C,) coupled with the assumption that
the measure m is a reference measure for the process M (§2, (viii)). In
particular, (C,) is met when M= M and the resolvent is absolutely continuous
with respect to m. Under (C,), polarity, semipolarity and almost polarity
become the equivalent notions. (C,) corresponds to the condition (L’) of J.L.
Doob [6]. In [6] the mnotion of a (fine) quasinull set was principally used,
which is however equivalent, under (C,) and (C,), to the polarity of the set
(see [6; §8]).

A theorem of Doob [6; Theorem 8.1] states that, if M has a reference
measure, the fine topology relative to M has the quasi Lindel6f property, that
is, every union of finely open sets is equal, up to a quasinull set, to a count-
able subunion. Therefore, under the present assumptions (C,) and (C;), we
have

LEMMA 4.1. Every union of finely open sets is a sum of a countable sub-
union and a polar set.

Now following Azema, Kaplan-Duflo and Revuz [1], we call a point x X
finely transient if there is a nearly Borel fine neighbourhood V of x such that

4.2) Px(lzrﬁ Iy(Xo=1=0.

Otherwise x is called finely recurrent. A point x< X is finely transient if and
only if there is a non-negative bounded Borel function f such that

(4.3) 0<Gflx) < Fo0

is valid ([1; Proposition.5]). We will soon use this criterion. Denote by
T (resp. R) the set of all transient (resp. recurrent) points of X.

THEOREM 4.1. D is a subset of T and the difference N=T—D is polar,
Furthermore R(=C-—N) is M-invariant.

PROOF. Since G® is strictly positive everywhere together with @, we
clearly have DCT.

Observe that, from the relation (3.8) of the characteristic, we have
K,f+T,Gf =Gf for any non-negative bounded Borel f, which in turn tells us
that Gf is excessive and hence finely continuous. For each point x< T, let
us associate a non-negative bounded Borel function f, such that (4.3) holds.
We may further assume that f, is m-integrable. By the above observation,
the set Ux)={y; 0<Gf(¥) <+oo} (CT) is a fine neighbourhood of x= T.

By Lemma 4.1, there exist points x;, 7T, i=1,2,---, and a polar set N such
that
44 T=(JU(x)UN.

i=1

Applying Theorem 3.1 to @ and f,,, we see that each set C\ U(x;) is polar.
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Therefore N=CN\T is polar in view of (4.4). Since N is polar, it remains
to show

{4.5) Pop < +c0)=0, xeR.
Assume that (4.5) is false, then there are a point x< R and a set
(4.6) D={xeX;s<d(), GOx)<M} (CD)
with some 0<d <M < +4co such that
4.7) Pop< +00)>0.

Now put ¥ (y)=@(»)-I5(y), ye X, then
8) CHD=Ele " TCH (X,

Since G@. is right continuous along sample paths, (4.8) implies G,¥(x)
S E(GO(X,.))= M yielding G¥(x) <M. Furthermore (4.7) and (4.8) imply

GU()ZIELe " Culs(Xop) > 0,

because, D being finely open, G.J5(¥) is strictly positive for every y& Dubr
(the support of X,;). Thus we get 0<G¥(x)=M contradiction to the fact
that x is finely recurrent.
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On an L?-Estimate of Resolvents
of Markov Processes
By

Masatoshi FUKUSHIMA*

§ 1. Introduction

Let (X, B, m) be a measure space and L?=L?(X;m) be the real
LP-space with norm | |, L%*inner product is denoted by ( , ). The
notation & will always means a bilinear form defined on D[E]x D[E],
D[E] being a linear subspace of L. We put for A>>0

Ei(u,v) =E W, v) +2(u,v), u,veD[E].
For 220 and fe L’ denote by R,f a solution # of the next equation:
us D[E]
Ei(u,v) =(f,v) veD[E].

(1)

Our aim is to give an a priori estimate of R;f under the next two
conditions on the form &:
(C.a) If ucPD[E] and k>0, then v=(u—k) " €cD[E] and E(v,v)
<E(u,v).
(E.b) There exist 4,>0 and p,>2 such that
(2) le]5,=CE, (u, ) ucD[E],

for some constant C>0.

Theorem 1. Suppose a bilinear form & satisfies the conditions

(E.a) and (E.b), then for p>,,p7p°72\/2

3 1R =G|, + Gl R flle, fELPNL

where C,(>>0) and C,(=0) are constants depending only on 2y, p,, C

Communicated by K. It6, October 15, 1976.
* Department of Mathematics, Osaka University, Toyonaka 560, Japan.
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278 MASATOSHI FUKUSHIMA

and p. Moreover C, vanishes when 33=0 and m(X) <oo.?

If a bilinear form & is non-negative definite in the sense that & (z,
w) >0, uc D[E], then the solution u of (1) with A>0 is unique and
satisfies [|u[,=<17'|f]l.. Hence we have

Corollary. Suppose a non-negative definite bilinear form & sat-

isfies (£.a) and (E.b), then for >0 and p>;€°_,2~\/2

(4) IRfl=Clfl,+ClIf ., fELPNL?

where C,(>0) and C,(=0) depend only on 1, py, C, 2 and p.
C, vanishes when m(X) <co.

G. Stampacchia [7] obtained an estimate very close to (3) when X

is a bounded open set D of R", m is the Lebesgue measure and & is

related to the elliptic differential operator —§A<a,-,~ 37> +27 bi»»a—~:
3x,~ ﬁxj 3xl
(5) Eu, v) = 3 0u(z) 0v(x) , (ryar
tJj=1JD 3xi Ox,

+ 2 L b, (z) %@—v (2)dx

with D[E]=H, (D). Here a;; is bounded, > a;(x)&E2>08% é=R,
for some constant ¥>0 and ;< L*(D). It is known that this form sat-
isfies the condition (&.a) even with the equality &(v,v) =&, v).
Moreover property (£.b) for a sufficiently large 4, (which depends only
on v and [b,]) and for %>l>l— 1

— follows from the coercivity of
Dy 2 7

E;, on Hy'(D) and the Sobolev inequality.”
We show in the next section that Stampacchia’s method of the proof
still works in our general situation of Theorem 1. In Section 3, Theorem

1 and its Corollary are applied to several kinds of Dirichlet forms includ-

b More explicitly we may take
Cy=21+ @/p00~22-20) . C- [m (X )] @o~4P0=0/®  and Ca=0
when 4:=0 and m(X)<lco,

» See footnotes 5).
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ing the above one of Stampacchia. In particular we are concerned with

a form of non-local character
©  Cwo = [ @@ -ue) @@ vk ) d

such that 2(x, dy) dominates the Lévy measure of the symmetric stable
process with index 0<la<(2:

@ k(z, E>zrj 2 —y] "y
E

for every Borel set E and a.e. x&R", v being a positve constant. By

making use of a Sobolev type inequality in N. Aronszajn and K. T. Smith

[1], we can see that (£.b) is valid for 4,=1 and l>—1—>l—£—
27 P 2 2n

It has been known ([2] and [3]) that, given a regular Dirichlet
form &, there exists uniquely up to a certain equivalence a Hunt process
M whose resolvent R,f solves the equation (1). An immediate con-
sequence of our estimate (4) is the absolute continuity of the resolvent
kernel R, of the process M. Further probabilistic consequences of (4)
are stated in the last section. We note here that the estimate like (4)
also plays important roles in the study of the stochastic differential equa-

tions and stochastic controls ([4]).

§ 2. Proof of Theorem 1

1°). Given f&L*NL? with p>2, consider a solution #=G,f of equation
(1) with A=0. Put v=(z—k)" for a fixed £>0, then v&D[&] and
E(w,v)<(f,v) by (£.a). (£.b) and the Holder inequality then yield
® )5, =C (f, ©) +Chom (AR) 17| v]3,

where A (k) ={xc X, u(x) >k}.

Take ky= (2CA) */*?*~*||u|,, then the second term of the right hand
side of (8) is not greater than %H'v“io for k=k, because m(A(k))
<k, lulf = (2CA) ~?/P~? in case that 1,>0. Hence we get from (8)
%uvn‘;’,ogcm v), K>k, Applying the Schwarz inequality to the right

hand side and then the Hélder inequality to each factor, we arrive at

1ol =2C1f L [m (AR TP 7Pe, kzk, .
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It is easy to derive from this for A >k=k,

©  mAG) =2 m (AR Joreon,
(h—Fk)?

2°). From the inequality (9) and Lemma 4.1 of G. Stampacchia [7],
we are led to the conclusion that, for m-a.e. x€X, u(x) is dominated
by the right hand side of (3) with C,= (2CA)?/**~% In case that
2,=0 and m(X) —oo, we may take k= |||, and hence C,=1 instead of
k,=C,=0. Applying the same argument as above to —u and —f, we
can see that —u(x) is also dominated by the same bound m-a.e. The

proof of Theorem 1 is completed.

§ 3. Application to Dirichlet Forms

Following H. Kunita [5], we consider in this section a bilinear
form & on L* such that, for some #->0, £, is non-negative definite,
continuous and closed (see Conditions (B.1)~(B.3) of [5]). Then
there exists uniquely a semigroup {7}, £>>0} of operators 7, on L? with
| T,[:<<e*' whose generator A satisfies &(u,v) = (—Au,v), ucD(A),
veD[E]. The Laplace transform R,f of T.f, fEL? is the unique
solution of (1) for A>>u,.

Each T, is subMarkov (namely, O0<T,f<<1 whenever 0=f<1, f
=L if and only if & fulfills the additional condition (&.a) which
is also equivalent to the following [5]:

(€.a) If ucD[E], thenv=0OVi)NL1€D[E] and E(v,v)<E (v, u).
We call & a Dirichlet form if it satisfies the condition (&.a).

An example of a Dirichlet form for which /4, is not necessarily zero
is the form (5). As was mentioned in Section 1, the form (5) satisfies
condition (&.a) as well as (£.b) (with 4,=>#,). By Corollary to Theo-
rem 1 we have for 1>z, and p>g—\/2,

10 IR -=Cllf L, feL?

C, depending only on p, |6}, # and A. The inequality (10) holds even
when 0<{A<{y, because R; is still bounded on L? ([6; Lemma 2. 1), but

it is not clear how the bound is estimated a priori.
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We call a Dirichlet form & on L? symmetric if 1,=0 and & (u, v)
=E(v,u) u,vePD[E]. A bilinear form &€ on L* is a symmetric Diri-
chlet form if and only if & is non-negative definite, symmetric, closed
and satisfies the condition
(C.a") ue D[E] implies v=(0\/u) N1 D[E] and E(v,v) < E(u, u).
Symmetric Dirichlet forms on L? are in one-to-one correspondence with
semigroups {7, 2>>0} of strongly continuous symmetric subMarkov

operators on L* by the formula

D[E] = fueL’; lim -21—(u—TLu, ) < 00}
tio i
(11
&(u, v) = lim —}(u—T;u, 2).
tlo

Here we give two examples of symmetric Dirichlet forms.

Let v;;, 1=<{7, j<\n, be Radon measures on R" such that
(12) vy =vy, 'jz_lvij(E)fif,gT.,m 1&%, £eR", EcB(RY,

where 7 is some positive constant and | E| is the Lebesgue measure of E.

For a fixed open set DC R" we put

13) Cwov=Y | B 00D, an,  dre1=cow).
i, j=1JD 0.@ 0x,
We assume that & is closable on LZ(D). Then its smallest closed exten-

sion & is a Dirichlet form on L*(D) ([3]). Furthermore we see from
— n 2 —_ —
(12) that D[E]c H(D) and rzj <§”> de<Cu, u), uecD[E].
=1 Jo \ox,
Hence & satisfies, in view of the Sobolev inequality,” the condition (&.b)

with %>})1—>%—l By Corollary to Theorem 1, the associated re-
o n

solvent satisfies (4) for any A>>0 and 1)>-721—\/2, with C, and C, depend-

ing only on 7, p» and 1. See [3] for examples of y; which are not
necessarily absolutely continuous with respect to the Lebesgue measure.

Next let k£(x, E) be a kernel on R*X B(R"). We assume the con-

dition (7) as well as the symmetry and finiteness assumptions:

% See footnotes 5).
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[ [ @00k, dyyde
Rn Rn

(14) — j j v(@)u(k(z,dy)dz, u,veCy (R,

Cy (RN CDLE],
where & is the form on L*(R") defined by (6) with

D= e ®); [ [ @@ —u))# (@ dde<o.

It is easy to see that & is then a symmetric Dirichlet form on L*(R").
Denote by £ the symmetric Dirichlet form associated with the
convolution semigroup T,u=y,*u with 9,(§) =exp(—¢#§&*). By the for-

mula (11), we have”

O S MILIGIEH S

1

|x__y|'n+7 .Zdy ’

=B [ | @@ -

where B(«, n) is some universal constant ([1]). D[E®] consists of
those u= L*(R") for which the integral in (15) converges. Therefore

condition (7) leads us to

16) DEICDE™], €@ uu<BLPew v) ued[e].
'

Note that the space D[E] and the norm vVE@ («, #) on it coin-
cide respectively with P, and |¢],» of N. Aronszajn and K. T. Smith [1].
§ 10 of [1] contains a neat proof of the inequality
1
2

a

lulls=Mlltllars, uEPap, o
n

’

1.1
>E>E

where M is a positive constant and {|#[l,. is a certain norm equivalent

)

to |#]an.” Combining this with (16), we get the conclusion stated at

Y P,(8) =IR"e“‘ *u(x)dx whereas we put 7 (&) = (27) /2 jRne“ “*u(zx)dz. Perseval’s for-

mula is then in force and (7., u)=j$z(5)|a(5)|2d5-

Y Hﬁ/z=j‘R (1+1&]H*|7(€)|°dé. The inequality of Aronszajn-Smith remains valid

for =2 in which case the above norm reduces to the norm of the space H'(R").
The inequality also holds for I%a=%—'2—6:;- provided n>a.
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the end of Section 1. By Corollary to Theorem 1, (4) now holds for
A>0 and p>ﬂv2 with C; and C, depending only on &, 7, # and A
n

§ 4. Probabilistic Consequences

Let X be a locally compact separable Hausdorff space and m be
an everywhere dense positive Radon measure on X. If a symmetric Diri-
chlet form & on L*(X;m) is regular ([3]), then there exists an m-
symmetric standard Markov process M on X whose transition function
defines the semigroup on L? associated with & by the formula (8). M is
unique up to an equivalence relative to exceptional sets of zero capacity
[3]. Here the capacity of a set is evaluated in terms of &,. We denote
by p(¢, x, E) and R;(x, E) the transition function and the resolvent kernel

of M respectively.

Theorem 2. Suppose a symmetric Dirichlet form & on L*(X;
m) is regular and satisfies the condition (£.b), then the associated
standard process M possesses the following properties: there exists
a Borel set N of zero capacity such that X—N is M-invariant and
i) Ri(z, ) is absolutely continuous with respect to m for each
A>0 and reX— N,
(i) p(¢, =z, ) is absolutely continuous with respect to m for each
t>0 and xr=X—N,
(ili) a set BCX—N is of zero capacity if and only if B is polar,
that is, almost all sample paths starting at r=X—N do not hit B

at positive time.

In fact the assertion (i) follows from the inequality (4) and the
quasi-continuity of R,f, fe€L*NCy". Properties (i), (ii) and (iii) are
equivalent ([3]). If we replace the notion of capacity by the fine capac-
ity, Theorem 2 remains true for any m-symmetric standard process whose
Dirichlet form satisfies (&.b) (without regularity assumption on &)
([3]). Theorem 2 can be extended to the non-symmetric Dirichlet form

in view of the work of Carrillo Menendez [2].
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Dirichlet Spaces and Additive Functionals
of Finite Energy

M. Fukushima

1. Introduction. In 1959 A. Beurling and J. Deny [1] introduced the notion of the
Dirichlet space and revealed all essential substances of the theory, most of which
were amplified and proven later in a fine exposition of J. Deny [3].

The link connecting this theory to the Markov process is in the following remark-
able fact ([3], [5]): there is a one-to-one correspondence between the family of all
Dirichlet forms & on an L?-space and the family of all strongly continuous semi-
groups {T,,t=0} of Markovian symmetric operators on the same L2space, the
correspondence being specified by

(6] = {uEL2: lti{r}]%(u, u—T,u)ze <oo}’
6]

.1
&, v)= il;ng—t—(u, v—T,0) e

If the semigroup {T,, #=0} happens to be transient, then the domain Z[&] can be
extended by completion with respect to the 0-order form & to a Hilbert space which
is continuously embedded into a certain weighted L'-space. The Dirichlet space
in the original sense of [1] can be obtained this way ([3], [15] and Appendices of [5]).

Owing to such connections, the author {4], H. Kunita [11], J. Elliott [10], M. L.
Silverstein [15] and Y. Le Jan [13] were able to use the Dirichlet forms on L*spaces
quite effectively in resolving the so-called ‘““boundary problem of Markov processes™,
which had been formulated and studied before by W. Feller, A. D. Wentzell et al.
mainly in the framework of the semigroup theory on the Banach space C of con-
tinuous functions. In the meantime it has been shown that every regular Dirichlet
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form & admits a Hunt process M and moreover potential theoretic notions
relevant to & (quasi-continuity, sets of capacity zero, reduced functions and so
on) can be interpreted in the language of the Hunt probabilistic potential theory
relevant to M (see [5], [6], [15] for symmetric cases and [2], [13] for nonsymmetric
cases).

Two different Hunt processes may correspond to the same regular Dirichlet
form but their restrictions outside a certain Borel set of capacity zero have the same
transition probability [6]. At present we are content with this sort of loose uniqueness
of the associated process since the potential theory of the regular Dirichlet form
alone can not control inside a set of capacity zero. However it is still important
to know whether one can select a nicest version (for instance a Hunt process with
a Hoélder continuous resolvent). Probably some methods of E. De Giorgi, G. Stam-
pacchia et al. must be brought in before this point is made clearer. See [7] for some
related information.

Now we utilize the above mentioned probabilistic potential theory relating the
form & to the process M and study the structure of some important classes of
additive functionals of M, namely the class A} of positive continuous additive
functionals (PCAF’s) and new classes of additive functionals of finite energy.

We first characterize the class A7 by means of the family S of smooth measures.
Since we relax the definition of AF of M slightly by admitting exceptional sets
of capacity zero, the family S becomes wider and simpler than the families specified
by H. McKean-H. Tanaka, D. Revuz et al. In fact S contains all positive Radon
measures charging no set of capacity zero. As an application, H. Nagai [14] has
been able to relate the optimal stopping problem of AF’s directly to a variational
inequality involving the form & and measures in S.

The energy e(A) of a (not necessarily positive) AF A is introduced by

N I
2 e(d) = lim - E,,(43).

The space M of martingale additive functionals (MAF’s) of finite energy is then
seen to be complete with metric e. This makes it possible to define the stochastic
integrals based on MAF’s more simply than M. Motoo-S. Watanabe. Further-
more this leads us to a unique decomposition

3) #(X)— (X)) = MM+ NM, MW, NWeA;,

for any function # in the Dirichlet space % =2[&], 4. being the class of CAF’s
of zero energy.

The novelty of this decomposition lies in that each AF in 4, is of quadratic
variation zero in a weak sense but not necessarily of bounded variation. Thus we
are out of the range of semi-martingales and consequently the generalized Ito formula
due to H. Kunita-S. Watanabe does not apply in general. Nevertheless we get the
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following variant of the Ito formula with the help of a transformation rule of energy
measures due to Y. Le Jan [12]:

@ MO = 3o (u). M
i=1

for a composite function @ (u)=P(uy, Uy, ..., 4,), € F, 1 <i<n. For simplicity

we assume here that the process M is a diffusion or equivalently that the form &

possesses the local property.

Formulae (1), (2) and (3) tell us that the resurrected Dirichlet space (F, &™)
introduced in §4 is isometrically embedded into the Hilbert space (.//l., e). Thus
we essentially reduce the study of the Dirichlet space to the study of the space of
MAF’s of finite energy. In particular a calculation of the energy of the both-hand
sides of (4) by setting #;(x)=x; (the ith coordinate function) immediately gives
us the Beurling-Deny formula [1]

©) s = 3 [ %aa%m(dxx 4, v€C5 (RY

f.j=1 R?
h olding when the underlying space is the Euclidean »-space and % possesses Cy (R"
as its core.

2. PCAF’s and smooth measures. Let X be a locally compact separable Hausdorff)
space, m be a positive Radon measure on X with Supp[m]=X ans}
M=(Q, #,X,,P,) be a Hunt process on X which is m-symmetric in the sened
that the transition function p, of M satisfies

[P f@em@x) = [£(x)pe(xIm(dx), f, g€ B+(X).
X X

{p,,t=0} then decides uniquely a strongly continuous semigroup {7, =0}
of Markovian symmetric operators on L?*(X, m) which in turn defines a Dirichlet
form & on L?(X,m) by the formula (1). We call & (resp. F=2[&]) the Dirichlet
form (resp. Dirichlet space) of the Hunt process M.

Our basic assumption is that & is regular in the following sense: Fn Cy(X)
is &-dense in F and uniformly dense in Cy(X). Here Cy(X) is the space of all
continuous functions on X with compact support and &,(u, v)=6& (4, v) +a(u, v),
=0, u, v€F, (u,v) being the L%-inner product.

We call a set BCX properly exceptional if B is Borel, m(B)=0 and the
complementary set X—B is M-invariant: P (X, or X, €B, 3t>0)=0, VxcX—B.
It is known that a set is of capacity zero (evaluated by the form &) if and only
if it is contained in a certain properly exceptional set [6].

By an additive functional (AF) of the process M, we mean an ordinary (perfect,
right continuous, possessing left limits, finite up to the life time {) additive functional
A of the Hunt process M|y_p, B being some properly exceptional set depending
on A ingeneral. Two AF’s A® and 4® are identified if V¢>0P, (APV=4®)=1
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for q.e. x€X, thatis, for every x except on a set of capacity zero. The set of all
nonnegative continuous AF’s (PCAF’s) is denoted by 4.

Let us call a nonnegative Borel measure u on X smooth if p satisfies the follow-
ing conditions: u charges no set of capacity zero and there exists an increasing
sequence {F,} of compact sets such that

(n.1) P (lim oy p, <) =0 qe Xx€X,
r.2) w(F) <o, n=1,2,..., [X—- G F,,] =0.
n=1

Denote by S the family of all smooth measures.

THEOREM 1 [8]. The equivalence class of AT and S are in one-to-one correspondence
by the relation

.1
ltlg)l't_Ehm((f'A)t) = <f'ﬂa h>a A€AY, pes,

for any y-excessive function h (y=0) and fc#+(X).

The following inequality holding for 4€4} and the associated measure p, €S
plays an important role in the sequel:

(6) E,(4) < 1+ ) |UV]e - 1y (X) (s), VESe,

where S,, is the set of all probability measures on X of finite energy integrals
possessing bounded 1-potentials U,v. It is known that a set B is of capacity zero
if and only if v(B)=0, VvES,,.

3. Completeness of (./li, e) and the stochastic integrals. An AF M is said to be
a MAF if V¢>0, E (M} <<, E,(M,)=0 q.e. The family of all MAF’s is denoted
by #. Each M¢€.# admits its quadratic variation (M)A} :t=0E ((M))=E (M}
g.e. Let the energy e of AF be defined by (2), then we easily see

1
@) e(M) = = kany)(X), MEM.
Furthermore e defines a pre-Hilbertian structure in the space M= {MeM:e(M)<oo}).
Actually (6) and (7) lead us to

THEOREM 2 [9]. (Jlo, e) is a real Hilbert space.

Consider the family #={McA: p,, (€S) is 2 Radon measure} (.4).
We have then for M, L€, f€LXX; piyy,) and g€LXX; pyp)

®) (jf If- ngﬂ(M,L>|)2 < !fzdﬂ(M)!gzdu<L>.
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In view of (7), (8) and Theorem 2, there exists for Me.#; and fEL*(X; pp)
a unique f-M €A such that

©) e(f-M, 1) = 5 [fOIronn (@), VLEA.
X

Sf+M is called the stochastic integral of fEL*(X; p,y) with respect to Me,.
Using the inequality (6) again, we can reduce our stochastic integral to the ordinary
one due to Motoo-Watanabe relevant to the Hunt process M|, _5, B being a suitable
properly exceptional set. This identification justifies the rule f-(g- M) =(fg)- M.

We now extend the above stochastic integral to a wider class ., .. We say
that an AF M is locally in My (MEM, ) if there exist a sequence of relatively
comigact open sets &, such that &,06, .. Gt X, aind a sequence of MAFs
M®c; such that M,=M{",Vi<oy ¢, P,as. for qe. x€X. The quadratic
variation (M)€A} of M is then well defined by (M),=(M®),, Vi<oy g,
n=1, 2, .... By making use of Lemma 10 of [8], we further see

(10) [f@pan@x) = [f)mumy@x) if Supp[flc G,y
X X

for a bounded Borel f. In particular i, °is Radon and (8) extends to the present M.
Therefore the stochastic integral f+ Me.# is still well defined by (9) for M¢E#, .
and fEL2(X; poay)-

Finally we can define the stochastic integral f+M€.#, 1,. for any locally bounded
Borel function f and M€E.#, 1, by the formula

(11) g (f-M)=(gf)-M,
g ranging over all bounded Borel functions of compact support.

4. A decomposition of the AF AM=a(X,)—#(X,), u€#. Denote by & a quasi-
continuous version of u€%. The formula (1) means that the AF 4™ for ue#
is of finite energy and
(12) e(A™) = &5 (u, u)
where

& (u,0) = & (u, v)— [A(X)B(x)k(dx), u, vEF,
X

k being the vague limit of 7 1(1—p,1)-m as #},0. k is called the killing measure
and indicates the killing inside X of the sample paths of M.

THEOREM 3 [9]. (i) For each u€%, the AF A" admits a unique decomposition (2)
where N;={N:N is a CAF, e(N)=0, E,(|N,)<< g.e.}.

(ii) NMc A, is of bounded variation in t if and only if there exist two smooth
measures v and v® such that

(13) E,v) = f v(x) (v (dx)—v@ (dx))

X

for any vEF vanishing outside some Fy, {F,} being a common nest for v® and v®,
193



746 M. Fukushima

When M is the one-dimensional Brownian motion,
F= H'RY), &, v) =% [w()v () dx
Rl

and the condition (13) reduces to the condition that #’ is of bounded variation.
From (2) and (12) we get the isometry from (&, §*) into (,/i?;, e):

14 e(M™) = &%(u, u), ucF.

Put #,={uc%:u is bounded}. Theorem 1 then implies the formula
(15) [ 1@ spray(dx) = 267 (u - f, w)— 6 W2, f), f, u€ .
X

5. A stochastic calculus related to the Dirichlet space. For simplicity we assume
that M is a diffusion or equivalently that &™*(u, v)=0 whenever v is constant
on a neighbourhood of u [6]. The integral in (15) then vanishes when u is constant
on a neighbourhood of Supp[f]. Hence we have MM“l=M), Vi<oy_g, P-as.
for qe. x¢X,if w,,u,€%, and u;—u, is a constant on an open set G.

A function u is said to be locally in %, (u€ #L) if there exists for any relatively
compact open set G a function w¢€&, such that u=w on G. By the above
observation, we can see that each u€#?> admits uniquely an AF M™e, ..
If w,u,€%> and u,—u,=constant, then M= pll

THEOREM 4. The generalized Ito formula (4) holds for any wuy,ug, ..., u,€F2,
and ®CCYR™) with bounded first derivatives.

Especially when u’s are in & and ¢ vanishes at the origin, #(u)€F and the
following equation holds for fe€Cy(X), veZ, [12]:

n
(16) S Fanpaoon iy = 3 [+ @, @) dputad, wey-
b =X

This combined with (9) gives formula (4) since {f- MU ; fcCy(X),veSH,} is dense
in (.//;, e). Then Theorem 4 readily follows in view of (10) and (11).
If M is an m-symmetric diffusion on R" and &% possesses C;’(R®) as its

core, then x;€%%. and we get from (4)

a7 MU= Zux."M[x‘]a u€Cg®(R").
i=1

Now (9), (14) and (17) give formula (5) with vij=‘%‘ﬂ(M[xi],M[xj]), l<i, j=<n.
When v;; vanishes for i>#j, we have the expression

(18) M= {Z"'fi-M["i]: fiel2R, vy, 1<i< n}.
i=1
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A Note on Irreducibility and Ergodicity
of Symmetric Markov Processes

M. Fukushima
College of General Education
Osaka University
Toyonaka, Osaka, Japan

§1 Ergodicity
Let (X, B(X), m) be a g-finite measure space and {pt, t > O}

be a transition function over- (X, B(X)) : P, = pt(x,dy) is a
substochastic kernel on (X, B(X)) satisfying PiPg = Pius and
pﬂ(x,-) = 6{x}(-). We call {pt] conservative if pt(x,X) =1

and m-symmetric if SB P, (x,B,)m{dx) = SB p, (x,B Im(dx) for any
1 2

Bl, Bz € B(X). m is said to be stationary with respect to {pt}
if SX P, (x, BIm(dx) = m(B), B € B(X). If {p,} is conservative

and m-~symmetric, then m 1is stationary with respect to {pt}.

Given a conservative transition function {pt} on (X,B(X)),

we can construct an associated Markov process {Q , BO, Xt’ 0y» Px] by

a= x1%) x () =w,,wen Y = oix ;s cty, 30 =y B°,
t t t si S S o

s? and, for O 3 tl < t2 <---§tn, El, N En € B(X),

€ BloXg € B =i n e (ndxp, o (xp,dxy)
1 t, n Epx - -xE Pty 175t,-t, 07 2

(Xp-128%,) We et P(A) = jx p (Mm(dx), 2eB’,

(Stm)s = wy,

PX(th
o-op .

tn tn-l
P is not necessarily a probability measure but a o-finite measure
on ( ,8%).

Lemma 1.  Suppose that m is stationary with respect to {pt].
A P-integrable bounded random variable Z is et-invariant (Z = Zset
P-a.s., t > 0) if and only of Z = g(Xo) P-a.s. for some m-integrable
bounded function g on X which is pt~invariant PPy = g m-a.e.,

t > 0.
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Proof For such a Z, the Markov property yields

E(ZlBE) = g(X)) P-a.s. with g(x) = E (2), Hence

PUIZ - g ) > &) =P(12 0, - g(X; 0] >e) =P( [z - gX)]| > e)
— 0, and Z = g(XO) P-a.e. Since g(xt) = g(xo) P-a.s.,
t+oo

E((g(xt)-g(XOJ)h(XD})=E{(ptg(XO)—g(XO))h(XO)) for any bounded h,
which impies P.g = g m-a,e, Conversely, given such g as in

Lemma 1, we have E((g(Xt) - g(XO))Z = Q. q.e.d.

Theorem 1 Let {pt} be an m-symmetric conservative transition

function. For any f € LP(X;m), p > 1, the limit 1lim p.f=¢g
tow
exists m-a.e. and in Lp(X;m). g 1is pt—invariant.

Proof This is a consequence of an extension to a o-finite
measure space of Rota's ergodic theorem( C.Dellacherie and P,A.Meyer
[z . In fact using the same notions as before, we have from
symmetry Y, = E(f(XD)IGl:) = p f(X) P-a.s., where G, = ofX_;s > t}.
Hence pth(XD) = E(YtlBD). Since Yt is an inverse martingale,
the limit 1im Yt = Z exists and the Lp—martingale inequality yeilds

10
1lim pztf(XG) = E(Z[BG) P-a.s. and in LPIQ;P)-sense. The theorem
t
follows with g(x)=Ex(Z). q.e.d.

A conservative transition function {pt} is said to be irreduci-
ble if any pt-invariant bounded m-integrable function is constant m-a.e.

The o-finite measure P on (R, BD) in Lemma 1 is called ergodic
if any Bt—invariant bounded P-integrable random variable is constant
P-a.s. The preceding lemma and theorem imply

Corollary Under the situation of Theorem 1, we have
(1) {p.} 1is irreducible if and only if P is ergodic.

.. oL C 1 _ )

(ii) lig peflx) = ¢S] S; f(y)m(dx) m-a.e. for any bounded
m-intgrable function f. The right hand side is interpreted to he
zero when m(X) = o,
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§2. Irreducibilty

In this section, we consider a tramsition function {pt} which

is m-symmetric but not necessarily conservative. Let E be the
associated Dirichlet form on LZ(X;m). E 1is said to be idrreduci-
ble if {pt} is irreducible. Irreducibility criteria for E

were studied in Albeverio, Fukushima, Karwowsky and Streit [1] in
relation to the notion of quantum mechanical tﬁnneling. The obje-
ctive of this section is to give some extensions of the results in
[1] with a little simplification of the proofs.

As in [1l], we assume that X 1is a locally compact Hausdorff
space satisfying the second axiom of countability,m is an everywhere
dense positive Radom measure on X and E 1is a regular and local
Dirichlet form on LZ(X;m]. Accordingly we may coensider that the

associated m-symmetric transition function Py gives rise to a
diffusion process M = {2, B, X, PX} on X.
The Lz—semigroup determined by p, will be denoted by Tt instead

of Py - A Borel set B is called T, -invariant if TtIB = IBTt’

2
£ > 0, namely, Tt(Iij = IB-th for any £ € L7 (X;m}. T, or

E is said to be irreducible if any Tt-invariant set B is trivial

in the sense that m(B) = 0 or m(X-B) =0 . When Py is conser-
vative, this notion is equivalent to the irreducibility of the prece-
ding section as we can see from Corollary (i). We call a set B
M-invariant if Px( Oy_p < ) = 0 for any x € B, ¢ indicating the

first hitting time of the set. We say that an increasing sequence
{Fn} of closed sets is a nest if Cap(X-FnJ + 0, Following LeJan
[61, we call a Borel set B gquasi-open (resp. qurasi-cleosed) if there
esists a nest {Fn} such that B(]Fn is open(resp.closed) ip Fn

o~ .
for each n. For Borel sets B and %; B is said to the a modi-
fication of B 1if m(Berﬁj =0,

Theorem 2 Following conditions are equivalent for a Borel set
B.
(1) B is Tt-invariant.
(i) u eD[E]=}IB-u € D[E].
(iti) IB is locally in D[E],
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(iv) Iﬁ' is quasi-continuous for Some modification B of B.

(v) ¥ is quasi-open and quasi-closed for some modification g
of B.

(vi) X c¢an be decomposed as X = B1 + B2 + N where Bl[resp. BZ)

is a modification of B(resp. X-B), both Bl .and B2 are M-invariant
and m(N) = Q.

Remark 1 Condition (v) is the same as saying that there exists
o~
a nest {Fn} such that gf\Fn and Frl - B are closed for sach n.

This simplifies corresponding statements in [1]. The set N in
condition (vi) is of zero capacity ([4]).

Proof (i) =y (ii) = T and D[E] are expressible by a

t
[
resolution of identity {EJ\’ A >0} on Lz(x;m) as Tt =J e-AtdEl
. 0
o

and D[E] = {u & 2 -'SD }\d(EAu,u) < w}, (1) then implies EAIBu

IB-EJ\u, u e L2, from which (ii) is immediate.

(ii):}[iii) : Since E is regular, there exists for any compact
K, a function u € D[E](]CU{X) such that uw =1 on K.

(iii):@(iv) : IB admits a quasi-continuous version 4. Since

¢2 =49 m-a.e., $ =0 or 1l q.e. Hence ¢ = Iﬁf q.e. for some

modification B of B.

(iv)==(v) : trivial.

(¥v) =(vi) : Let T, be the first leaving time from F, of the
sample path, Since the sample path is continuous almost surely
and Bn Fn- is not arcwise connected with F, - B,

Px( Xt & Br\Fn for any t < 'rn) =1, x eBﬂFn (see Remark 1).

The same property holds for the set F, - B. We then arrive at
(vi) by observing that Px[lim Ox_p < %) =0 q.e. ([4D).
n -

(vi) =»(i) : trivial. _ q.e.d,

Corollary Let m(l) and m(z) be mutually absclutely continuous
and let E1 and E(Z) be regular local Dirichlet forms on
LZ(X;m(l)) and LZ(X;m(Z]) respectively. Suppose that any
quasi-continuous function with respect to E is also quasi-continuocus
with respect to E(l). Then the irreducibility of E(l) implies

the same property of E(z).
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The condition in this Corollary is satisfied if (2] 45 locally
dominating E(l). To make this statement more precise, let us

consider a dense subalgebra D of CD(X) satisfying the following

two properties : (i) for any e > O, there exists a function ¢E
making E Markovian ([4]) such that ¢€(u) € D whenever u € D,
(ii) for any compaat set X and a relatively compact open set G
with K¢ G, D contains a function u with u=1 on K and u

=0 on X - G. We let DG ={fuedD:u=90 on X - G}

We say that D is a core of a Dirichlet form E if D 1is El-dense
in D[E].

Theorem 3 (i) Let E(1] and E(z) be two local regulér
Dirichlet forms on Lz(x;m) possessing 4 set D as above as their
common cores. Suppose that for any relatively compact open set
E(zl(u,u) Z Vg E(l)(u,u), u DG’ for some constant Y * C.

Then the irreducibility of E(l) implies the same property of E(Z).
(i) Let n(? anda n® be related as  dan{® = p an) witn

Yg = igé p(x) » 0 for any relatively compact open set G. Let
E(l) and E(z) be local regular Dirichlet forms on LZ[X;m(lj) and
LZ(X;m(z)) respectively. Suppose that E(1J and E(Z) have a

common core D of the above type and E(1) = E(Z] on DxD.
Then the irreducibility of g(1) implies thdat of E(ZJ.

Proof (1) The restriction of a local regular Dirichlet form
to {u€D[E] ;T =0 q.e. on X-G } is denoted by EG,which is

known to be a local regular Dirichlet form on LZ(G;m). A function
on G is EG~quasi—continuous if and only if it is E-quasi-continuous
({4; Th. 4.4.21). Moreover, a function which is quasi-continuous
on any relatively compact open set is (globally) quasi-continuous.
Under the assumption of (i), DG becomes a common core of Eél) and

Eéz) ([4; Prob. 3.3.41). Inequality in (i) then implies an

analogous inequality for the relevent capacities. Hence a function

(2)

1 . . P . .
)~qua51—c0nt1nuous whenever it is EG -quasi-continuous.

g(2)

is Eé

Thus if a function is quasi-continuous with respect to , S0 1t

is with respect to E(lJ. Now Corollary applies.
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(ii) We have
Eéz)(u,u) + (u,u)m2 2 Eél)(u,u) + YG-(u,u)m1 , u & DG' g.e.e.

Example 1 Sobolev space of order 1 on Lz(Rd) is irreducible
because the associated diffusion is Brownian motion whose transition
function is given by

2
b, (dy) = (2rt)¥2 exp - LExl5yay
Consider a non-negative function o & Llic(Rd). Then
E(u,v) = %-S 4 Vuvv p dx, DJ[E] = Cé(Rd),
‘ R

defines a Markovian local symmetric form on Lz(Rd; dx). Assume

that inf p(x) > 0 for any compact set K CfRd, then E is closable
xeK

on LZ(Rd; pdx) . The closure E becomes a local regular Dirichlet
form and consequently admits a diffusion process Mp on R.
Now Theorem 3 applies with D = C%(Rd) and we see that the closure

E is a irreducible local symmetric Dirichlet form on Lz(Rd;dx).

Example 2  Comsider the above example for the one dimensional
case. More specifically we are concerned with the symmetric form

E(u,v) = -21-le u' (v (x)p(x)dx,  DE] = ¢p(rY),

and inf p(x) > 0
a<x<h

on Lz(Rl,pdx) and we assume that p € Lléc

vhenever 0 & (a,b). p may be degenerate at 0 but E is
closable ([4; Th.2.1.4]).
The closure E 1is irreducible if and only if

b de .
D—(ET < w© for b > 0.
-b

In view of Theorem 2 and Remark 1, this assertion follows from the

next lemma.

Lemma 2 Let Id = (0,d).
1] .
. de
lim Cap(I)) = 0 & = = , bo>0.
d+0 d o PLE)

Proof "==" : Suppose that the above integral is finite. Le
G = (-b,b), then it suffices to show lim CapG(Id) > 0 where CapG
d+0
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is the capacity related to the form EG(see the proof of Theorem 3).

By [4;Preb.3.3.2], CapG(K) for XK = [c,d], 0 < ¢ < d, can be computed

as b
Capg(K) =  , inf E,(u,u) 2 ,inf %J’ ut (x)%p (x)dx
u C,,u=l on K Tu Co d
u=0 on R'-G u(d)=1,u(b)=0
which is not smaller than %-(Jb dg/o (&) )_1 by Schwarz inequality.
d
‘Hence we have Cap(Id) 2z %{ b dE/p(E))_l > 0 uniformly in d.
0
b
rte=r Suppose that SO E%%T = ® . Let 0 < c'< ¢ <d<d'< b,
K = [c,d] and define w. by u () = (| %5517 _dE
’ o] Y 0 ot Dij C|p(§) ?
c' £ x<c; u.fx) =1 C<X<d'u(x)l-“-(d’ dE)-]_d dg
Xzt Y - T T ] a P(E) < PEEY
dgxgc;ug(x) = 0 outside [c’,d']. Then wu, € DIE])Cy(RD)

(see [5]) and 1 :
Cap(K) < By (ug,u,) = =+ ( ch)'1+l(jd ag 51, () e
PRM 2 B e ? T 7 R ) ey )4 PLEY o’ :
Letting c' + 0 and ¢ + 0, we get
1 fd' dg -1, (d .
Cap(Id) 53 ii' ETET) + gﬂ p(£)dg, which tends to zero as d + 0
and d' ¢+ 0. q.e.d.
0
g _
_b_BTET and
b g 1

< o the R i um two invariant ts {~e,0 and
0 p—(gj— N n is the s of se {(~,0) n

This lemma means that, if for instance 5

[0,=), 0 dis attainable by the associated sample path from the
right but not from the left in this case.

Example 3 Consider the same example for the two dimensional

case, Thus
E(u,v) = 1 (u2 + uz)p(x y)dxdy D[E] = Cl(RZ)
3 2 Rz x y 3 2 . V 0 *
Let € = {x = 1}. We assume that o & Ll1 (Rz) and -inf p(x,y)
oc
{x,y)ek
is positive for any compact set K with K AC = ¢. We further
assume that the form above is closable on LZ(RZ; dxdy). By the

same reasoning as in the preceding example, we can coclude that E

is irreducible if for some o < B and b > 0
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B ¢b 4 '
E -1
Sa[ g-b—ptim)J an > 0.

A sufficient condition for the reducibility can be stated as follows:
For a n-interval J, we denote the integral f p{&,n)dn by 5&.
J

1f {Jk} k:-w is an open covering of R1 and if for each k,
b ]
3 k dg = o dE = oo
either S 3__T§T or ] FCEY for some bk > 0,
0 J b J
k k k
then the left half plane {x < 0} and the right half plane f{x > 0}
are not attainable each other.
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CAPACITARY MAXIMAL INEQUALITIES
AND AN ERGODIC THEOREM

Masatoshi Fukushima

§1 Introduction

. . . . . n
Let k be a non-negative, integrable and lower semicontinuous function on R

The capacity C, relative to k 1is defined by

k
. 2 .
Cap(A) = inf {IE“LZ : fe LZ(Rn), k*f > 1 on Al. Adams [1] then considered the
maximal function M) (x) = sup |6r*f(x)[ where 8%  is a family of
rél

convolution operators ( or Lz-limit of such operators) indexed by I, and proved

that the capacitary weak type inequality for M

Cap, ( M(k*£) > 2) g czx'zllfll?‘2
L

is a consequence of the corresponding maximal inequality of type 2
"M(f)” 5 £ clell 5
L L

The proof is straightforward (only the commutativity of convolution operators

k* and e; is used ) but this observation by D.R. Adams is rather striking.

Indeed it enables one to reduce many of the known statements on quasi-everywhere
convergences (e.g. those by Beurling-Salem-Zygumund, Temko, Carleson and Preston)
simply to Lz—estimates (see Example at the end of §2). Adams also considered
the LP-version of the above reduction theorem.

In this paper we start with, instead of a convolution kernel k on Rn, a
Dirichlet space based on a general measure space. We then have an associated
{sub)markovian operator V, which is our counterpart of k but no more given by
a convolution kernal in general.

In 82, we prove a reduction theorem analogous to Adams’'. In §3, we apply
it to an ergodic theorem concerning the quasi-everywhere convergence of the
transition semigroup. Such an application is possible because V and the
semigroup are commutative, and moreover the L™ -maximal inequality of the semigroup
is available following Rota's argument ([2]), which require however a slight
modification in our case of the submarkovian semigroup.

In this connection, we mention the works [4] and [7] where the quasi-everywhere
convergence in the Chacon-Ornstein ergodic theorem were established using a different

method, namely, by clarifing the potential theoretic nature of Brunel's inequality.
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§2  Capacitary maximal inequalities--a reduction theorem

Let H be a real Hilbert space with inner product ( , ) and £ be a closed
symmetric form on H, namely, 8 is a non-negative definite symmetric bilinear form
with domain 3‘ =ﬁ{a] being dense in H and complete with respect to 51 (u,v) =
ELU, v) + (u, v). 8 is in one to one correspondence with a non-positive definite
seif-adjoint operator A by 3’:00([-1&) and g(u, v) = (’«A u, f—A v) and so that
}:,@Q]I-A),gl(u, V)= (JT-Au, JTTE V). we let

4 dE
Vo= oa-nVY? o g A
0 /T +x .
where {E}\, X z 0} 1is the resolution of identity associated with -A : -A :5 AdE).
0

Then we see that H 1is unitary equivalent to (}, 81) by the map V :

}‘: V(H), g,l(\/f, vg) = (f, g). Furthermore V is related to T _= exp(tA)

t
by vE =S 7%@-5 Tsfds becausce the integral of 7;=Se_s e_S)l on [0,=)
0
is  1/V/1+x .

Now we consider a Jocally compact separable metric space X and an everywhere
dense positive Radon measure m on X, Let (T,E) be a Dirichlet space on
Lz(x;m) which is CO—regular in the sense that J’f]CO(X) is dense in 5‘ and in CO(X)
CO(XJ being the space of continuous functions on X with compact support. Then

there exists an associated Hunt process on X whose transition function pt(x,E)

is m-symmetric and decides the above mentioned semigroup Tt. ptf fer any non-
. 2 . . . . .

negative Borel f € L™ (X;m) 1is a quasi-continuous function in 3([5]). By the

observation in the preceding paragraph, we have the following lemma.

Lemma 1. Define a (sub)markovian kernel V by
o -5 .
2. = :
(2.1) V(x, E) 50 7= ¢ ps(x,h)ds
and let Vf(x) = IX V(x,dy)f(y) for a non-negative Borel function f and V£ =

ve - Vf~ for a Borel function f. Then V£ is quasi-continuous for any Borel

function f in LZ(X;m} and

(2.2 3“ = {vVf : f & LZ(X;m)}
E,VE, ve) = (£, ), £ g ell(um.

The quasi-continuity of Vf follows from the fact that the quasi-continuous

functions ptVf converge as t + 0 g.e. on X and in (},El) as well ([51).

The capacity of an open set A C X 1is defined using metric 51 by
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(2.3} Cap(A) = inf{ézl(u, u} :ué€ J,uzl ma.e. on A}.
The capacity is then extended to ali subsets of X as an outer capacity. We have
~ 1
(2.4) Cap{|u] > 1} gngl(u, u) , u € 3:‘
~ s -
where u denotes a quasi-continvous version of u (]5]}. In what follows,
always denotes a positive number. "Qauasi-everywhere'” or "g.e," means "except

on a set of zero capacity'.
Let {er, r €1 } be a family of linear operators 6. on LZ(X;m) and let
(2.5) M(f)(x) = sup |e_f|(x)
T
T€l
We assume that Grf and M(f) 1is g.e. defined Borel function for each Borel f €&
LZ(X;m).

Theorem 1 (a reduction theorem). Suppose that each B, satisfies
(2.6) |8 VE(x)| £ V]e £](x) g.e.
2 .
for any Borel f € L™ (X;m). We further assume that the operator M 1is of strong
type 2 : there exists a positive constant C and
2
(2.7 Mol < ClEl , £ eLTm.
L (m) L (m)
Then M satisfies the following capacitary weak inequality with the same constant C:
2
C
(2.8) Cap( M(u)> x ) g ;\7 gl(U, uj, u 63"
Proof Let u =Vf, f € LZ. Since V 1is a positive operator, we get
from (2.6), M{u) g VM({f). Hence (2.4}, (2.2) and (2.7) lead us to

Cap( M(u) > 3) g Cap( VM(£) > A) g —5 & (VM(£), WM(£)) = ; IMcoll?,
A L (m)

--"dlz = 9§~é: (u, u), getting (2.8). q.e.d.
1
L (m) X
Remark 1 In deriving (2.8) from {2Z.7), we do not make full use of the
Markovian property of T but for its positivity preserving property Therefore

Theorem 1 can be extended to a closed symmetric form (EF é;) on L (X;m) on which
the modulus contraction operates ([3]) : u €§:? Ju| 53' g(|u| [u]) < g(u, u).

Remark 2 Theorem 1 remains valid even when the underlying space X is not
locally compact. For instance, let X be a polish space and m be an every-
where dense probability measure on X. We assume that a Dirichlet space (:}Q

éz) is C-regular where C denotes the space of (not necessarily bounded) continuous

functions on X. Then Theorem 1 still holds. We have in mind as an important
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example the case that m 1is the Wiener measure on the infinite dimensional space
X = C(Rn) and (3,5) is the Dirichlet space of the Ornstein-Uhlenbeck process

on X.

Remark 3 Suppose that each operator er is positivity preserving. Then,
as the above proof shows, the measurability of the maximal function M({f) and the

Lz-maximal inequality (2.7} are required only for non-negative Borel functions f

€ L2(X; m) for the validity of Theorem 1. This remark will be used in §3.
Example As a simple example of the application of Theorem 1, we consider the

Fourier series (see also [1] and the references therein). Let X = [-w,7), m =

the Lebesgue measure. The translation invariant Dirichlet space Q% ,E;) on

2 . . © . .

L7([-w,m)) 1is characterized by a real sequence X = {An} i satisfying AO =0,

An = A—n’ ;Z:(An + Am - An—m)pnpm 2 0 for any sequence {pn} with finite support.

Let A be the totality of such sequence ). The translation invariant Dirichlet

space corresponding to i & A is given by {[5])

31 - f{ue? .ZIG(V)EZAV < w» }
— m .
Ew, v = 21r§ : ﬁ(x;)(?(\)))\\) ,o(nM = %5 e VX ux)dx ).
-7

V= -

Since the transition function P, is given by the convolution by a probability
i .

- . ] -At
measure v, satisfying ethX vt(dx) =e 'n

-7

, the operator V of Lemma 1 is now

ki
expressed as VE(x} = S f{x+y}V(dy) by a probability measure V satisfying
-

k4
inx 1
S =] V(dx) = m
- n
e A ivx . . 2
Let Sn(f)(x) = flv)e be the Fourier partial sum of f €L". Sn(f)
=-n

being expressed as the convolution of f with the Dirichlet kernel, we have SnV

= VSn and Sn satisfies the condition (2.6). Furthermore we have the Carleson

estimate ([6]) : "sup |Sn(f)|” 5 £ C"f" 5 fe Lz([—n,n)), Hence Theorem 1
n - L

applies and 2
C
Captoup I, )] >0 £ 55 & o, w0, weF:

from which we can obtain the following conclusion : for any u € J% its Fourier

partial sum Sn(u) converges as N -+ o ¢.e. on [-m,m) to a quasi-continuous

version of wu.
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83 An ergodic theorem

As a special case of Br of Theorem 1, let us consider the semigroup of
transition operators {pt, 0 <t < =}, By virtue of (2.1}, ptV = th and

condition (2.6) is satisfied.

. . 2

Lemma 2 Let f be a non-negative Borel function in L™ {X;m].

M(£f) (xJ = sup ptf(x) is then Borel measurable and
t>0
G0 et , o< 2l
L L

Proof We employ probabilistic arguments base on the Hunt process (Xt,PX)

with transition function P, ptv(x) = Ex(v(Xt)), t >0, x €X. Due to the

monotone lemma, it suffices to prove Lemma 2 for a non-negative continuous function
f with compact support. Let us fix such a function f.

The first assertion is then clear because ptf(x) is right continuous in
t >0 for each x € X. Inequality (3.1) owes essentially to C. Rota ([2]).

a slight difference from the situation treated in [2] is that our P, is merely
submarkovian ; ptl(x) < 1 where the strict inequality could happen. Let Gt
be the o-field of events generated by (XS ; 52t} and let Yt = E(f(XO)] Gt),

t > 0, where E denotes the integration with respect to the g-finite measure P{p)

= S X PX(A)m(dx). Yt is then a inverse martingale and we can take its left
continuous modification. Using the symmetry and submarkovity of P, ¥WC casily
see Yt 2 ptf(Xt) P-a.e. Consequently E(Yt]E}%) 2z pth(XO) P-a.s.,

which, combined with the L2~maximal inequality of the inverse martingale Yt’ implies

the desired inequality (3.1) (E}b is the o-field generated by X0 3. g.e.d.

Theorem 2 (i) For any Borel function u 63', the limit
1im ptu(x) = GYX)
t+0

exists q.e. on X and the limit function O is a quasi-continuous version of u.
. . . 2 L
(i1) For any Borel function u € L°(X;m), the limit
lim p u(x) = h(x)
t
tow
exists q.e. on X. The limit function h is a quasi-continuous and pt—invariant:

pN(x) =h(x) for every t >0 gq.e.
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Proof From Theorem 1, Remark 3 and Lemma 3, we have

(3.2) Cap( sup [p.u] >0 = %5 (u, u), uéac'.
0 ¢ A 1

To prove (i), we let R(u)(x) = lim sup |P u(x) - pt'u(x)[, then, for
n+= 0<t,t'<l/n t
any ve€FNC,(X), R = R - v)() g2 sup [p, (u - v)|(x). By (3.2)
t>0

Cap(R(u) > 1) = 4—2— gl(u - v, u - v}, which can be made arbitrarily small.
A

R(u){(x) = 0 q.e. because Cap( R(u) > 0) = lim Cap( R(u) > i) = 0. Since the
A0

: s . N N N . . Lt -
quasi-continuous function p.u is gl—convergent to u, the pointwise limit u is

a quasi-continuous version of u.

To prove (ii}, first take a bounded Borel function u € 33 Since
61( P,U - P, U, DU - p,u) = SO (et - e‘“‘)z(kﬂ)d(ﬁxu, u) >0, t, tt e,
P U is gl—convergent as t > = to a function h Gj;. We may take as h a
bounded quasi-continuous function. Since pth is then right continuous in t

q.e.([5;Chap 4]), we have pth =h for every t g.e..

We let g. {u) = f;n-p u , g,(uw = lim p,u , then, for any s > 0,
1 t 2 't
o b
gl(psu - h) = gl(u) - h, gz(psu - h) = gz(u) - h, q.e.. Hence |gi(u) - h|
4
< sup [pt(psu - h)| q.e., and Cap ( {gi(u) - h| > ) g-—zdgl(psu—h, pu-h) > 0
t>0 X 5 ®

i=1, 2, by virtue of (3.2}. Therefore gl{u) = gz{u} =h q.e.,

We can see in the same way as the proof of (i) that the statement (ii} holds

for any Borel u 65". It holds for any Borel u €& Lz(x;m) because lim ptu =

tor»

lim pt(plu) and pyu is a Borel function in } q.e.d
oo
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Basic properties of Brownian motion and
a capacity on the Wiener space

By Masatoshi FUKUSHIMA
(Received Feb. 26, 1983)

§1. Introduction.

Among basic properties of the one-dimensional Brownian motion, we consider
the property of quadratic variation, nowhere differentiability, Lévy’s Holder con-
tinuity and the law of the iterated logarithm. We shall prove that these prop-
erties hold not only almost everywhere (a.e.) with respect to the Wiener measure
but also quasi everywhere (q.e.), namely, except on a polar set, with respect to
the Ornstein-Uhlenbeck process on the Wiener space. We shall also consider the
d-dimensional Brownian motion and establish q.e. statements of the unattainability
of a one point set (when d=5), the transience (when d=5) and the absense of
double points (when d=7).

Concerning the property of quadratic variation, D. Williams has obtained
such refinement from a.e. to g.e. by a direct consideration of the Ornstein-
Uhlenbeck process ([87]). In this paper, we instead make use of the estimates of
a capacity related to the Ornstein-Uhlenbeck operator. A useful means in carry-
ing out the computation of the estimates is a chain rule of the Dirichlet norm
for composite functions. The rule has been stated already in the context of the
Malliavin calculus ([3], [8], [10]) and in relation to the Dirichlet forms ([1], [6]).

To be precise, let us consider the d-dimensional Wiener space (W, P) ; W=
W¢ is the space of all continuous. functions w : [0, c0)>R? satisfying w,=0 and
P is the Wiener measure on W. W is endowed with the topology of uniform
convergence on every finite interval. The expectation with respect to P is
denoted by E. The #-th coordinate of weW is designated by w, or b, (w) or
b, w). {b;, t=0} performs the d-dimensional standard Brownian motion under
the law P. The inner product in L*=L*W, P) is denoted by (, ).

Let L*= f} B7Z, be the Wiener-Ito decomposition, Z, being the space of n-
n=0

ple Wiener integrals. We consider a self-adjoint operator A on L* defined by
(L.1) =— 37 P. (P is the projection on Z.).

A is non-positive definite and consequently we may consider the associated closed
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162 M. FUukusHIMA

symmetric form € on L?; & is given by

( @[6’]:{ueL2 : ion(l’nu, Pnu)<oo}
1.2) - .
&(u, v):—z- Z}Un(Pnu, P.).

The domain @[] of & will be denoted by F. As is well known, the semigroup
{T,=exp(tA), t>0} is realized by the transition function of the Ornstein-Uhlenbeck
process which is a diffusion process on W (see the paragraph containing formula
(1.9)). Hence (&, &) is a Dirichlet space in the sense that

(1.3) ued =— v=0VuAIeTF, &, v)Selu, u).

We introduce a capacity Cap(A) for all subsets A of W as follows; for an
open set ACW

Cap(A)=inf{€,(u, u) : u=F, u=1 P-a.e. on A}
and for any set ACW
Cap(A)=inf{Cap(B) : B open, BDA},

where &,(u, v)=¢&u, v)+(u, v), u, veg. Cap is a non-negative increasing set
function on W such that

(1.4) P{AY=Cap(A4) for Borel A, Cap(W)=1
(1.5) Au1 == Cap(\J An)=sup Cap (4,)
(1.6) Cap( nQA,,)g él Cap(4,).

Properties (1.5) and (1.6) follow from property (1.5) for open A,’s and the strong
subadditivity of Cap for open sets, which are in turn easy consequences of the
feature (1.3) of the Dirichlet form ([1; §3.1]). A trivial but important observa-
tion we want to mention here is that the countable subadditivity (1.6) implies
the capacitary version of the first Borel Cantelli lemma

Cap(A4,)<coc == Cap(lim A,)=0

1 7 ~>co

M3

1.7)

n

which will be repeatedly used in concluding our quasi-everywhere statements.
We use the term “quasi-everywhere” or “g.e.” to mean “except on a subset
of W of capacity zero”. We can now state our theorems. The first five theorems
concern the one dimensional Brownian motion.
THEOREM 1 (d=1, quadratic variation). Fix t>0 and consider a sequence 4,
of partitions of [0, ¢] : 0=t{" <t{™ < - <t =t, ]An]:mgx(t,ﬁ"’-—tﬂ}. We let
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Brownian motion and Wiener space 163

Saw)y=2 (™, w)—b(t{™, w))?, w=lb .,

k
If dn]| =0, n—oo, then S, converges to t in capacity* and a subsequence of Sp

converges to t gq.e. If X |d,|<co, then S, converges to t g.e.
n=1

THEOREM 2 (d=1, non-differentiability). b(t) is nowhere dijferentiable in t q.e.

THEOREM 3 (d==1, Lévy’s Holder continuity).
[b(t2) —b(ty)|

B 0o Grlog /0 —

=1
e ]

THEOREM 4 (d=1, law of the iterated logarithm at 0).

fm- 201 g

o (tlog, e - T°
THEOREM b5 (d=1, law of the iterated logarithm at <o)

— b(z)

" Rtlog, T 0°

The next three theorems concern higher dimensional Brownian motion.

THEOREM 6 (unattainability of a one point set). Let d=5. Fix any point
a=(a,, -, a)€R® and let o(w)=inf{{>0 : b(t, w)=a} (inf @=—co by conven-
tion). Then og=0c0 q.e.

THEOREM 7 (Transience). Let d=5. Then lcim [b(t)| =120 q.e.

THEOREM 8 (Absence of double points). Let d=7. Then b(t) has no double
point q.e.

In §2, we prove Theorem 1 and then present three propositions concerning
some basic capacitary estimates. Other theorems will be proved in §3 and §4.
We will refer to McKean [7], Ito-McKean [4] and Kakutani {57 for the proof of
the classical a.e. statements. The idea is that our propositions of §2 together
with our version (1.7) of the first Borel Cantelli lemma enable us to proceed along
the same lines as in [7], [4] and [5] to our g.e. statements.

In the remainder of the introduction, we give some remarks on the prob-
abilistic and analytic significance of the W-set of zero capacity. Let us consider
the Ornstein-Uhlenbeck process (Y., P) on W with initial (and stationary) dis-
tribution being the Wiener measure P. We have then the relation

'1.8) Cap(A4)=0 &= P(Y,<A for some t>0)=0.

In fact, a simple application of the optional sampling theorem to a supermar-

* lim Cap (1S, —t|>:) =0 for any =>0.
n

oo
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tingale enables one to identify the capacitary potential of an open set A with the
l-order hitting probability of A with respect to the Ornstein-Uhlenbeck process
({1; Lemma 4.3.1]). The implication “=” in (1.8) is immediate from this ([1;
Theorem 4.3.1]). Since our space W is not locally compact, the argument of [17
does not work directly in obtaining the converse implication “&”. However, we
can show that the converse is also true by embedding W continuously onto a
dense Borel subset of a compact space and thus reducing the situation to the
standard setting of [17] ([11]). This method of embedding has been used by
Kusuoka [6] in constructing a diffusion on a Banach space.

In view of (1.8), we see that Theorem 1 includes William’s result [8].
Moreover (1.8) allows us to translate each of our g.e. statements into an a.e.
statement concerning the “Brownian sheet”. Let W(t, z), t=0, =0, be a two
dimensional parameter Wiener process taking values in R% defined on a prob-
ability space (2, P) : W{t, ©)=(W(¢, ¢), ---, W%, 7)) possesses independent com-
ponents and each component W*(t, ) is continuous, vanishing on axes and cen-
tered Gaussian with EW:it, o)Wit, o)=tAt'-cAz’. W(t, z) is the so called
Brownian sheet. For each t=0 and w=f, X (0)=W(, -)w) takes value in W
and (2, P, X,) is a version of the Brownian motion on the space W. Following
Meyer [8], we let

(L.9) Yi=e"™(w+Xst.), weW,

then Y¥ becomes a realization of the Ornstein-Uhlenbeck process on W starting
at w and indeed p.f(w)=E(f(Y?)) is a version of exp(t4)f(w) for the operator
A of (1.1) ([8D.

Let us use a convenient fact that, as a realization of the Ornstein-Uhlenbeck
process on W with initial distribution being the Wiener measure P, we may take

(1.10 Yi=e?W(et, +), t=0.

Consider a statement S concerning each element w=W and let A={weW : S(w)
s true}. We know from (1.8) and (1.10) that

Cap(4)>0
if and only if

(1.11) P(e t?W(e®, 7) satisfies S as a function of z=0 for some t>0)>0.
Therefore the stronger assertion

“S is true g.e.”, namely, “Cap(A4°)=0",
holds if and only if

(1.12) Ple~t?W (et 7) satisfies S as a function of =0 for every t>0)=1.
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Brownian motion and Wiener space 165

If S holds P-a.e., then

(1.13) P(e t*W(e?, 7) satisfies S as a function of z=0)=1 for each >0,

because {e~t*W{(e!, 7), z=0} is under P a Brownian motion for each ¢>0.
However (1.13) does not always imply (1.12). For instance, let d=1 and take as
S the statement “w,#0”. Then (1.13) is fulfilled but (1.12) is not because
{e~t*W (e, 1), t=0} is under P a one-dimensional Ornstein-Uhlenbeck process and
consequently hits the origin almost surely. In other words, the W-set

(1.14) A= {w,=0}

is P-negligible but of positive capacity. In the same way we can see that any
finite dimensional set which is of zero Lebesgue measure and yet of positive
Newtonian capacity always gives rise to a P-negligible W-set of positive capacity
(see the final remark in this section).

We exhibit a more interesting P-negligible W-set of positive capacity which
is not given by a finite dimensional projection as above. An intensive study of
the sample function behaviours of the Brownian sheet W(z, z) has been given by
Orey-Pruitt [93. In particular, they proved that the P-measure of the £-set

W, t)=a for some (¢, 7)=(0, c0) X (0, o0)

is either 1 or 0 according as d <4 or d=4, where a is an arbitrarily fixed point
of R% Hence we see by (1.11) that the capacity of W-set

(1.15) A= {w.=0 for some 7>0}

is either positive or zero according as d <4 or d=4, where 0 is the origin of R
When d=2 or 3, Cap(A4,)>0 but, as is well known, P(A4,)=0.

Note that the statement Cap (A4;)=0 for d =5 constitutes a part of our Theorem
6. We also note that the interpretation by (1.12) allows us to derive Theorem 5
(law of the iterated logarithm at oo) and Theorem 7 (transience for d=5) from
the corresponding statements for the Brownian sheet by Zimmerman [12; (2.15)]
and by Orey-Pruitt [9; Theorem 3.1] respectively.

Finally we add a remark that our Dirichlet form & of (1.2) is reduced by a
finite dimensional projection to a familiar expression

(1.16) E™(u, v)Z%SMVu-Vvd/J u, veC(RY),

where dp=27)""?e"'*2dx, ... dx,. In fact, let @y, as, -+, @ be elements of
W’ constituting an orthonormal system in L%[0, oo)) and let

Pal"",an(w):({ah w}; tty {an; w})ERn) WEW

(see §2 for the definitions of W’ and {, }). Then we can see by Lemma 1 of
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166 M. FUKUSHINA

§ 2 that
(1.17) EuoPoy e ap VoPoy i ay)=E™ (1, v), u, veC3(R") .

€™ is a Dirichlet form on L*R"; ) and indeed associated with the Ornstein-
Uhlenbeck process on R*. We can also see that the Ornstein-Uhlenbeck process
on R™ with initial distribution 4 is realized by the projection P,,... a,(¥1).

The expression (1.16) tells us that a set ECR" is of zero Newtonian capacity
if and only if E has zero capacity with respect to &™), which is in turn equiv-
alent to the probabilistic condition that the process Pa,...,.,(Y:) does not hit E
almost surely. Therefore, in view of (1.8), we can conclude that ECR" is of
zero Newtonian capacity if and only if the cylindrical W-set A=P,} . 4,(E)
satisfies Cap(A4)=0. In this sense, we may well claim that the present notion
of capacity is a natural extension of the classical Newtonian capacity on the n-
space toward the infinite dimensional space W.

§2. Basic estimates of capacity.

Denote by C(H1") the totality of (not necessarily bounded) continuous functions
on W. Since the polynomials of the coordinate functions b(#)=(b1), b*(t), -+, b))
belongs to FNCH) and &;-dense in F, we see in the same way asin [1;§3.17
that each ¥ =% admits a quasi-continuous version # and

. 1
2.1 Cap(;zﬂ>/t)§7;81(u, u), Ai>0, u=9g.
Theorem 1 is a straightforward application of this estimate :
PROOF OF THEOREM 1. Suppose d=1. Since

S, —t=2L0E) —bm)) - " ~ )1 Z,

we have from the expression (1.2)
EiSa—t. Sa—1)=2|S,— 1|} =2E(S,—1)"=C 4.} -t.

Now (2.1) and our capacitary version of the first Borel Cantelli lemma (1.7} lead
us to Theorem 1. g.e.d.
The proof of other theorems are not so simple and we must go a little beyond
the algebraic expression (1.2) and use a chain rule in.computing the Dirichlet
norm. In what follows. we denote vV&(u, u) and V&, (u, u) by [ul- and {fui,
respectively, u<9.
Following Mever 78], we denote by W’ the set of all functions

a [0, o) —>R?

with finite variation and compact support. We define the pairing of W and W~ by
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Brownian motion and Wiener space 167

{a, w}:—gmws-doxs, asW’, wel,
[}

which is a version of the stochastic integral Smas-dbs(w) and belongs as a func-
0

tion of w to the space Z,CD(A). We view W’ as a subspace of L*[0, co))=
LA([0, c0)—R?%) with inner product

o, =", uds.
LemMmA 1. Take ay, ay, -, a, €W’ and feCyR*—R"). Then
flay, -}, {ae, -}, -, {an, -HEF

and

e, ), fa, ), s an, DS
=+ 3 B ), s Dol ) e Dlgla @)

PrROOF. Consider functions Fe9(A) (CF) satisfying Fie=D(A), F, AF=
L*0¥, P). For such F and G, let

(F, G)=A(FG)—(AF)-G—F-(AG) (e LW ; P)),
then

&(F, G):%EKF, GD)

because the both hand sides equal —E((AF)-G). Let Fy, F,, ---, F, be of the
above type and f be as in Lemma 1. Take quasi-continuous versions F; of F,
(e9). Then F Y, are continuous semimartingales and the Ito formula yields
the chain rule ([8], [10]):

Sy By oy F)y GO= 33 fo Py, Foy oo, Fa)(Fy, G

On the other hand, in view of the trivial actions of A on Z, and Z,, we readily
have
<{Cfi, '}, {ij, ‘}>—_—(](ai, C(j)~

Since F is closed under the composition with a uniformly Lipschitz function, the
proof is complete. g.e.d.
For an interval I=(s, {)CR, we put
b(t, w)—b(s, w s
Xty =IO )= (K ), -, X))
PROPOSITION 1. For disjoint intervals I, I, -, INCR and ai<b}, ¢i>0,
i=1,2, -, N, j=1,2, -, d, we have
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A tad<x, <o) )

TN

Cap

.

é( 12\/;‘5 +1)P(_ﬂ A {a’2~c{5<X?i<bHcg})

i=1j=1

where ¢=min ci.

i.j
PrROOF. From Lemma 1
(22) ”f(X}l, ) X%p X}zy Ty X‘}zy Ty X}N; T X%N)H?}
1 w4
=5 2 E[fay(Xh, -, X4,0,  fECiRY - R).

Fix 0>0. For each 1=/=N and 1=;=d, choose a C"f’—function fi(x) on R such
that fi(x)=1 on (ai, b}), fi(x)=0 outside (ai—ci, bi+c)), 0= fi(x)=1 and [(f])'(x)|

1 .
==z Then put flxy, -, xya)=filxs) - fIx)filxass) - fH{xna).  Since
F(w)=f(X}, -, X%, X},, -+, X$,)€F is equal to 1 on the open set B=
N d
[_\1_ ) {al< X7,<bl}, we have, by the definition of Cap(B) and (2.2),
i=1j=

Cap(B)=&.\(F, F)=|Fl¢+EF?)

Nd Noao
é(‘z'(c—a)z —l—l)P(QUQ (X}, & (al—c}, bi—l—c{-)}). q.e.d.

LEMMA 2. Let 0=s<t;<t,< -+ <t and put bg;s,...,=(b(t)—b(s), blt:)—b(s),
-, btn)—b(s)) (€R™?). Suppose f<Hi(R™) satisfies f(bs;e,..t,)EL*W ; P) and
fa b5ty )ELXW ; P), 1=k=nd, then f(bs,s,..,)EF and

(2.3) [/ By epe, )2

1 = d
:71 2 1EIE[fI(l—l)d+k(bS;21"'tn)f1(m—l)d+k(b3;tl'"tn>](tl_s)/\(tm—s) .

> M=

PROOF. When feC3(R™), (2.3) follows from Lemma 1 by setting

k
au-nare(s)=(0, -, [Es,tl](s): <, 0).

Suppose next feH(R™%) is of compact support. Then the sum of the right
hand side of (2.3) and E(f(bs;s,..:,,)*) is dominated by

(5 Ata =)t L)@ 5t = 5)ta—ts) = (=t 140 fl

where llf”?p:SRnd{]Vf[2+f2}dx. Let p. be a mollifier. Then pxfeC3(R"%)

satisfies Lemma 2.2 and so does f because p.xf converges as ¢ 0 to f in the
space H'(R™).
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Now take any function f satisfying the condition of the lemma and let
fP=f.g® where g» is a C-function such that g® =1 for |x|=p, g®»=0
for |x|=p+1 and 0<gP <1 and |g{® |<M for some M independent of =x, p
and 2. Then f® is a function of the preceding type and

EL{® = brrryeVIS8| (S0 foy0 ), b=,
where g is the distribution of b;;¢,..;,. Hence we have Lemma 2. g.e.d.
For b®)=(b®), -+, b)), we put
Mﬁ,tzggé)%(bi(v)—bi(s)), 1<:i<d, 0=s<t.
LEMMA 3. Let 1=/=d and 0=s<t. If u(x) is a non-negative non-decreasing

convex and absolutely continuous function on R such that w(M?,) and w' (M%) are
in LEW ; P), then u(Mt )eF and

t—
2

PrOOF. Take s<t;<t,< - <t,<t and let f(x;, -, xpa)=u(x;Vxge:V
V-x(n—l)d+i)- Then f(bs;tl...;n):u(Mﬁ;;l...,n) where Mﬁ;tl...;nzilsl?s)i (bt(tl)_bt(s)) It

luM i 3= -2 E(w/(ME,)?) .

is easy to see that f satisfies the condition of Lemma 2 which implies
) 1z ) ) . .
llu(ME, zl...tn)lléz—z—l;) E/(M¥ey0,); My, =bi(t) —bY(s))(t—s)

S B My < S

< EQu (M§ 0% .

In the present case, the cross terms of the right hand side of (2.3) vanish because
P(ME; 10, =D 1) —b4(s)=b (1t n) —bi(s)) S PO () — b () =0)=0, I#m.

Let {t,, t,, ---, t,} increase to a countable dense subset of [s,:]. Then
u(M¥;.,...,) increases to u(Mi,). Since &p-norm of wu(Mj;,...,) is uniformly
bounded by the above estimate, the Cesaro means of a subsequence are &;-con-
vergent to a function of & by virtue of the Banach-Saks theorem. The limit
function must coincide with u(M? ,). g.e.d.

PROPOSITION 2. Let 1=/=d and 0=s<t. Then
) o a’(t—s)
[~ S < ~af
Cap (M“ 5 (t s)>ﬂ>=( 1 +2>e , a, B>0.
ProoF. The right hand side equals
Cap (e(a/zwsi.t>euﬂ(t—s)/4)+mﬁ/21)§e—<a2/2) (t—s>—aﬁ”e(a/2)M§,L”§1 by (2.1).

By virtue of Lemma 3, we see
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et g, =T 1) Bt s (U4

PROPOSITION 3. For 1=i=d, 0<s<t and >0

} +2>e(a2/2> -9 q.e. d.

2

i hi /. —p2at-s
Cap (max|b'(v) b<s>t>n>§(2(m) +4)erreen

Cap(gl?é'bi —biv) {>n)<<é(f_') —!—4)@ 7% (=)

PROOF. By letting a= —t—ii—s— and = g in Proposition 2, Cap(M{.>n=

2
<4(t?—s) +2>e"72"2“‘”’. Since Proposition 2 still holds by replacing b()=

BYD), -, biY), -, b)) with —b(f), we get the first inequality. The second in-
equality also follows from an obvious modification of Proposition 2. g.e.d.

§3. q.e. properties of the one dimensional Brownian motion.

We assume d=1 and prove Theorems 2, 3, 4 and 5 stated in § 1.
[3.1] Nowhere differentiability (proof of Theorem 2).

Fix a positive integer [ and let
(-l

It suffices to prove Cap(lim B,)=0 ([7;p.9]). But, by Proposition 1, we have,
for ¢ >0 e

Ba=

15iEn-5 i<j§i+5{

Cap(B.)= 3 Cap (KQM{\/;;'b(_i_)#b(j;;_lﬂ _ 11]:})

V'
= S 0P( vl C 0l < )
T =\ 2¢2 1<jSI+5 n V)
2
< M2 1o (b <1 o)
N n(5n+202)[ T e aem ,TH -
= e ] 0 e,
g.e.d
[3.2] Lévy’s Holder continuity (proof of Theorem 3).
Let us put
_ [b(t) —by)|
Flw)= ;ﬂrgloﬁfggg (2t10g1/z‘)1/2 )

i<y

PROOF OF “F(w)=1 qg.e.”. Let A(t)=(2tlog 1/t)*%, 0<d<1 and 0<c<d, then
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by Proposition 1,

Cap (rglse;%( [6(R2-")—b((k—1)2"")| £(1—a)h(2™™))

cop [ BB | ]
ks2m \/2 n
2" b(R2 ™) —b((F—1)27™) [ ,,]
<(—2 -~ < (= n
:<4c210g2" +1>P[r£1§a2>§ GRD ‘:(1 o+c)v2log?

2”.
b R — n(d-c)
ﬁ< 4¢tn log 2 1>exp( 2 )

the last inequality holding for sufficiently large n according to [7; p.15]. Since
the sum in »n of the last expression is finite, we have from (1.7)

max | b2 )——b(_(k—l)Z‘ ”7>1—5 from some n on, q.e.,
k52l h(@2™)

which implies the desired inequality because §>0 is arbitrary. qg.e.d.
PRrROOF oF “F(w)=<1 q.e.”. By Proposition 3, we have for ¢>0 and 0<s<¢

Cap []b(t)—b(s)] >(H—s)h(z‘—s)]é((H—e)2 log —\L4>(7,‘ﬂs)“““5"2 .

t—-s
Hence, using the subadditivity of the capacity, we find

L LTI
vcingieamd (k2™ =lte
<ijsem
|b(727™)—b(i2™™)]
< —_— L >+
T o<r=j—iz2nd Cap( h(k2-™) :1TV>
i<ikjs2n

Cap {

=2 5 Ja+oriog 2 af(z-myoro®

1skz2nd

§2n(1+5) {(14-¢)n log2+4}2-n(1—5><1+s)? .

Choose small ¢>0 satisfying (1438)<(1—8)(1-+¢)?, then by (1.7) again, we see
that, for q.e. weW, there exists m=m(w) such that for any n=m(w)

[0(27")—=b(i27™) | <(1+e)h(k27™), 0<i<<jS27, bo=j—{<2"0

But we have for such w F(w)<1+43¢-+2¢ ([7; p.16]). q.e.d.
[3.3] Law of the iterated logarithm at 0 (proof of Theorem 4).
Let us put
F(w)=Ilim b(®)

teo (2t log,1/H)vE

Proor oF “F(w)=1 q.e.”. Let A(t)=(tlog,1/t)"? and take just as in
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[7; p.13] 0<0<], 0<0<], a=1+0)0""h(0"), B=h(0")/2, t=0""" and s=0 so
that

2(f—
(B3 1 2)emr=Clog n - Con-6

is a general term of a convergent sum. By Proposition 2 and (1.7),

b(v)< [ 14-0

4= ] (g™ from some n on, q.e.
o<v<0"-

The rest of the proof is the same as in [7].
PRrROOF OF “F(w)=1 q.e.”. We choose 0<8<1 and put &£=log 1/4, h(t)=
(2t1log,1/8)% and W= {b(0*)—b(6**)<(1—~/0)h(8%}. By Proposition 1

n B BOH—b(OFY) _1—/T e
CaP(Qsz)‘Cap[QL VONI—0) =vT1—g 218k ]
—0)n n (BOH)—b(GF) 1 \/F-i—c
< AP ) 12
:( dclogll ™+ )P[Qz{ V=) N vizg 2losck) }]
1= 0)71 (1—0n 2
_( 4ctlog &l ) I=In= ( 4c?log &l —I—I)exp( gz]k)'
Here I, denotes the integral of W(i on [1?/;\1/52%—6\/2 log &k, oo)
Choose ¢>0 so small that %’l<l, then
n n k—<1—~/3+c>2/<1-0) .
> _T‘__*> 4 1‘15___ —-K
kZ:)L = kZ:)L Viog =C'(n =,
/7 2
where £ is such that (1 \/\11—3%—6) <k<1l. Hence

Cap (éka)é(:ap (éka)§C'n e G 0 g0,

Therefore Cap(ll?im W)=0, namely, b(0™)—b(0™*)>(1—+/0)h(0™) infinitely often
g.e. The rest of the proof is again the same as in [7; p.14]. g.e.d.
[3.4] Law of the iterated logarithm at co (proof of Theorem 5).
Trivial modifications of the proof of Theorem 4 suffice. In fact, we let
h(B)=Q2tlog, 1'% 0>1, 0<d<]1, a=1-+3)0""h(0"), B=h(0™)/2, t=0"*"' and s=0

in Proposition 2 to get inequality “<”. To get the converse, we let 4>1,
&=log 0 and W= {b(8**)—b(0H)=Z(1—1/+/G)h(0**1)}. g.e.d.

REMARK. Here is another way to prove Theorem 5. Note that we could
start with, instead of W=W¢, the space W=C((0, «)—R?% and the Wiener
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measure P on W. Then Twt)=tw(1/t), t>0, defines a P-measure preserving
transform 7 on W which also preserves the associated capacity (5?11) on W, because
the induced transform on LZ(W, P) makes spaces Z, and consequently the Dirichlet
form (1.2) invariant. Hence Theorem 5 (for W) follows from Theorem 4 (for W)
directly. Now our space W is continuously embedded into W and P(W—W)=0.
This means that Cap (B)§sz;f)(B) for BCW (actually the equality holds by virtue
of the compactification argument ([11]) and we can recover g.e. statements on
W from those on W. It may be also possible to derive the second inequality of
Proposition 3 from the first one in a similar way.

§4. q.e. properties of higher dimensional Brownian motions.

As in §2, we write as b(t)=(b'(?), ---, b%(#)). We first note an obvious remark
that each component b%(f), 1=/=d, satisfies the q.e. statements of Theorems 1
through 5. We shall now prove Theorems 6, 7 and 8 stated in §1.

[4.1] Unattainability of a one point set (proof of Theorem 6).
Assume d=5. Fix a=(a,, -+, aq)=R? and define as in [4; p.62]

<

It suffices to show lim Cap (B,)=0, because, by virtue of Theorem 3 holding for

700

Bo= \J N {|e(=

< k<2n 124sd

—a;

each component 5%(f), we see that the set
{(B*@), -, be@)=(a,, -, aqz) for some t€[1, 2)}

is contained g.e. in the set lim B,.

n—o0

By Proposition 1, we have for each &,
can( [ {[()-a <257
o] () (e PR e PR
= (ot DAL (E) =(amwsro L,
\/giai—i—(\/g—H) Loiﬁ)}]

=25 g D WTO(5)
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d/2)—
Hence Cap(Bn)§Cn(—10%1—n—>( Y 1—>O, n—>o0, q.e.d.

[4.2] Transience (proof of Theorem 7).
Assume d=5. If we let, just as in [5], t,=~k%* k=1,2, -, and 7y,=
Cap(1bi )| <M, 1=i=d, for some tE[t,, trs,]) for M>0, then

4.1 7#=Cap ([0t | <2M, 1=i=d)

+éCaD< max | bU6)—b(t)| > M)

tpststpyg

The first term of the right hand side of (4.1) equals

Cap(\/—lb’ tk)|<\/A{ 1<z<d>

<(2%\tfz +1) (\/t [b¥( tk>|<\/1 1#z<d)
é(’zd]\tjz +1>(\762%> §C1k_3(d_2)/8

by virtue of Proposition 1. By Proposition 3, the second term of (4.1) is
dominated by

M e
oot M N 1/4 _ 1/4
d(2<tm—tk> +4)exp(~ 2(tk+1—tk>>:czk exp (—Cok%) .

Hence §7k<<>o and we see from (1.7) that, for q.e. weW, there exists k,=
k=1 -

d
ko(w) and \/abi(t)2>M for any >t g.e.d.

[4.3] Absence of double points (proof of Theorem 8).

Assume d=7. We still follow [5] to consider disjoint intervals I=(s,, s;)
and J=(,, t,) with s;<t, and let y=Cap (bi(s)=b%(t), 1=i=d, for some s</ and
t=]). Then, for >0,

4.2 7=Cap (|bi(s)—bity)| <2y, i=1,2, -, d)

d ;. .
+ £ Cap (max |b(s)—bs)| >7)-+ 3 Cap (max| b —bita] >7)

(to*51)+2// ( - 677 )d

2y V2r(te—s.)

“d(5 Tjs?)’ +4)exp(- 2<slr/—zso>>

‘*d(':z'(’tim T4>eXp( 2t 77—2t0>>
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where we have used Proposition 1, the second inequality of Proposition 3 and
the first one of Proposition 3 successively.

Divide I and [ into p-subintervals of equal length:
1}
p s
Applying the above inequality to I, and J,, we get

=30 ;=5 ni=5h =t ka2

e

ké éCap (bi(s)y=b(t), 1=i=d, for some s<I, and t= ;)
pz{ 6%4(d(t;—s0)+27%
227 (ty—s,))4/

\{
IIA

A

n?" 2+d(2 )

)]
><exp(—~—2 _S))+d( f—fg)—r+4)exp( '(Zv—zto) }

which tends to zero if we set p=p"7 with ~A2~<a<—1~ and let p—oco.

d—2 2
qg.e.d.
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A TRANSFORMATION OF A SYMMETRIC MARKOYV
PROCESS AND THE DONSKER-VARADHAN THEORY

Masarosut FUKUSHIMA anp Masavosui TAKEDA

(Received May 10, 1983)

1. Introduction

In obtaining the lower bound in the celebrated law of large deviation of
the occupation distribution for the one dimensional Brownian motion, Donsker
and Varadhan [3] performed a transformation of the absorbing Brownian mo-
tion on an interval (a, b) by a drift b=(log p)’, or equivalently, by a multiplica-
tive functional

%eXp <_~ g: %;I(Bs)ds)fr:«}

into a conservative process on (a, b) with invariant probability measure pZdx,
to which the ergodic theorem was well applied. Here p? is assumed to be a
probability density C?-function on R, positive inside (a, b) and vanishing out-
side.

We show in this paper that their method works for any symmetric Hunt
process corresponding to a regular and irreducible Dirichlet form. In the
present general case, we take function p from the range of the resolvent. In
order to prove the conservativeness of transformed process, we make full use
of an explicit expression of the transformed Dirichlet form, while the Feller
test of non-explosion was available in the special case of [3].

We consider a locally compact separable metric space X and a positive
Radon measure m on X such that Supp{m]=X. The inner product in real
L? space L*(X; m) is denoted by ( , ) and Cy(X) stands for the space of con-
tinuous functions on X with compact support. Let M=(X,, P,, {) be a Hunt
process on X which is m-symmetric in the sense that the transition function
P, satisfies (P,f, g)=(f, P,g), f, e=Cy(X). Then the Dirichlet form E of M
can be defined by F=D[E]|=D(\/—~A4), E(u, v)=(\/— Au, V' — Av) where 4
is the infinitesmal generator of the semigroup on L% X; m) determined by P,.
We always assume that E is regular: F N Cy(X) is dense both in F and in Cy(X),

In § 2, we derive the Beurling-Deny formula
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o) = | dics+|  @@—a)ow—om)ax, )| aok

u, veF,

together with the derivation property of the local energy measure fic, ,> due to
Le Jan ([11]). Our approach is more comprehensive than [6] and [11], and
indeed we first decompose the martingale part M5 of the additive functional
#(X,)—#(X,) and then compute the energy of each term.

In §3, we perform the above mentioned transformation of M to get a
p’m-symmetric process M. Using the fact that the multiplicative functional
involved is a solution of a Doléans-Dade equation related to the martingale J/17,

the Dirichlet form E of M is shown to have the expression
1 c N . .
B, )= | flicost| _ a(@—a(:)0)—0)pp(r)J(dx dy).
X XxX-d

We can then conclude that 1€D[E] and E(1, 1)=0, which simply means the
conservativeness of M.

In §4, we assume that there exist relatively compact open sets G, in-
creasing to X and the part of the Dirichlet form E to each set G, is irreducible.
Let

L(t, A) = % S; I(X)ds, t<t,

then the set function L(z, +) called the occupation distribution is an element of
the space M of probability measures on X. We then have just as in [3] the
estimate

lim % log E (e7*®¢*0; <) = —inf[®(p?)+E(p, p)],
e peV

where V= {pEF; p’me M, Supp[p’m] is compact} and ® is any functional
on M such that ®(u,)— D(p) whenever p,E M converge weakly to u and the
support of g, 1s contained in a common compact set. The above inequality
holds for every x€ X except possibly on a set of zero capacity which is inde-
pendent of ®.

Since any regular Dirichlet form admits an associated symmetric Hunt
process, we may say that the present lower estimate is an intrinsic property of
Dirichlet form which is regular and irreducible, These two conditions on
Dirichlet form are very mild and directly verifiable. We do not assume the
Feller property nor the absolute continuity of the associated transition function,
although the transition function is always symmetric in our setting.

For instance, consider locally integrable functions «; ;(x), 1=<7, 1<d, on
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the d-space R? satisfying 4; ;=a;; and inf d_ a; {x)E;£;>0 for any compact

FER,|El=1 4,5

set K, then the form

Bwo) =3 | %) % (a, x)dv,  u veCiRY),
#i=1 JR? Qx; Ox; ’
is closable on L*(R?) and the closure E becomes a regular and irreducible Diri-
chlet form on L*R?). Here Ci(R?) is the space of C’-functions in Cy(R%).
More generally, we may replace a; {(x)dx by a Radon measure »; ; such that
v; j=v;,; and inf dZ v; (K)EE;=0¢| K| for any compact K where 8 is posi-
1El=1 i=1

tive constant and |K | is the Lebesgue measure of K. Under the closability
assumption of the associated form E on Ci(R?), we have a same kind of form
E. We can instead start with a jumping measure of the type J(dx, dy)=
N(x, dy)dx which makes the associated symmetric form

B )= , @@—u0) @@—o)Ne ddds,  u,0eCYRY),

closable on L*(R?). In this case, it suffices to assume Supp [N(x, +)]=R? for
almost all ¥ in order to obtain the Dirichlet form E possessing the required
properties. In each of the above three examples, the stated lower estimate
holds for the Hunt process on R¢ associated with E. See [6] for closability
criteria for the second and third examples. We know from the works in theory
of partial differential equations due to Nash et al. that the transition function
in the first example is Feller and absolutely continuous. We do not know
about this for the second and third examples in general. But see Tomisaki
[12] for relevant information.

Donsker and Varadhan have extended their result in [3] to wider classes
of Markov processes by finding sufficient conditions on the transition func-
tions ([4], [5]). As for the lower estimate in the case of the complete separable
metrizable state space, their conditions on the transition function (Hypothesis
H,~H, in [5]) include the Feller property and an absolutely continuity in
addition to a transitivity assumption. The intrinsic quantity appearing in
their upper and lower bounds is the I-functional rather than the Dirichlet
form, but those two characteristics have been identified when the transition
function is symmetric and absolutely continuous ([4]). As for the upper esti-
mate, we only note that the relevant statements in [3] remain true for any Mar-
kov process with Feller transition function.

2. Decomposition of martingale additive functionals and the
Beurling-Deny formula
Let (E, F) be a Cy-regular Dirichlet space and M=(X,, P,, £),cx be the
228



associated m-symmetric Hunt process, and we use the relevant notions and
notations in Fukushima [6], Dellacherie-Meyer [1]. By Theorem 5.2.2 in [6],
the additive functional (AF in abbriviation) AY!'=#(X,)—#(X,), uEF, has a
unique decomposition

(2.1) A = M4 NI

where M1 is a square integrable martingale AF of finite energy and N*! is a
continuous AF of zero energy. We further decompose M™ as

(2.2) M — ]f{[u]_*_ ]ff[ul = ]{4[14]_*_ Aj4[u1+ ];kﬂu]
¢ : d
where M™ and M!™! are continuous and purely discontinuous part of M

] k
respectively, and B and M are defined by

c
k P o i d k

(23) MU = —@( X, Mgy, MU= MU—MM,

Here, for an additive functional 4, it’s compensator A is defined by A—A4*
with A? being the dual predictable projection of A (see [1; Definition 73]).
Using the co-energy e of AF’s, we can define three symmetric forms by

(2.4) E©(u, v) = e(M™, M) EG(u, v) — (MM, M)
k k
E®(u, v) = 2e(M™, M),

Let (N(x, dy), H) be a Lévy system of Hunt process M and » be a smooth
measure corresponding to H. We put

(2.5) J(dx, dy) = %N(x, dy)(dx), k(dx) = N(x, A)y(dx)

and call them the jumping measure and the killing measure respectively. Since

<o, ey, = (e, o= (' (@(X)—a(y))o(X.)—o(y)N(, dy)dH,
we have o
@6)  EOwv)=|  (@x)—a()@E—oo) @, d).

k k
Further, since <M, M[”J>,=S'ﬁ(Xs)ﬁ(Xs)N(Xs, A)dH,, we have
0

2.7) E®(u, v) = S a(x)D(x)k(dx) -
X
Lemma 2.1. 1) For any ucF* (ueF and u=0, m-a.e.) and >0, d-k

is of finite energy integral and E. (e u(X:.)) is a quasi-continuous version of
U(#i-k).
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2) ForucsF
2.8) lim - Epy(Tican) = <k, .

40
Proof. 1) Since (2.2) is an orthogonal decomposition with respect to
e, %E ®)(u, u) is dominated by e(M™}, M) <E(u, u). Therefore, by Schwarz
inequality and (2.7),
[ (r1ak=CcVEGT, feFnc,
X

which means #-k is of finite energy integral. By noticing that E (e~ *%#(X;.))
equals E,( Sme"“ﬁ(Xs)d(I(Xg_:bA,ggs)1’)), we get the second assertion of 1).

0
2) Forany heCg and fEeF},

Epyipullizsn) = (b, R(f-(1—P(1)))
= Bpn( [ e fX )55 1<)+ Bunl [[ e T s 120

But, since tle,,,,,(f e F(X.)ds; t = b)? g% E,,,,,((g ‘o F(X )ds)?) %th(t;C)

—0 (¢-—0), we have

1}?3 %ERah- lliesn) = Epn(e”f(Xe.)) = (b, U(f-k)) = <k, Ry~ f>.

In particular, lim%Emmh)zm(I(gé,)):(k, (Rgh)®>. We can prove the relation
30
(2.8) for general u&F in the same way as in [6; Lemma 4.5.2]. q.e.d.

Dgnote by t¢uds ficus, and fig,s the smooth measure of (M), <]\04 i)Y
and {M™) respectively, u<F.

Lemma 2.2. If ucF is constant on an open set G, then [i., =0 on G.
Proof. Define B‘,")zg (X ® )X b1 .)) then B{" equals zero on
t<t,=inf {t; X;,£G}. On the other hand, lim BW=[M™],, t<7s Pj-a.e.,
because of the property of Nt that 2 (N [“] N tel )2 tends to zero in LY{P,).
Since [M1#1),=( MUT>, + 33 @(x)— axy,
(2.9) <M L, =0, t<r;, P,ae.
which implies the lemma by virtue of [6; Lemma 5.1.5]. q.e.d.
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Lemma 2.3. For any u, veF N C§ such that Supp [u] N Supp [v]=4¢,
(2.10) [ uyee) s, dy) = — LB v).
XzX-d 2

Proof. Consider a relatively compact open set satisfying Supp [u]CG C
GC(Supp[v]). We put Nf(x):S f(»)N(x, dy). Since
X

00, 1) = ~ L ([ 0N if{wt| 11Ny for feFonG,
2 " Jx x

we have
S | 1+ Now» < 26(MUMY2 . (3002 < CVES, f),
X
and hence I;-Nv-v is of finite energy integral with respect to E;. We then

have H3~Co(x)=E( Sme‘“‘Nv(Xs)st) = US(Nv-v) on G and HXSp=
0
US(Nv-v)+o. It follows from E(HZX €y, u)=0 that

E(US(Nv-v), u) = 2 gm_d wx)o(y)J(dx, dy) = —E@, v).  qe.d.

Theorem 2.1 (Representation of the Dirichlet form E). It holds that
(2.11) E(u, v) = E“Yu, v)+E%(u, v)+E®(u, v), u,veF.

E© has the local property; E“)u, v)=0 whenever u is constant on the support
of v. EY and E® are expressed by (2.6) and (2.7) respectively. Moreover
the measure J is symmetric.

Proof. By virtue of Lemma 2.1,
(M) = lim - B, ((a(X,)—a(X,))’)
ty0 2f

— lim L {(u, u—P,u)—%(uZ, l—P,l)}

ty0 ¢
— Eu, u)—lg adk,
2 Jx
and we have (2.11) in view of (2.2) and (2.4). Other assertions follow from

Lemma 2.2 and Lemma 2.3. q.e.d.

This theorem says that formula (2.11) is nothing but the Beurling-Deny
formula ([6]), and moreover the symmetric measure J admits a specific ex-
pression (2.5).
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1
We put #(u,v)zz(ﬂ‘<u+v>_ﬂ‘(u—v))’ u, veF. ﬁ‘(u,u) and ﬁ‘(u,0> are defined

in the same way.
Lemma 2.4. It holds that
(2.12) dfrez y = 2udfig, ,» for u,veF NC,

Proof. By the same method as in [6; Lemma 5.4.1] we have
@13) | fduero—2{ fudn.

=2 S op, B —U) (%) — o (9D f(%) ] (dx, dy)—S fiéek.

According to the representation theorem, S fdﬁ<u2,v>—25 fudfiq, ,» equals the
X X

right hand side of (2.13), and consequently Sxfdﬁ<"2"’>=2 Sxfudﬁ@,,». q.e.d.

Theorem 2.2 (derivation property of fi(,»).
(2.14) dﬁ(u,’,@ = ﬁdﬁ(,’w—'—ﬁdﬁ(u’w) fOT u, v, Z()EFI, .
Proof. 'This follows from Lemma 2.4 in the same way as in [6; Lemma

5.4.2]. q.e.d.

3. A transformation by a multiplicative functional into a conser-
vative process

In §2, we have proved that Cj,-regular Dirichlet form E on L¥X; m)
can be represented as

GD  Ewo) = diwot| @@-am)em—o)ds d)

+{ a@)a(k(s).
X
We introduce the space
{ p = R,g, a>0, g is a strictly positive function in
X=1p;
C,NLim), S prdm =1
X

Take = R,geX. Then, p(X,)—p(X,) can be expressed as M1 NI

—M ["]—l—M 1L NI because pF. We consider the transformation of M by
the multiplicative functlonal
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(3.2) L, = exp (S: P()i_s_)dMgP] 1 sspz(X )d(M“’]>)

Denote by M the transformed Markov process. The transition function

P, of M has the expression
Pig(x) = E(Lg(X)), x€X.

ReEmMaRk 3.1. L, is a solution of Doléans-Dade equation ([2])

t 1
3.3 Z—1 =S Z,. aMP, i<t
(3) S R <
and L, admits a simpler expression
XD o ([ e
(34 L= B exp (= AP (s Yl

by virtue of Ito formula applied to the semi-martingale p(X,). Here, 4p=
ap—g.

Theorem 3.1. 1) M is p’m-symmetric.
2) Let (E, F') be the Dirichlet space generated by M, then FCF and for u,veF

G5 Ewo)=1 | pdiaet| @@-a0)@—)

X p(x)p(y)J(dx, dy) -
Proof. 1) Let {K,}»., be a compact nest satlsfymg 1nf p(x)=r,>0 and

K be a fine 1nter10r of K,, and denote by M™ (resp. M(")) the part of M

(resp. M) on K
For any f, g8}

(P)g, flotm = (BLig(X0), fotm

— ({2 (Aot o). 1),

= B AX)p(Xe) exp (= [ 2P ()5 )o(X)p(X0)
— tim B9 X)) T exp (220X, , )L )elX)p(Xs)
k> =0 P E

On account of symmetry of M™, the last expression equals
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k-1
lim E(g(Xo)p(X,) IT eXP(~‘%’(Xg;_1)%>f(X,)p(XI)) by [6; Lemma 4.2.2].
Hence, we have
((P)(l")g’ Derw = (8, (P)(l")f)pzm
and by letting 7 — oo, we get equality
(P)g: lizm = (& (P)if)iom -
2) First of all, we prove this for u=R{"g (g=C,). We let

(3.6) (u—E"(Lu(X,)), 4)sm
= (u—Pu, u)2y—(EP((Li—1)u(X))), #)o?n
= (I),—(), .
Since Z,—1=__{"exp (—Ssidl’(Xu)du )dME"], t<t, by Remark 3.1,
p(Xy) Jo op

(II), equals

B (%) [ exp (=, 20 g Ya s 1<)
If we set

™ s
(D), = Eau(wX) { exp (= 420X, du Yaba ;£ 27)
0 op
then, by Schwarz inequality,

1 | N ( *Ap £°
SIS 2 B[ exp —2S07(Xu)du)d<M >)

0
XL Bpon((X); £27)
But the first factor of the right hand side is not greater than
L B MO c0) SC' L (M) S20E p p)
and the second factor equals
L(1ulp, Pe—st)u— L (1ulp, P9w =)y — B(ulp, )= E(|ulp, ) = 0.
Hence we get
3.7) _i_(m), S0  (t—0).
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This implies

A

N D
tim L (22), = tim L B, () |

exp ( - S:’%) (X,,)du)dME"]) ,

0

which in turn equals

lim L Eup",((u(X,) —u(X))) S;Nm exp ( - S:‘ip’?(x,,) du) dMQ’])

ty0 f

AT s
= tim LB ([ exp (= [ o) du )acares, men, ).
0 0o p

tgo ¢
Noticing that there is a constant /N such that

exp (- g:‘%'i(x,,)du)— 1
1

=N forsstAT?®,

we have

(3.8) liml(U): = limlE'umeM 4, MUDpm) = S updpico,y> -
ty0 tyo f X ’

Last equality holds by [6; Lemma 5.1.5].
On the other hand, we have

(3.9) lim %(1), — E(u, up?).
130
From (3.6), (3.8) and (3.9), we have finally that u F* and

(3.10) E(, u) = Eu, up2)—sxupdu<p,,,>.

We can see that the right hand side of (3.10) equals the right hand side
of (3.5). To see this, rewrite the right hand side of (3.10) as a sum of two
terms [ and 17 where

1= dpum—| updion
2 Jx x

= w5 d)
with (s, 3) = (=) —u (NP~
—2u(=)p(8)(p(x)—P(¥)(8(x)—(2)).

Note that the contribution from the killing parts cancels out at this stage. By
the derivation property, we easily see that
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1=\ pdincs.
X

On the other hand, since w(x, y)—(u(x)—u(y)) p(x)p(y) = (u(x)—u(y))
X (P(x)— p(3))u(¥)p(3)— (w(x) —u(3))(p(*)—p(y))u(x)p(x) and the measure [ is

symmetric,

= Sm-d(”(x)—u(y))zp(x)P(y)J(dx, dy) .

We have proved (3.5) for u=R{"g, g=C,, and consequently E(u, u)<
HpllZE (u, u) for u=R{"g, g=C,. Now we can get the conclusion of Theorem
3.1 because lim R{”g=R,g in E;-norm for g&C, and {R,g, g=C} is a dense

subset of F. g.e.d.

Lemma 3.1. If B is a nearly Borel set and v € F, satisfies inf |v(x)| =8>0,
*eB

then lEFBfor us FL.
v

Proof. Since

) 1o, [#®) _ )2 1ty (x)—
o =<5 lu»l, o) o) = 5 @) —ul) | 4 lu(x)o(x) wy)o(y),
and uv e Fy, we can conclude % e F. q.e.d.
v

We may assume that M is a standard process on X and has the elements

Q, X,, § in common with M. We then have ([10])
(3.11) P(A;t<t)=E(L;A), A€, x€X,

where B, is the o-field of Q generated by X, s<¢z. It follows from (3.11)
that the notion of the exceptionality of sets and consequently the g.e. statements
are the same for M and M.

Theorem 3.2. M is conservative: P £<+)=0, g.e. x€X.
Proof. It suffices to prove that 1€F and E{(1, 1)=0 ([7]). Let us put

RMg
h,= RL By Theorem 3.1 and Lemma 3.1,
L]
(3.12) h,eFg NF.
Since

dﬁ@(;)g_,e%m)g) = dﬁ(ng(h,,— hm)>
= 2ty )81 kg 1) Ry T (R &) B ch 1,
—(hn_hm)zdli@mﬁ ’
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we have

5 1 ¢ 1 ¢
(13) By =) = - | dicape-soey 5 | (—haVdhcour

| = ha)fiape-s0p00> -

The first and second terms of (3.13) clearly tend to zero by letting #, m to in-
finite. Since

| )i cagoe-se pan) S (] = haVdican)™( | divcpe-soe)”

by Schwarz inequality, the third term also tends to zero.
On the other hand, we get

(R,,g(x)R;'”‘g(y)—R,,g(y)R;"”g(x))zj(dx’ dy)
Xxx~d R,g(x)R,8(y)
where Ry"g—R¥g—R(g. Since |R,g(x)RE"2(y)— Rag()RL"8(3)| <Rug()
| R2"g(y)— Re"g(x) |+ | Re"g(x)| | Rag(x)—Raug(y)| and the left hand side is

also dominated by R,g(y)|R;"g(x)—Ry"g(y) |+ | Ry "g(»)| | Rag(y)—Rag(x)!,
it holds that

ED(h,—h,y hy—h,) _gg . (R ™g(x)—R""g( )2 J(dx, dy)

Xx

(3.14) EO(h,—hp, hy—h,) = S

+2 SX,x-dlh”(x)_h'”(x)l | R%"g(x)—R%"g(y)| | Ryg(x)—Rag(¥)| J(dx, dy)

+ SXxx—d | 2(2) —Pn(2) | B ) =P ) | (Rag (%) — Raug(¥))" J(dx, dy) .

The first term of the right hand side clearly tends to zero by letting n, m to
infinite and the third term tends to zero by the bounded convergence theorem.
Finally we see the second term also tends to zero since it is dominated by

2( Sm_d (B, (%) — h(%) VAR g(%) — Rag()) J(dx, dy))?

X S - (Rmg(x) =R mg(9)) J(d, ),

and this means E9(h,—h,, h,—h,)—0 (n, m—oo). Therefore, it holds that
E(h,—h,, h,—h,)—0 (n, m—>c0). Moreover, because h,—1 (n—>o0), 1EF.
Next we get lim E(h,, h,)=0, because

[ pdiay = _diupo+| idiwow—2] hdiapese

—>2 gxd%(RmO_z Sxdﬁ’(RugO =0 ’

n—>00
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and

[, b ()T, )= | (RO~ Rg() (s, dy)
~2[ B ) (Raglx)— Rug DR 2(x)— RYg(5)) (v, dy)
+ S yexe dhﬂ(x)hn(y)(Rag(x)_Rag( W2 (dx, dy)

2 2 RO RUgOIF 5 )

n—> oo
—2 Sx;x—d(R"g(x)_Rdg(y))zj(dx, dy)=0.
This means E(1,1)=0. Therefore, we conclude that M is conservative. q.e.d.

By virtue of (3.11) and Theorem 3.2, it holds that

(3.15) PJA;t<f)— (PEXo) exp(X AP(X Jds); A) e ¥€X ASH, .
This formula w1ll be used in the next section.

4. A lower estimate related to the Donsker-Varadhan theory

The Dirichlet space (E, F) is called irreducible if any P,-invariant set is
trivial, namely, a Borel set 4 C X satisfies either m(4)=0 or m(X—A)=0 when-
ever P(Lu)=I,Pu for any u=B; and £>0. Denote by # the space of
probability measures equipped with the weak topology and let L(t, w, A)=

S'IA(Xs)ds.
0
Proposition 4.1. If (E, F) is irreducible, then for peX
(4.1) lim % PAL{t, o, -)ENg, t<)=—Ep, p) qe. x€X

where N2 is any neighborhood of pPme M.
Proof. By (3.15),

42) P(L(t, , ~)ENg, t<t) — Pgo) exp(S A2 (X )d5); Lit, w, ) EN)
qe. x€X.
We set
S(t, &) = {cuEQ; gxé;}’(y)L(t, o, dy)—Sprpdm[< e}
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S'(t, &) = {0ceQ; L(t, », *)EN2 NS, &)

then, the right hand side is greater than

exp (t( | pApdm—e)x E, (Zg"g; S'(t,&))z exp(t(|_pApdm—e)

x P& (1_pa—s¢¢)) .
llell-
Now, the irreducibility of (E, F') implies the same property of (E, F') be-
cause L, is positive until the life time £. Since M is conservative with invariant
measure p’dm by Theorem 3.2, M is ergodic ([9]) and

(4.3) i',,z,,,(ﬁml 5'4’?(‘555)(1.:= S pApdm)=1.
ty= § Jo p X

If we denote by A the event inside the braces of (4.3), we get P(A)=1, M-q.e.
by noticing that P(A) is an excessive function. By virtue of the remark made
before Theorem 3.2, we then have lim Iaz(ﬂ—S ‘(¢, €))=0, q.e. Therefore

tryow

(44) }i_m—%log PL(1, w, -)ENg; t<§)gs pApdm—¢, q.c.
>oo x
As & is arbitrary and s pApdm=—E(p, p), we arrive at Proposition 4.1. q.e.d.
X

From now we require the following assumption.

AssuMPTION 4.1. There exists a sequence &= {G,};., of increasing rela-
tively compact open sets satisfying: 1) UG,=X, 2) (E;, F.) is irreducible.

A comparison theorem concerning the irreducibility of local Dirichlet
forms has been given in [8]; if E® and E® are such forms, E® is dominating
E® on a common core and E® is irreducible, then E® is also irreducible.
From this, we can show that the first two examples in § 1 satisfy Assumption
4.1. 'The irreducibility of the third example in § 1 follows from the relation
between J and the Lévy system stated in § 2.

Let us introduce the following space
X = {p; p = RS»g, a>0, g>0, 2C,, s pldm =1, n—=1,2, -}
X

and let @ be a function on ¥ such that ®(u,)—P(r) whenever p,E M con-
verge weakly to g and the support of g, is contained in some compact set. We
further assume that ®(u)= —oo for any p= M.

Lemma 4.1. It holds that
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(45) lim 1 tog B (e-12) 2 —inf [0(a) 1 Blp, )] g
Lt peX

Proof. Take p==RS$"geX. Since (E¢,, F;,) is an irreducible Cj-regular
Dirichlet space, it follows from Proposition 4.1

lim - log P(L(t, @, )Ny, t<)=—E(p, ) qe.
tpoa

Therefore, this theorem can be shown by the same method as [3]. q.e.d.
Lemma 4.2. It holds that

(4.6) inf [@() +E(p, p)IS inf [9()E(p, )]

where U={p=FNC{; Sxpzdm=l} .
Proof. For any peU, take G,=& such that Supp[pm]CG,. Since

aRS"p— p(a— o) in E; and R$pVE)— RS*p(6—0) in E,, there exists a
sequence {p,=RS"g,; a>0, g,>0, g,C,};.1 such that p,—p (p—oc0) in E,.

Therefore, T pﬁ EX—p (p—>0) in E}, and we get (4.6) in view of the property
Pplir?
of ®. q.e.d.

Lemma 4.3. It holds that
(4.7) inf [©(p)+E(p, p)] = inf [&(s)+ E(p, p)]

where V= {p&F; Supp[pm] is compact. g pldm=1}.
X

Proof. For peV, we take the relatively compact open set such that
Supp[pm]CG. Since (E; F¢) is a regular Dirichlet space, there exists a
sequence {p,} CF;NC, such that p,—p in E,. Therefore, noting that
E(lp,|, |p.1)=E(p,, p,), we see that the left hand side is not greater than the
right in the same way as Lemma 4.2. q.e.d.

Theorem 4.1. It holds that
(4.9) lim L log B, o) 2 —inf [®()+E(p, )] .
tpoo PEV
Proof. By virtue of Lemma 4.2 and Lemma 4.3, we have
(4.9) inf [0(p%)+E(p, p)] = inf [B(p)+E(p, p)] -
pe% PEV
Hence this theorem is clear by Lemma 4.1. q.e.d.
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The above proof shows that, in equality (4.9), we can replace the space

V by a smaller one ¥V ND where D is any core of F satisfying the conditions
of [8; pp. 198].
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M FUKUSHIMA & K KANEKO
(r, p)-Capacities for general Markovian
semigroups

1. INTRODUCTION

Consider the Gamma transform

RN |
1 -t
V0 = f???&?‘fo R S A

/2 ~xl?/2e

of the transition density pt(x) = (27t) of the d-dimensional

standard Brownian motion, Vr is then the Bessel convolution kernel

X lel?

(Vr(E) = (1 +-—§-0 ) and the space of Bessel potentials Vr*f
LP-functions £ coincides with the Sobolev gpace WE when r is an integer
([9]). This observation suggests a way of introducing an analogue F_ p of

the Sobolev space and a relevant capacity Cr p for a much more general
]

Markovian semigroup {Tt' t > G},

Already Meyers [7] has made a general approach to this kind of capacity
starting with a lower semicontinuous kernel k(x,y). But we wish to avoid
the assumption that the operator Vr admits such a smooth kermal k, because
we are particularly interested in the application to cases where the
underlying spaces are infinite dimensional ([4], [6], [10]).

Aécordingly the proof of the continuity

An + > Cr p(U An) = sup Cr (An)

WP a TaP

of the set function Cr,p becomes more difficult in our setting. When the
underlying space ig locally compact, this continuity of the outer capacity
implies the capacitability of the anmalytic set. Even in non-locally-compact
cases such as the Wiener space case, this property is essentially important
in carrying out the relevant analysis (Eﬂ, [}Q]). In section 3 we prove
this property by assuming that the space Fr,p is regular, namely, that it
densely contains continuous functions. We can then appeal to Deny's
principle Eﬂ that the regularity of a function space implies the continuity
of the capacity.

41
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2. MARKOVIAN SEMIGROUP AND ({;P)-CAPACITY
Let X be a metric space, m be a measure on X and Tt’ t » 0 be a strongly

continuous contraction semigroup of linear operators on LF = Lp(X,UD, p>1

being fixed. We suppose that Tt’ t » 0, are Markovian:
£E€LP, 0<f<1 mae?0sT sl mae. (2.1)

We then let, for each r > 0,

-1

[0

et T, de. (2.2)

Ve = Tt/ 2) jo £

Vr is Markovian., It is contractive:

V£ £ , £ E1P, .
v, “LP s HLP L (2.3)
Furthermore,
Vr Vru = Vr+rt ) r,r'> 0, (2.4)

To see thig, it suffices to express the left-hand side as a double integral
of two variables, say, t and s and changes them by t = ¢ cos2e, 8 = E sinze.
Suppose Vrf = 0, then Vr,f = 0 for all £' > r by (2,4) and consequently

th =0, t » 0, which implies £ = 0, Thus, each Vr is injective on 1P and

hence the space (Fr . ” ”r } defined below gives us a Banach space:
]

P

F =v @b
P r (2.5)

el = ”f”LP for w=V£, £E1LP,

The associated set function Cr is then defined, for cpen set 4, by
L]

-3 P -
Cr,p(A) inf {[Iul[r’p r u & Fr,p’ u>1l ma,e, on 4}

and, for any set A, by

Cr,p(A) = mf{c_r p(B) : ACB, B is open},

We call C. p the {(r,p)-capacity for {Tt, t > 0l.

42
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Theorem 1, (i) m(a) = Cr p(A)

(i) x <" 20 (A) 50, (&)

(1) A8 =2C _(4) 5C__(B)

naA

A

(iv) Cr,p(g A) 2E e, ().

(i) of Theorem 1 is immediate from (2,3). (ii) follows from (2.3} and (2.4).
(iii) is trivial. (iv) can be proved easily (fj]) but we give its proof by

using the next lemma for later convenience,

Lemma 1. For any open set A with finite (r,p)-capacity, there exists a

i 1 i h > ~ ] P = [
unigue element u, in Fr,p such that w2 1 ma,e, on A and ” uA” P Cr,p(A)
uy admits an expression u, =V, f for some non-negative f € LP,

Proof. Since (F p’ il I[r ) is isometric to LP(Xjm), it is uniformly
T ’

convex: for any € > 0 and M > 0, there is a § > O such that

u < M,llv < M and || u~v > ¢ impl utv < 2M-8, TFrom
lolly,p s llvlly, o s wana Numvll, > e dmoty furvl] s
this follows the uniqueness of Uy The existence follows from the Banach-
Saks theorem for LF space, If u, = V£, fE Lp, then Vrf 2 Vrf+‘

[| £+1] p S I £} , @nd consequently £ = £* by the uniqueness.
L L

Proof of Theorem 1 (iv) It suffices to assume in the desired inequality

{iv) that An are open and the right-hand side is finite., Let u, = Vrfn’
. . n
£ €1F, and £ = sup £ . Since £P < 1 £P, we have £ € 1P and
n n
p < I < P
'lVerr’p st G, p&y) . On the other hand, cr,p(: 2y < |l Verr’p because
V £>1 m-a.e.onu A
n n'
Remark 1, We see in the proof of Lemma 1 that, for an open set A,
= 3 P, " P
c. p(A) = 1nf{|]ff|Lp rVE21 meae, ona, fEL), (2.8)

where LE denotes the set of non-negative functioms in LP?, 1In the case of
the Bessel potentiala on rd mentioned at the beginning of sectiomn 1, it
further holds that
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nv

C, ;&) = inf {||f[1:p : VE(x) 21 forany x €4, £E€1P, (2.7

because, for the Bessel potential u = Vrf’ fE LE, we have lim Mru(x) = u(x)
r 0
at each x(ERd, where Mru(x) denotes the volume average of u on the ball of

radius r, centred at x. In this case, we also know from [i] that the

identity (2.7) holds for any set ACZRd.

Remark 2. We have started with a strongly continuous contraction semigroup
of Mérkovian linear operators on 1P for a fixed p z 1, Suppose that we are
first given such a semigroup on Ll. Then it uniquely determines a semi-
group of the same properties on LP for every p > 1 ([5]) and hence there
correspond (r,p)—capgcities Cr, indexed by all r > 0 and all p > 1. 1In
accordance with Malliavin Bﬂ; we say in this case that a set A C X is 8linm

if C_ _(A) =0 forallr >0, p>1,
¥yP

In the case of the Bessel potentials on Rd discussed in Remark 1, no non-
empty slim set exists since each one point set of Rd has a positive (x,p)-
capacity whenever yp > d (DJ). The situation may be quite different when
the underlying space X is infinite-dimensional. In fact, there are many
non—empty slim sets for the Ornstein-Uhlenbeck semigroup {Tt, t > 0} on the

Wiener space. In particular, each one-point set is slim ([i@]).

Remark 3. Suppose that we are first given a strongly continuous contraction
semigroup {Tt, t > 0} of Markovian linear operators on L2. In addition, we
assume that T£ is symmetric and the measure m is c—fini;e (this amounts to
assuming that we are first given a Dirichlet space on L (Eﬂ)). Then
{Tt, t > 0} uniquely decides a semigroup of the same properties on L1 (Dﬂ)
and conrsequently on P for every p > 1.

Denote by [ the infinitesimal generator of {Tt, t > 0} on L2.

Substituting the spectral representation of L into (2.2), we easily see that

v, =(I-1,)"""2 on 1.2 ' (2.8)

r,, - D((I_L)rlz r/2

r, (2,9

o el = I a=0™Al 5,

and consequently L coincides with the associated Dirichlet space on L2

L3
and l]ul]l 2 is the l-order Dirichlet norm. ¢y 5 is exactly the same as the
3 »

capacity Cap defined in [3]| for this Diriechlet space. Hence the set of
P
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(1,2)-capacity zero admits a probabilistic characterization related to the
Markovian semigroup {Tt’ t > 0} (Eﬂ), but no such interpretation seems to
be possible for (r,p)-capacity when (r,p) + (1,2),
In view of expression (2.9) and its formal extension
rf2
fulf, =l a@02) , wer
,p P ,p
we may well say that the space Fr P is a right analogue to the Sobolev space
>
Wr p for the present general semigroup {Tt, t > 0},

»

3. CONTINUITY OF CAPACITIES

As in section 2, we treat a strongly continuous contraction semigroup
{Tt’ t > 0} of Markovian linear operators on P = LP(X;nD. In this section,
we assume that X is a separable metric space and m(A) > 0 for any non—empty

open set A, We further assume that the space Fr P is regular:
)

7 n c(X) 1is dense in (F

r,p r,p? Il | }s (3.1)

,p

where C{X) denotes the space of {(not necessarily bounded) continuous
funetions on X.

We fix the index (r,p). '"Quasi-everywhere" or "g.e" will mean "except on
a set of (r,p)—capacity zero", A function u on X is said to be quasi-
continuous if, for any € > 0, there exists an open set A with Cr,p(A) < E
such that the restriction of u to X-A is continuous. Just ag in the case of

the Dirichlet space (Eﬂ), we can show the following:

(a) If u is quasi-continuous and u > 0 m-a.e. on an open set G, then

u>0gq.e, onG,

- - - - r r ’\J
{b) Each u € Fr P admits a quasi-continuous modification (denoted by u) and
3

", _]__ p
o g0 5 AP Fellzp o 2> o G.0

{c) If a sequence of guasi-continuous functions un,E Fr » converges to
]
utF in metric || || » then a subsequence of u_ converges gq.e. to a
P TsP n

quasi-continuous todification of u,

Lemma 2. TFor any set B C X with finite (r,p)-capacity, there exists a

unique element e

. A e
g in the set L; = {uce F p iU z1l g.e. on B} minimizing
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the norm \I ||r,p + ep 18 non-negative and
p
B) = |je . 3.3
p® = lteglly (3.3)
Proof, The unique existence of e, and its non-negativity can be shown in

the same way as in the proof of Lemma 1, For any € > 0, there exists an
open set A = B such that C (B) > Cr, (A) ~ g. Since u, of Lemma 1 belongs
to LB by (a), Cr,p(A) |lu lp > ,eBlli,p and we get the inequality ">"
in (3.,3).

To prove the converse inequality, we adopt the methed of Deny Dﬂ Take
For any £ » 0, choose an open szet A

> 1 on Bn(X-A ).

» “ > u
a4 guasil-continuous version eB of e+

such that C ,p (A ) < e, B.X -A, is continuous and eB

Denote by u_ the function of Lemma 1 for the open set A.. Now the set

€
= {x € X-Aez eB(x) > 1 -cluy A,
is open and B © G.. Moreover, e + u,
.\ "P
< < -
C,p® $C, (6) 5 1) |lep+ ufl

v
[y
!

£ m—a.,e, on Ga' Therefore

2 )T fegll, o+ By

H T
4l

sP
letting ¢ + 0, we arrive at (3.3).

?heorem 2. An + = Cr,p(g An) = s:p Cr,p(Ah)‘

Proof. We may assume that the right-hand side is finite., We put
A=U Ah' Let & be the function of Lemma 2 for the set A, Since

n .
(‘p = (4 ) are bounded, a Cegaro mean u_ of a subsequence of e
T, Sy P D ™ n

converges strongly to some u € F v by virtue of the Banach-Saks theorem.

T3P o, .y
Take qua51 continuous modifications u of uo. Then lim um(x) 2 1g4g.e. on

me .
An for each n and consequently q.e. on A, By (c), a subsequence of &m

. . . , ar
converges ¢.e. to a quasi-continuous medification u of u, Hence u € LA and

p =11 P - P =
o S tim I = tin g 17, = ssm .

Remark 4, When r = 1 and p = 2, Theorem 2 holds without the regularity

assumption (3.,1) because C1 9 is strongly subadditive, which follows from the

characterigtic property of the Dirichlet space that every normal contraction
operates on Fp , (3H.
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ON THE CONTINUITY OF PLURISUBHARMONIC
FUNCTIONS ALONG CONFORMAL DIFFUSIONS

Masarosar FUKUSHIMA

(Received November 8, 1984)

1. Introduction

A stochastic process Z,=(Z}, ---, Z%) taking values in C” is called a con-
formal martingale if Z¢ and Z9Z%, 1<, S=n, are continuous local martingales.
When Z, is defined only on a time interval [0, ») for some predictable stopping
time %, Z; 1s said to be a conformal martingale if so is the stopped process Z,n,
for any stopping time 5’ strictly less than 7.

Let M be a complex manifold of complex dimension #». By a diffusion
process D=(Z,, P,) on M, we mean a strong Markov process on M with con-
tinuous sample paths defined on [0, &), { being the life time. In this paper,
we assume without specific mention that the diffusion D admits no killing inside
M in the sense that P(ry<<{ <+ o0)=P,({ <+ ), 2€U, for any relatively
compact open set U C M, where 7, denotes the first exit time from U: 7=
inf {t=0: Z,&U}. We see then that, for any open set UC M, 7y is a predic-
table stopping time with respect to P, for ze U.

We call a diffusion process D=(Z,, P,) on M a conformal diffusion on M
if, for any holomorphic coordinate neighbourhood (U, ¢), the C"-valued pro-
cess ¢(Z;) defined on [0, 7;) is a conformal martingale with respect to P, for
each zeU. We occasionally assume that the transition function p, of D is
absolutely continuous with respect to a volume element V on M:

(1.1) Dz, LTV, zEM.
We aim at proving the following theorem.

Theorem. Let D=(Z,, P,) be a conformal diffusion on M satisfying the
condition (1.1). Then, for any plurisubharmonic function u on M,
P,(u(Z,) is continuous in t<[0, §) and finite for t<(0, {))=1, zeM.

This is a generalization of a theorem of Doob [2] to the cases of higher
complex dimension and our proof is also similar to the one given in [2] in the
sense that we utilize the quasi-continuity of plurisubharmonic functions with
respect to a specific capacity related to the extremal function.
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70 M. FukusHIMA

As we shall see, any plurisubharmonic function # on M is D-subharmonic
in Dynkin’s sense and consequently #(Z,) is right continuous. Therefore
its continuity would follow from a Hunt’s theorem on the regularity of excessive
functions provided that

(1.2) every semi-polar set is polar

for the diffusion D. However, it seems to be unknown whether (1.2) is fulfilled
for all the conformal diffusions being considered.

Indeed, a typical conformal diffusion is a diffusion D on M whose infinitesi-
mal generator is expressible on a local chart as

Uy o O
1.3 L=lsg7
(1) 228 G or

with a continuous non-negative Hermitian tensor field g on M ([6]). If g is
sufficiently smooth and non-degenerate, (1.2) is known to be correct for D.
But, if g is merely continuous positive or degenerate (D may still satisfy (1.1)
in the latter case), we do not know to what extent (1.2) is true. (1.2) becomes
true under the additional condition of the symmetrizability. But the latter
condition might be false either in general in view of a Fujita’s result [4] saying
that there exists a manifold M where no diffusion with generator (1.3) is sym-
metrizable (although only smooth and non-degenerate cases are treated in [4]).

We add a remark that there are many conformal diffusions whose generators
are not expressible by the usual differential operator like (1.3). It was shown
in [5] that fairly general class of symmetrizable conformal diffusions can be
characterized by closed positive currents of type (n—1, n—1). The first two
propositions of the present paper have been proven in [5] for this class of dif-
fusions on a domain of C".

This work was motivated by the lectures of Professor Laurent Schwartz
delivered at Kyoto University (cf. [7]). I am grateful to him for his kind guid-
ance to the problem.

2. D-subharmonicity of plurisubharmonic functions

A function % on an open set E CM taking values in [—oo, 4-c0) is said
to be plurisubharmonic on E if, on each holomorphic coordinate neighbourhood
0%u
02" 0z°
any £=(&, -, £")eC” and ess lim sup #(2") = u(2), =€ U. Those properties

UCE, u is locally integrable, >} E*Z® is a non-negative distribution for

are intrinsic because they are preserved under holomorphic transformations.
Any plurisubharmonic function is upper semicontinuous.
Let D=(Z,, P,) be a conformal diffusion on M with transition function p,.
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CONTINUITY OF PLURISUBHARMONIC FUNCTIONS 71

A Borel function u on M taking values in [0, +oo] is called p,-excessive if
pa(Z) Y u(z) as ¢ | O for each z=M. A Borel function # on an open set ECM
taking values in [ oo, -}-o0) is called D-subharmonic on E if uis D-finely upper
semicontinuous, locally bounded from above and, for any open set V' with
compact closure V CE,

(2.1) w(R)<E(u(Z,); 7v<t), =zEV.

Any D-subharmonic function is D-finely continuous and hence right continu-
ous along Z, in t€[0, {) P,-almost surely ([3]). The negative of a D-sub-
harmonic function is said to be D-superharmonic. A Dynkin’s theorem [3;
Theorem 12.4] says that a non-negative Borel function on M is p,-excessive
if and only if it is D-superharmonic.

Proposition 1. Any plurisubharmonic function on M is D-subharmonic.
The negative of a non-positive plurisubharmonic function on M is p,-excessive.

Proof. Let u be a plurisubharmonic function on M. u is then locally
bounded from above on each coordinate neighbourhood. Besides the sub-
harmonicity for the diffusion process is a local property according to a Sur’s
theorem ([3; Theorem 12.11]). Hence we may only prove the D-subharmonic-
ity of u by assuming that M is a bounded domain DCC” and # is non-positive.

Take any open set V" with compact closure in D and denote by  the first
exit time of Z, from V. Since (Z,, P,) is a2 conformal martingale, we see, by
virtue of Schwartz [6; Proposition (5.10)], that (#(Z,s,), P,) is a generalized
submartingale for 2V, and consequently,

—coZu(@)SEwZn),  2EV.

The right hand side is not greater than E (u(Z,,,); 7<<¢) and we get the in-
equality (2.1) by letting #—-+oo. Since u is upper semicontinuous, we con-
clude that % is D-subharmonic.

In the remainder of this section, we only consider a bounded domain D
of C". For ECD, the extremal function »} is defined by uz(2)=sup {v(z): v
plurisubharmonic on D, —1<9=<0 on D, v=—1 on E}, u%(z)zli?nuE(z’),
zeD. We further introduce a set function C; by e

(22) CuE) = —{ ut(x)Vz) (= —{ wi(x)v(=)

where V denotes the Lebesgue measure on D. Cy is known to be a Choquet
capacity ([1; Proposition 8.4]). Moreover CyN)=0 if and only if N is
pluripolar, namely, there exists a plurisubharmonic function v on D with
Ncov(—oo).

Let D=(Z,, P,) be a conformal diffusion on D. Denote by o the hitting
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72 M. Fukusnima
time of a set E C D after 0-+: opz=inf {t>0: Z,cE}. Welet oz=-}+o0 if the
event in the braces is empty.

Proposition 2. For any Borel set EC D,
| Pe<tiarm=cym).

Proof. By Choquet’s lemma, there is a non-decreasing sequence of pluri-
subharmonic functions v, such that —1=<9¢,<0, v,==—1 on E and uf(2)=
lim v,(2') for vy=limv,. By Proposition 1, {—v,Z,), P,} is supermartingale

k>

and —v(2) = —E,(vi(Z,): oxg<)ZPox<{) for any compact set K CE and
zeD, on account of the optional sampling theorem. Letting k—co and inte-
grating by dV, we have

SDP,(o-K<§)dV(z)§C,(E)

since vy=u} V-a.e. Taking then an increasing sequence of compact sets
K, CE such that oy | oy as m—>oco, Py-a.e., we get the desired inequality.
m

Corollary 1
(i) If NCD is pluripolar, then there exists a Borel set N'ON and

(2.3) Ploy<t)=0 V-ae. zeD.

(it If O,CD are decreasing open sets such that lim CyO,)==0, then
koo

(24) Pz(}im 00,<5)=0 V-ae z€D.

Proof. (ii) is a stronger assertion than (i). (ii) is immediate from Pro-
position 2. _

We denote by @, the usual shift operator defined by Z(f.w)=Z,./(w).
In particular we have

(2.5) s-hozoly(w) = inf {t>s: Z(w)=E},  s=0.

Corollary 2. Suppose that the transition function p, of D satisfies the
absolute continuity condition (1.1).
(1) If NCD is pluripolar, then N is D-polar: there exists a Borel set N'DON
and (2.3) holds for every z€D.
(if) If O,C D are decreasing open sets such that gim Cy(0,)=0, then

(2.6) P (lim (s--00,20,)<t, s<£) = 0
for every s>>0 and 2 €D.
Proof. (i) Denote by f(2) the left hand side of (2.3). Then f(2)=
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lim p, f(2)=0, 2D, by the assumption and Corollary 1 (i). (i1} The left hand
$£30
side of (2.6) equals p, f(2) for the function f defined by the left hand side of (2.4).

3. Cyquasi-continuity of plurisubharmonic functions

We continue to consider a bounded domain DCC” and the capacity Cy
defined by (2.2).

Proposition 3. Suppose that the domain D is strongly pseudo-convex.
Any plurisubharmonic function u on D is then Cy-quasi-continuous. More speci-
fically, for any €>0, there exists an open set OCD with Cy(O)<<E such that u
is finite valued and continuous on D-O with respect to the relative topology.

Proof. We deduce this from several results of Bedford-Taylor [1]. First,
according to [1; Theorem 3.5], any plurisubharmonic function on a bounded
domain D is quasi-continuous in the above sense but with respect to another
capacity which we shall denote by Cpr. Cpr admits the expression

(3.1) Cur(0) = | @ty

for open set O with compact closure OcD. Therefore it suffices to show
the implication

(3.2) CBT(O,,);: 0= C,(Ok)k—_;: ¢
for decreasing sequence of open sets O, CD.
A function on D is quasi-continuous relative to a capacity if and only if

it is so on each open set E with compact closure ECD. Hence, in proving

(3.2), we may assume that O, has compact closure O,CD. Set v=lim us,,
. k>oo
v*¥(2)=lim v(2’), and assume now the strong pseudo-convexity of D. We
23z

then easily see that v*(2)—>0 as 2—>9D. Moreover by the continuity of the
Bedford-Taylor measures [1; Proposition 5.2], (dd‘u},)”—(dd‘v*)", k—>co.

Hence we get, from (3.1) and the hyposesis in (3.2), S (dd°2*)*=0 and con-
D

sequently (dd“v*)” is the zero measure. We can finally use a comparison theo-
rem [1, Corollary 4.4] to obtain v¥*=0 and v=0 V-a.e. We arrive at the con-

clusion in (3.2): lim c#(o,,):g o(2)dV (2)=0.
>0 D
4, Proof of Theorem
The right continuity of #(Z£,) at =0
(4.1) P(limu(Z)=uz) =1, zeM,
130
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74 M. FUKUSHIMA

follows from Proposition 1.
For a stopping time 5&[0, 4-oo], let us consider the event A,={u(Z,) is
finite and continuous for t&(0, 5)}. We aim at proving

(4.2) P(A)=1, z&M.

We assume the condition (1.1). Choose a system of holomorphic coordinate
neighbourhoods (U,, ¢,) of M such that ¢,(U,) is a strongly pseudo-convex
bounded domain of C”". Proposition 3 and Corollary 2 (ii) to Proposition 2
are applicable to the function u|,, and to the part D, of D on U, respectively.
In view of (2.5), we then readily see that P (u(Z,) is finite and continuous for
LE(S, Tyy), §' <Tys)=P[(s'<7y,), 0<s<s', 2z€U,. By letting s} 0 and then
s" ) 0, we get

(4.3) P(Aw,) =1, =zeU,.

We now use a Sur’s method. Take two members, say, U, and U, from
the chart system and let ¥ be an arbitrary open set with V< U,UU,. By
[3; Lemma 12.6], we can find open sets V, and V) such that V=V, UV,
Vo< U, V,cU; and V,N(M—V)NV,N(M—Vy)=¢. Denote by 7° and 7'
the exit time from ¥V, and V) respectively, and let =0, v, =v,+7%0,,,
k=1, where §=Fk mod 2. By virtue of [3; Lemma 12.4]; it holds then that

44 Ve =Ty from some & on.

Together with the event A, for the stopping time %, we also consider the
event A, = {u(Z,) is finite continuous at each & (0, ) and also at =1 if y<<-}-oo}.
In view of (4.3), we have

(4.5) PRi)=1, zeV,, i=0,1.

Since (4.5) is trivially true for z€D—V;, we obtain from the strong Markov
property and (4.5),

P(Ay)=P,u(Z,) is finite continuous for #>0, t%=--o0)+E,(u(Z,) is finite
continuous for 1&(0, 7%), °<-}-o0; szo(f\,l))sz(]iTO)zl, z€V. By induction
and (4.4), we get

(4.6) PR )=1, =zeV.
By letting V' | U,U U,, we are led from (4.6) to
4.7) P(A, ) =1, zeG,

for G==U,U U,. Repeating the same argument, (4.7) can be seen to be true
for the union G of finite number of U,’s. Now (4.7) holds for any relatively
compact open set GC M. We finally let G M to get the desired identity (4.2).
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On Dirichlet forms for plurisubharmonic functions

by
M. FUKUSHIMA and M. OKADA

Osaka University Tohoku University
Osaka, Japan Sendai, Japan

§ 1. Introduction

We give a new proof of several basic properties of plurisubharmonic functions on C" by
making a systematic use of the notion of Dirichlet forms associated with closed positive
currents of bidegree (n—1, n—1). We further extend some of the properties stochastical-
ly and also exhibit some specific sample path behaviours of the related conformal
diffusions. In the classical case that n=1, there are notions of the L.aplace operator, the
Green function, the Dirichlet integral and the Brownian motion, each of which is
known to play an equivalent role to the subharmonic function in classical potential
theory. In higher complex dimensions, we may think of the family of the above
mentioned Dirichlet forms and the family of the conformal diffusions as the counter-
parts of the Dirichlet integral and Brownian motion respectively. Thus we may well
expect that the Dirichlet space theory initiated by Beurling and Deny ([4], [8]) should
work intrinsically in understanding and developing the theory related to the plurisub-
harmonic function.

First of all we describe the preliminary notions and notations. Let D be a bounded
open set in the complex n-space C". A function « on D taking values in [—o, +x%) is
called plurisubharmonic (psh in abbreviation) if u is locally integrable on D with respect
to the Lebesgue measure (denoted by V),

n

D ﬂ_gagﬂ

af=1 aza az-ﬂ
is a positive distribution for any £€C" and

u(z) = inf V-esssup u(z'), z€D,
Ua  ZEUQE
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172 M. FUKUSHIMA AND M. OKADA

U(z) ranging over all neighbourhoods of z. The real L” space based on the Lebesgue
measure V is denoted by LP(D). P(D) will stand for the set of all psh functions on D and
we let Po(D)=P(D)NL"(D). We use the notations d=3+9 and d°=i(3—3). Thus

- 8%u
dd’u=2 ———idz AdZ
a,[32=l aza aZﬂ “ g
sends u € P(D) into the space of closed positive currents of bidegree (1, 1) (see Lelong
[16] for the latter notion). Given u € PAD)NL; (D) and a closed positive current 6 of

loc

bidegree (r, r) (1<r<n—1), the formula

J'ddcu/\BMp=fuﬂAdd°w

for test forms y of bidegree (n—r—1,n—r—1) defines a closed positive current dd“un6
of bidegree (r+1,r+1). Thus ddAdd us A ... ndd u, is well defined as a closed positive
current of bidegree (r,r) for any u,,u,,...,u,€ AD)NLy (D), 1<r<n. For EcD, we

denote by u, the upper envelope
ug(z) =sup {v(z): vEPAD),v<0onD,v<—1on E}

and by uf its upper regularization:

ufz) = lim uyz'), z€D.

7'>z
We then introduce the set function Cy on D by

C#(E)=—j uf(z)dv(z), EcD.
D

This type of set function was considered by Cegrell [5], Bedford-Taylor [3] and also in
[10], [11]. A set NcD is said to be pluri-negligible if there exists a locally uniformly
bounded family of psh functions such that, denoting the upper envelope of the family
by u and the upper regularization of u by u*, N is contained in the set {zE€ED:
u(z)<u*(2)}. A set NcC" is called pluripolar if each z € N admits a neighbourhood U(z)
and a function p € P(U(z)) such that NnU(z)cp (- ). We shall write EccD to
indicate that E is a compact subset of D.
Given a closed positive current 6 of bidegree (n—1,n—1), we let
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ON DIRICHLET FORMS FOR PLURISUBHARMONIC FUNCTIONS 173

%9((p,t/))=fd(p/\d°w/\0, @, Y € C; (D). (1.1

D

&7 is then a non-negative definite real symmetric bilinear form on Cj (D) satisfying a

specific Markovian property and local property (see Appendix (§9) for these proper-
ties). In accordance with the authors’ previous paper [12], we use the following term. If
&? is closable on L%(D; m) for some positive Radon measure m on D with supp[m]=D,
then we say that (6, m) is an admissible pair. In this case the closure of €° is denoted by
& again and the domain of the closure is designated by %°. %° (resp. €°) is then a
Dirichlet space (resp. Dirichlet form) on LXD;m) possessing Cy (D) as its core. The

terms ““&%-polar’” and ‘*&°’-quasi-continuous’” will be used in relation to the capacity
defined by the metric €(¢, p)=%"(p, )+ (@, )2y [OD-

From §3 to §6 of the present paper, we make use of the Dirichlet forms & for
suitably chosen currents @ to prove the five properties of psh functions listed below
which have played quite important roles in resolving complex Monge-Ampére equa-
tions ([1], [3], [7], [11]), in developing the relevant potential theory ([3], [18], [19], [20],
[21]) and also in the study of conformal diffusions ([10], [11], [12]):

(P.1) continuity of the measure v @ddv'’ A ... Add°v"™ under monotone (increasing
or decreasing) limits of v, v, ...,v™ € AD)N L}, (D).

(P.2) comparison theorem:

(dd‘uw)" = J (ddv)".

{u<v}

u,v€P (D), liminfm()—-v()=0 = f
t8D

{u<v}
(P.3) minimum principle:
u,VEP (D), (dd°u)'<(ddv)", liminf(u(Q)—-vi)=0 = u@=v(z), zED.
3D
(P.4) pluripolarity of pluri-negligible sets.
(P.5) Cy-quasi-continuity of psh functions.
The first four properties were obtained in Bedford-Taylor [3] by using the property

(P.6) Cgr-quasi-continuity of psh functions,
where the set function Cgy (which we call the Bedford-Taylor capacity) is defined by

Cgr(E) = sup {f (dd°p): p€E AD), 0<p=< 1}
E
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for compact sets EcD. The property (P.5) was derived in [10] also from (P.6). But our
present method of proving the listed five properties does not require (P.6). As we see in
§4 the notions of quasi-continuity in Cpt and Cy are actually equivalent.

Given an admissible pair (6, m), we show in § 2 that any u€ AD)N L, .(D)is an &

4

quasi-continuous function in %[ and that this correspondence into %? _ is continuous

under the monotone (increasing or decreasing) limit. We next consider the family
P.+(D)={pE PyD): p(z)=q(z)+d|z]*, zED for gEP,(D) and 6>0}. (1.2)

It will be seen in §2 that, if @ is given by
0=ddpOn...nddp"™ P, pP, .., p"VeP (D), (1.3)

then the pair (6, V) is admissible. This choice of the underlying measure (rather than
6 Add°|z|*) will be crucial in later applications.

In §3, we give a new proof of the property (P.1) as a straightforward application of
the analytical results of §2. We further present a variant of (P.1) by generalizing the

factor v©®

and thereby prove the right directedness of the space of subsolutions of a
Monge-Ampére equation.

From §4 however, we add probabilistic considerations in terms of the diffusion
process M9=(Z,, ¢, Pf) associated with the Dirichlet space (%%, €%). M? is called
conformal because the stochastic process (Z, Pf) is a conformal martingale for each z
(10, 11, 12]).

A stochastic extension of the minimum principle (P.3) has been given in [11] by
employing the stochastic boundary limits along sample paths of the conformal diffusion
M? for 6 given by

0= (dd°u)" '+(dd°u)" *Add v+...+(ddv)"', u€ P (D), vEP (D). (1.4)

We show in §4 that an analogous extension of the comparison theorem (P.2) is
possible. But this time we take, as an underlying measure, the Lebesgue measure V
rather than @ Add®|z>. Our result of § 4 will imply yet another version of Theorem 2 of
[11].

Turning to the proof of (P.4) and (P.5), we denote by &P the Dirichlet form on
LXD) for O=(dd°p)""!, p€ P.(D). The associated conformal diffusion is denoted by
M®=(Z,¢,P?). In §6, we shall prove the properties (P.4) and (P.5) along with the

expression
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C.(E)= sup J PP(0p < + ) V(dz) (1.5)
pE@_JD) D

holding for a strongly pseudo-convex domain D and any Borel EcD. A key step is in
§5, where we prove (1.5) for compact E by estimating Cy(F) from above probabilisti-
cally. At this stage, we use the fact that (ddu¥)"=0 on D—K for compact K (Lemma
4.4). Lemma 4.4 was proven in [3; Proposition 5.3(i)] and the proof required three
things: properties (P.1), (P.3) and an existence theorem for the Monge-Ampére equa-
tion (dd°u)"=0 on a ball with smooth boundary data [1: Theorem 8.1]. The last theorem
is the only fact we need to employ which is not directly linked to our Dirichlet forms .

In § 6, we prove (P.4) and (P.5) as direct applications of the upper estimate of §5
and the continuity property (P.1). Cy then becomes a Choquet capacity by (P.4), and
(1.5) extends from compact sets to Borel sets. The expression (1.5) for compact E has
been shown in [12] for a slightly different family of diffusions M® but the very validity
of the property (P.4) was presupposed in [12]. We emphasize that the probabilistic
argument in §5 involves only an elementary principle in the diffusion theory—the
stochastic super-mean-valued property of #-superharmonic functions, which is formu-
lated in the appendix (§9) in the framework of the general Dirichlet space theory for the
sake of convenience for reference. This principle was also utilized in the direct proof of
(P.3) in [11]. The probabilistic argument in §4 to prove (P.2) is even simpler in that it
only involves computations of resolvents.

The expression (1.5) means that a set is pluripolar iff it is unattainable by the
diffusion M® for any p € ?.(D). In § 7, we consider a simple example where

D= {z€C" [z +]z)f <3}

(1.6)
E={z€EC%: y,=y,=0, |x|<]1, |x,|<1}.

E is not pluripolar but polar with respect to the Newtonian c¢apacity of R*. We can see
that the conformal diffusion M® associated with p(2)=1(ly,|+|y,)+}|z|* (€ 2, (D)) is
actually attainable to the set E. We explain how the typical sample path of M® behaves
differently from R*Brownian motion.

Up to § 7, we deal with the minimum Dirichlet space %’ in the sense that Cg (D)is a
core of #°. § 8 concerns the behaviours of (¢, ) for @, y € C*(D). We study a related
closability and related inequalities involving a surface integral.

The authors would like to express their gratitude to professor P. Malliavin who

260



176 M. FUKUSHIMA AND M. OKADA

first called their attention to the relation between Dirichlet forms and psh functions.
They also owe to Professor C. O. Kiselman for stimulating discussions on the subject
of §8.

§ 2. Basic relations between £° and (D)

Given a closed positive current 8 of bidegree (n—1, n—1), we define the bilinear form &’
on C3(D) by (1.1). An integration by parts yields

@, p) = —j pddynb, @, pECHD). 2.1

D
which implies (cf. [12; Lemma 1])
& is closable on LX(D; O Add [z]). (2.2)

Together with this, we shall utilize the following Schwarz inequality and Poincaré type
inequality, which are found in [18]:

2
(f Eﬂd(p/\dczp/\0> $f§2d¢Af¢A0fﬂ2defwA0, E,NECT(D), @, pEC™(D),
D D

D
(2.3)
L @*dd°qrn0<8|qll.. €(p,9), q€P.D), @EC;D), (2.4)
(2.3) particularly implies
%o(mp,mp)SZIﬂzdtp/\dctp/\0+2f @*dnadna8, n€C;(D), @ECT(D). 2.5
D D

LeMMA 2.1. Consider an open set D;ccD and a sequence {v;} of functions on D
such that v, € PAD)NC™(D,) and {v;} is decreasing and locally uniformly bounded on
D,. Then, for any n € Cy (D) with supp[n]cD;. {nu} is a Cauchy sequence with respect

to &°.

Proof. We may assume 0<uv,<M on K=supp|n] for some positive constant M.
Since

dd () AO =2dv, Ad°v,AO+2v,dd v, A0 = 2dv, AdUNO
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on K, we have

v dd ()0 < M*C f dd®|z)* A6
K

fnzdvakaAesf nzdd°(vi)/\9=J
D D

D

where C depends only on 7 and n. Hence, if we let a,= &(nuy, nuy), then we have from
(2.5) and the Schwarz inequality (2.3)

supa, <o, lim fn(v,—vk)dn/\d“vk/\9=0. 2.6)
k R

Now, for k<l,

gg(ﬂvk_ﬂvb nu—nv) = a;—a,+2{a,— gg(’?')z’ nu}-

Since
fnz(v,—vk)ddcvaOSO,
D
we have
a,—&(nu, nuy = J’ n(,—v)dd“(qurb<b,
D
where
bk,,=fn(v,—vk)vkddcn/\9+2j n(v,—v) dnadu, 0.
D D
Hence

Emu,—nu, pu,—nu) <a—a,+2b,, k<l 2.7

In view of (2.6), {a,} is bounded and b, ;—0 as k, [—o. Therefore (2.7) means first that
the finite limit lim, . a, exists and secondly that {nu,} is %°-Cauchy. q.e.d.

For v € #(D), denote by v° the function uxas; with the mollifier as. On each open
set D;ccD, v° then belongs to P(D;) N C™(D,) and decreases to v on D, as 6 | 0 ([16]).
Therefore the next theorem is immediate from Lemma 2.1 and (2.1).

THEOREM 2.2. Let (%%, €%) be the Dirichlet space for an admissible pair (6, m).
Then any v€ PD)N L7 (D) is an €°-quasicontinuous function in Fo.. m° is €’-conver-
gent to nu as 6 | 0 for any n€ C5(D). Further
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&(Ev, )= — f @ddvAl, @ECT(D) (2.8)

D

whenever E€ C;(D) and =1 on supp[¢].

We now turn to the proof of the following theorem.

THEOREM 2.3. Let (%%, €°) be the Dirichlet space for an admissible pair (8, m).
Consider v,€ AD)NL; (D), k=1,2,...,and v€ AD)NLy, (D) such that {v,} is mono-

tone (increasing or decreasing), locally uniformly bounded and lim,_,.. v (2)=v(z) for
m-a.e. ZED. Then nu; is &-convergent to nu as k—x for any n€ Cy (D).

Proof. The assertion being local, it suffices to prove that each point z€ D admits a
neighbourhood U such that nu, is an €°-Cauchy sequence for any 7€ Cy(D) with
supp [#]lcU. Therefore the following reduction is possible. Take open sets U and D,
such that UccD,ccD and D, is a strongly pseudo-convex domain with a determining
smooth psh function ¢: D;={p<0}. According to [3; p. 5], there exist then a compact
set K with UcKcD,, constants A=0, B and a sequence {0} of uniformly bounded
monotone (increasing or decreasing) psh functions on D, such that 9,=v, on U and
0,=Ao+B on D,—K. Take next an open set E with KcEcc D, and a function &€ Cj(D)

such that £&=1 on E and supp [£]cD;.
We see from (2.5) and Theorem 2.2 that, for n€C;(D) with 0spy<1 and

supp [nlcU,
& v,~v), nv,—v)) = €®MED,—D), nE®,—0))

<2 f EXv—v) dn Adn AO+28%(EWD,—D), ED, D).
D

Hence it is enough to show that {£3,} is $°-Cauchy. To this end, we first assume that 9,
Is increasing.
By (2.1), we have for k<l
— &S, £ = j E0S dd(E00Y A = f 00 dd°v) A 6+ f E00 dd(EOD)A O
D E D-E
which is not greater than

f 00 dd*09 A O+ J E00 dd (E0D) A0 = —€0(E0?, Eo0)
E D-FE
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because 0! is increasing in k and &0 is independent of k on D—E for sufficiently small

0>0. Consequently
E0(E0—E07, E07—E0)) < €°(E0}, E07) — EU(E0], £07).
By letting 6 | 0, we get on account of Theorem 2.2,
&%(E0,— &0, E0,—E0) < €(&D,, £0,)— €°(&0,, E0), k<,

which means first that €°(£9,, £,) is decreasing and secondly that {£3,} is €*-Cauchy.

Assume next that o, is decreasing. Then
€°(&0,— 0, £E0,—E0) < E°(Ev,, E0)—€%(E0,, £0)), k<,

and %9(50,(, &£0,) is increasing this time. Let 8=lim,_ , 0,, then? € #,(D,) and we can see

as above
EU(&0y, £07) < BO(ED°, oY) < €U(E°, E0°) and  €P(ED,, £0,) < €0(E0, £D)
by letting 6 | 0. Therefore {£d,} is €°-Cauchy again. q.e.d.

By virtue of Theorem 2.2, the functions v, and v in Theorem 2.3 are %’-quasi-
continuous. Further the function v, defined by v,(z)=lim,_,.v,(z), ZED, is also &"-

quasi-continuous because v, converges to v, in the topology of Fe

loc- But =0y m-a.e.

by assumption and consequently v=v, up to an &’-polar set.

THEOREM 2.4. Let (%°, €°) be the Dirichlet space for an admissible pair (6, m). If
m is absolutely continuous with respect to the Lebesgue measure V, then any pluri-
negligible set is €°-polar.

Proof. By Choquet’s lemma, any pluri-negligible set is contained in the set
N={vo<v}, where vy is the limit function of some increasing sequence {v,} of locally
uniformly bounded psh functions and v is the upper regularization of v,. In particular, v
is psh. Since V(N)=0, we have m(N)=0 by the assumption. Hence we are in the
situation of Theorem 2.3 and we get Cap?(N)=0 by the preceding observation. q.e.d.

As our next task in this section, we consider the family 2, (D) of psh functions and
the closed positive current 6 of bidegree (n—1, n—1) defined by (1.2) and (1.3) respec-
tively.
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THEOREM 2.5. If 0 is defined by (1.3), then (0, V) is admissible. In other words, &€°
is closable on L¥(D).

Proof. We can write p, ..., p"" V€ P (D) as
+
pV=qV+6f%, ..., p"V=q""P+6|z, q°,....,q" VeP (D), 6>0.

We then have

n—1 . .
ddcp(l)/\.../\ddcp(n—l) = 6n—1(ddc|z|2)n—1+2 6n—l-1 2 g

I=1 1<) <...<ijn—1
where
0" = dd°q" n... Add*q" A(dd®|z )

and accordingly

n—1 . .
€, p)=0"1E%g, )+ D T > € g, y) 2.9
=1

I<ij<..<ipsn—1

with

%AO) , — d dc ddc 2yn—1
(@, ) L(p/\ YA (ddelz]’) 2.10)

gil---i1(¢’ 1/;): %Gi‘mi'((p’ w)

Suppose that a sequence ¢, € C5(D) constitutes an %% Cauchy sequence and con-
verges to zero in LXD). Then {¢,} is €”-Cauchy and &" " "-Cauchy as well. But €9 is

a constant multiple of the usual Dirichlet integral which is closable on L*(D). Hence we
have ?5(0)((pk, @ —0, k—o. On the other hand, the Poincaré type inequality (2.4) with
a=q"" and 6=(dd"|z")"' reads

f(pzﬁi‘/\dd°|z|zs 8llg").. €%, @), 1<i <n-1.
D

Therefore ¢,—0 in LX(D; 6" Add|z]) and consequently &'(g, ¢)—0 as k—+o in

view of (2.2) for 9=0i‘, I<i;<n-—1. Inequality (2.4) again reads
J' @0 2 ndd |z <8||g").. @, @), 1<i,<iy,<n-—I,
D
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which, together with (2.2) for 6=0" iz, means
lim "%, ) =0.
Using (2.2) and (2.4) repeatedly this way, we see that

lim €' @, @)=0 forl<i<..<i<n—1,1<l<n-1,

k— oo
as was to be proved. g.e.d.

As a corollary of Theorem 2.4 and Theorem 2.5, we get the following property
apparently weaker than (P.4):

COROLLARY 2.6. If 8 is given by (1.3), then any plurinegligible set is €-polar, €
being considered on LX(D).

If 6 of (1.3) is expressed as in the proof of Theorem 2.5, then inequality (2.4) for
g=|z|* and 6=(dd®|z|)""" implies

Pdvs—2 g4 0), @ECD), @.11)
, 4 Tp1er

where y=sup,¢,, |z|*. The same inequality for g=¢® € P.(D) and present 6 give

f @*dd°qO ndd°qV A...ndd°q" " < 8)|q7|.. €@, @), @ECTD). (2.12)
D

§ 3. Continuity of the measure v%dd*vV A... Add*v'” under monotone limits

The first half of this section is devoted to the proof of the property (P.1). We only use
Lemma 2.1, Theorem 2.2, Theorem 2.3 and Theorem 2.5 of §2.

LemMa 3.1. For any v, ..., v € (D)
ddvV Addv? A ... A ddV" = ddV AddV? A ... nddV
where (i}, iy, ...,1,) is any permutation of (1,2, ..., n).
Proof. We first show

dd v Addv® A0 = ddv® Addv'V A O 3.1
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where 0 is a closed positive current of bidegree (n—2,n—2). It suffices to prove

lim lim f nddv"° Addv® % A6 = lim f nddv'"0 Addv®-° A B (3.2)
6106840 Jp 610 Jp

for any 5 € C5 (D), because the left hand side of (3.2) equals the integral of # against the

left hand side of (3.1) and, on the other hand, we can interchange v¥-°
the right hand side of (3.2).

Take a function § € Cj (D) such that £=1 on supp [n]. Take A large enough so that

in the integral of

0=A|z’—n € PD). Rewriting 7 as n=A|z’~¢ and introducing the closed positive
currents 0,, 8, of bidegree (n—1,n—1) by 6,=Add°|z|2/\6, 8,=dd e A6, we have

j ndd vV 0 Add(v® % —v@ %) A0
D

f d(EvV ) Ad(EVD O —EVP Y Addn A O
D

< Iigg‘(év“)’a, gv(z),a'_gv(z),anﬂgﬁz(gv(l),a’ £V — @9,

which tends to zero as ¢', ¢ | 0 by virtue of Lemma 2.1, proving (3.2). Lemma 3.1 is a
consequence of (3.1). For instance, denoting by 6 a closed positive current of bidegree
(n—3,n—-3), we have

Jnddcv“)/\ddcv(z)/\ddcv(”/\e=Jnddcvm/\ddcv(”/\ddcv(”/\6
D

D

= limf nddvV Addv® A0 A dd°v?-?
s10),

=lim f nddv® Andd vV A0 Addv®-?
D

510
=f nddv® Addv® A ddv'V £ 6. q.e.d.
D
Now, for each choice of q('), ...,q"'")Eg’b(D), we may consider the associated

(n—1,n—1) current
0=ddq"An...Add°q"" (3.3)

and the associated bilinear form %° on Cy (D). However g”’s are not necessarily

belonging to #,(D) and it is convenient to consider a perturbed current
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6 =dd*(qV+0yzHA... Add°(@" P +d)zP) (3.4)

for a fixed §,>0. On account of Theorem 2.5, we may consider the corresponding
Dirichlet space (F° %5) on LXD). Since

. p)<€g, ), gECID), (3.5)

&% also extends to F° and, in the remainder of this section, €° will denote this specific
extension. Applying Theorem 2.2 to (4, V), %°is seen to be well defined on the linear
span of

{nv; n€C5(D), vEPAD)N Ly (D)}
and
%o(nv, nu) =1lim %o(nv", nv"). (3.6)
510

Further, if §, 7 € C5(D) and §=1 on supp [#], then we have for u, v€ AD)N L (D)

&%(nu, Ev) = — f nuddvaf, n€Cy (D) (3.7
D

because the left side equals

lim lim €°(yu°, &v)
slodlo

and (2.1) applies. We next apply Theorem 2.3 to (6, V) in getting

lim &°(pv,—nv, nu,~mv) =0, n€Cy(D), (3.8)
k— 0
whenever v,, k=1, 2, ..., and v belong to AD)n Ly, (D), {v,} is monotone (increasing or

decreasing) and lim,__v,(z)=v(z) for V-a.e. zED. Keeping these in mind, let us

proceed to the proof of property (P.1).

THEOREM 3.2. Suppose that v, v? € KD)N L (D), 0<i<n, k=1,2, ..., satisfy the
Jollowing conditions:

E(O) are locally uniformly bounded in k with lim,_, , v§(°)(z)=v(°)(z), Z€D, or

(i) either v
v are increasing in k with lim,__ v"=v® V-a.e.
(ii) either v 1<i<n, are simultaneously decreasing in k with lim,_,, v{’(2)=v"(2),
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2ED, or v, 1<i<n, are simultaneously increasing in k with lim,_,, v"=v® V-a.e. Then

we have

vQdd vV AddvP A... Add V" =, v %dd v Add VP A... A dd V"
—>

as the vague limit of Radon measures.

Proof. It is enough to show for n € C5(D)

limj nvio)ddcv(”/\.../\ddcv(")=[ v Qdd vV a... Addv™ (3.9)
D

k—» 00 D

and, for each m=0,1,...,n—1 and n € C5(D),

k—s o0

lim f nQdd v’ A...AddV{™ AddV" D Add VD AL AddU™
b (3.10)

=limj nQdd vV A... Addv{” AddV" O Add VI AL AddV®.
D

k>0

(3.9) is evident when v{? and v'? satisfy the former condition of (i) and it is also clear in

the latter case because the difference of the integrals of the both sides of (3.9) equals, in
view of (3.7),

v -nv®, &)

for 0 = dd“vP A...AddV™, EECy, E=1 on supp[z], and then (3.8) applies.

As for the proof of (3.10), we can make the same reduction as in the proof of
Theorem 2.3, since the assertion is local. In particular, we may assume that D is a
strongly pseudo-convex domain with a determining smooth strictly psh function
0: D={0<0}. For open Uc=D, we can choose compact K with UcK<D, constants
A>0, B and 8, 0¥ € (D), 1<is<n, k=1,2,..., such that {6} is monotone (increasing

or decreasing) in k, lim,_,, =0 V-a.e., 1<i<n, and
=0, 09=0? onU, lsisn k=1,2,..,
00 =Ao+B, 0”=Ap+B on D-K, l<i<n, k=1,2,....

Take an open set E with KcEccD and a non-negative function & € Cy(D) with £=1
on E. Fix any n€ Cyj(D) with supp[nlcU. We then see from Lemma 3.1 and the
[
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identities (3.7) and (3.8) that the difference of the integrals of the both sides of (3.10) is
equal to

_ggﬁm,k(nv;(m’ ﬁl((m+1) pmt D) = —hm gGm k(nv(o) E”('"H) ;m+1))

where
0, = ddOP A ... AddDT AT DA A DD (3.11)

For simplicity we denote 5{"*" and §""*" by 9, and 9 respectively. Thus what we must

show is

lim lim &+Gu®, &6,—&0,) = 0. (3.12)

k—o |5
By Schwarz’ inequality, we have
€Y, E6,~E0)P <b,, o €"HED—ED, E0,—ED), (3.13)

where b, ,=&*u®, nu®). In order to estimate the right hand side of (3.13), we

proceed essentlally on the same line as in the proof of Theorem 2.3. To get a bound of
b,, «» we first note from the proof of Lemma 2.1 that

b, . =lim & v 0, u® %) < Csz 6, ,Addz?
AT G

for M=sup, sup, ¢, [vP(z)] and C=C(5)>0. Let @,=p+B’ for sufficiently large B’ so that

®,=1 on D. By assuming that {6{’} is increasing in k for each i, it then holds that
f O, i A dd (2] < f £y 0,k Add°[2f
U D
f 0Vdd @ Add“oP A .Add°|z|2+J' 00dd (Ep) AddOP A ... Add®|z|?
E D-E

which is not greater than

J A(l)ddc(p Add0 A(2) . Addclzlz_i_j A(l)ddc:(g(p )/\ddc D A .Add°|z|2
E D-E

f E@,dd° 0 Add 0D A ... ndd®|z]
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because 6{"<0" everywhere and 6{’=0"=Ao+B on D—E. Using Lemma 3.1 and the

above argument repeatedly, we get
Slzp b, < CM* f&(p dd° 0V A ... Add O™ Add I A ndde|2] (3.14)
In case that {#{"} is decreasing in k, we have in the same way
sup b, < CM* f E@odd®0\V ... Add°O™ Add“O™ D A ... nddz). (3.14)
D

In view of (3.13), (3.14) and (3.14)’, it only remains to show

lim &m&v,—&v, Ev,—Ev) = 0. (3.15)

k,l—>x

Assume first that {v}f)} is increasing in k. Then we have already seen in the proof of

Theorem 2.3 the inequality
EriEud —Eul, E)—Evd) < € (Eul, ) — EmHEd, B, k<L (3.16)
But this time we go on further in performing a similar computation:

— &m0l E0f) = — f d(&07) Ad(E07) Add B A ... Add“0™

D

= f 0 (dd 0}’ ndd DD A ... Add“0"™
E

+f o {dd*(£09)Y> Add 0P A ... Add0™,

D-E

which is not greater than

f O dd (E0)) Add O A ... A dd*0"™ = — J d(EGY) Ad(ED°) Add O AddOD A ... Andd“D™
D D

by the same reason as in the preceding computation. Using LLemma 3.1 and the above

argument repeatedly, we see that the right hand side of (3.16) is dominated by

bri(E0?, EOD)— &N EDY, EOD), k<.
Now let 6 | 0. Then by (3.6), we get

&mH(ED,—ED,, £0,~ ED) < EmHED,, £0,)— € mU(ED, ED), k<,
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which means first that %0’""‘(50,(, &0,) is decreasing in k and secondly that (3.15) is valid.

When {0’} is decreasing, it holds on the contrary that
k&0, —E0,, E0,—E0) < €80, E6)— €480, £0)), k<,
which means that %0’"*(50,(, £0,) is increasing. But the same computation as above gives

&rH(Ed,, &6, < € (&0, §0)

for

0 =dd 6V A... AddD™ Add DTN o AddE™,

and we have also %°(&0,, §0,)<%"(£0, £0) from the proof of Theorem 2.3 and equality
(3.6). Hence we get (3.15) in this case too. g.e.d.

Although we do not state it explicitly, our method of the proof of Lemma 2.1,
Theorem 2.2, Theorem 2.3 and Theorem 3.2 suggests the possibility of extending these
assertions by replacing the local boundedness condition for psh functions with certain
local integrability conditions. However the monotonicity assumption for the sequences

of psh functions in these statements is essential. See Cegrell [6] in this connection.

It is also possible to extend Theorem 3.2 by generalizing the factors v and v in

the following manner:

ProrosiTiON 3.3. Let vfj),v(i), 1<i=sn, k=1,2,..., be as in Theorem 3.2. Consider
further functions ug('), ule PD)NL (D), 1=l=r, k=1,2,..., such that uff) are locally
uniformly bounded in k and lim,_, uff)(z)=u“)(z), Z€D. Then, for any bounded continu-

ously differentiable function f on R" with bounded derivatives,
f@wd, ..., uﬁ(’)) dd“6" A... Add 0 k:?wf(u“), ey Udd vV ... ddv™

as the vague limit of Radon measures.

Proof. Consider 0 (resp. 8) of the type (3.3) (resp. (3.4)) and 7, n,€ C*(D) with
n,=1 on supp[n). For any w®,...,w”€ F’ , we see from (2.3), (2.5) and (3.5) that
nfw®, ..., w?”) € # and

loc

Lmf@, ..., w"), nf@®, ..., w")
< 2r||n||imw) ’2_:, IIfx,IIim(Rr) & w?, nw+2||f IILE(R,)%“(n, 7). (3.17)
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Now, in order to prove Proposition 3.3, it suffices to show (3.10) with v{¥ being
replaced by f(u\", ..., u{”). Hence, in view of the proof of Theorem 3.2, it is enough to

show the bound

’""(nf(u(') et nf@?, . u)<C f 6, A ddC|2]’,
U

for 0sm=n—1, n € C;(D) with supp [7]=U and for some constant C independent of k.
Here 6,, , is given by (3.11). But this bound can be achieved by virtue of the inequality
(3.17) holding for 6=6,, ,, w”=uf, 1<i<r, and for 5, € C5(D) such that supp [1,]cU
and 7,=1 on supp [7]. q.e.d.

Proposition 3.3 enables us to establish the next theorem.

THEOREM 3.4. Let u be a positive Radon measure on D. For u, v€ AD)n L. (D),
we let w=uvv. If (dd°u)"=u and (dd°v)"=u, then (dd°w)"=u.

Proof. Take any 5 € C; (D), n=0 and a sequence {u,} of continuous psh functions
decreasing to « on an open set G such that supp [7fleGe=D. We let w,=u, vv. Then, by
virtue of Theorem 3.2, the measures 7(ddw,)" converge weakly to n(dd“w)" on G as
k— . In particular, n(dd°w,)" are uniformly bounded on G.

On the other hand, we have from Proposition 3.3 that, for any f€Cy RYH,
llm ff(u v)nddw,)" = ff(u v)n(ddw)",

which can be written as

limj ﬂx)dFk(x)=f flx) dF(x) (3.18)

k—o J_ o

with

F (x)= J I, (u—v) n(ddw))"
G

and
F(x) = f I, q(u—v)n(dd°w)".
G
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Since u—v is bounded on G, the supports of the one dimensional measures dF, and dF
are concentrated on a common finite interval. Hence we see from (3.18) that dF,

converge weakly to dF as k— .
Choose positive ¢, | 0 so that each ¢, is a continuous point of the measure dF. Then

lim,_,, F,(¢)=F(¢g) and hence

limf n(ddcwk)"=J n(dd w)", (3.19
L L

k—

where I';={z € G: u>v+¢;}. Applying the same argument to u, and u, we may further

assume

limf ry(ddcuk)"=f n(dd°u)". (3.20)
r, r,

k—

Now I, is contained in each open set {zEG:u,>v+e¢} on which w,=u, and
(dd°w,)"=(dd‘u,)". We get therefore from (3.19) and (3.20),

J n(dd‘w)" =J n(dd uw)" ‘aj .
L ] r

By letting [ >, we have f(u>v) r](ddcw)"zf{,m,) nu, and by symmetry,

f n(dd‘w)"s f nu.
{u<v} {u<v}

Thus the desired inequality [, n(ddw)"= [, nu is achieved provided that u(u=v)=0.
In general, choose positive 6, | 0, k=1,2, ..., such that u(u=v+6,)=0, k=1,2,....
Since (dd°w)"=u and [dd°(v+9,)]"=(ddv)"=u, we have [dd*{uv@+0)}]"=u by the

preceding observation. Now let k— and use Theorem 3.2. q.e.d.

As far as bounded continuous psh functions u, v are concerned, this theorem was
proven in [1; Proposition 2.9]. [1] also contains a counterexample for locally unbound-
ed psh functions.

To illustrate a use of Theorem 3.4, let us consider a strongly pseudo-convex
domain D and a Monge-Ampére equation

u€P (D), (dd‘uw)"=fdV onD (3.21)
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with boundary condition

lim u(f)=¢(z), z€aD, (3.22)
t—z2,L€ED

for given data f€ L*(D), f=0, ¢ € C(dD). The associated Perron Bremermann family is

B, @)= {vE P.(D): (dd°v)" = fdV on D, limv() < ¢(z), zED}.
-z

This family is non-empty, uniformly upper bounded and, by virtue of Theorem 3.4,
right directed. Therefore the upper regularization of the upper envelope of the family
B(f, @) satisfies the equation (3.21) by [11; Theorem 6]. A similar statement holds for a
weakly pseudo-convex domain with a boundary data being assigned on the Silov
boundary.

§ 4. Stochastic extensions of the comparison theorem and the minimum principle

LemMa 4.1. Let 0 be given by (1.4) for u€ (D) and v€ P, (D). Then (6,V) is

admissible.
Proof. Put §=dd*(u+v))""". Then
€& 9 < &%, )< C, €0, 0), PEC;D), @.1)
for constants C,, C,>0. But (6, V) is admissible by Theorem 2.5. g.e.d.

Given u € ?,(D) and v€ 2, (D), we define #=6"" by (1.4) and denote the associated
Dirichlet space (%°, €°) on L*D) and the conformal diffusion M?=(Z,¢,P% by
(F*°, €*") and M*"=(Z,, ¢, P¥") respectively. Because of the inequalities (4.1) and
(2.11), the life time of M* " has a finite expectation

E“¥(Q) <o, €“'-qe.zED (4.2)

in view of Theorem 9.4 of the appendix. It also follows from Theorem 2.2 and Lemma
9.2 that, for any g€ AD)NL}, (D), —q is & -quasi-continuous, dd‘q A 6" charges no

&*’-polar set and
&g, @)= —f @ddqgn6*®, @€ F¢Y, (4.3)
D
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for any open GccD, where ("’ is defined by (9.1) for #** and ¢ is an &*“°-quasi-
continuous version of ¢.

Since M*“* is a conformal diffusion and D is bounded, we have that Z,_=lim,, . Z,
exists and Z,_€9D, P;"-a.s. on {{<} for each z€D. Moreover for any w € 2 (D),
w(Z,) is a Py -submartingale and hence lim, , . w(Z) exists Py*-a.s. for zED. See [11;

§2] for more details. Accordingly the following theorem immediately implies the
comparison theorem (P.2).

THEOREM 4.2. Suppose that u, v€ P,(D) satisfy for any 6>0

limu(z) =limuv(z) P“"*.as. V-ae. z€D. (4.4)
233 e
Then
f (dd°v)" < f (dd“u)". (4.5)
{u<v} {u<v}

Proof. Fix 0>0 and set 0(z)=v(z)+9|z|*—dy, zE€D, where y=sup,¢,,|z]*. By (4.4),

the function w=u—0 satisfies

limw(Z)=0, P“"*% .as. V-a.e. zED. (4.6)
LS

Note that P;"”“"Z’z:P;" % because 6" does not change if we add a constant to v. On the

other hand, (4.3) and the identity
ddw A 0*° = (dd°u)"—(ddD)"

implies that w is €*“°-quasi-continuous and

—&“w, p)= f @{(dd u)"—(dd0)"}, @€ F4°, 4.7)
D

for any open Gec=D.
Consider now the set S={z€D:w(z)<0}. Choose a sequence {G,} of open sets

such that G,ccG,, ;=D and G, 1 D, k—>». We let S,=SNG, and denote by R and H*
the resolvent and the a-order hitting measure defined as (9.2) for the Borel set D—S,.
Then we have from (9.3) that, for non-negative f€ LA(D), R fis an €*’-quasi-continu-

ous element of Fy’ (c#¢) and
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€ '(w, RE f)=(w-Hiw, f)g,, >0, (4.8)

u, O

for any %*“°-quasi-continuous w € F;°.

LXS,, V).
Since R’; 1(z)=0 for €“’-q.e. z€D—S, by [9; Theorem 4.2.3], we have from (4.7)
and (4.8)

Here (’)Sk denotes the inner product of

a f RE 1{(dd°u)"—(dd®0)"} = —a&"“ (w, R: 1)
A

k
= —a€4 (w, Ry D+’ (w, R 1),
= —a(l—aR’gl,w)sk+af H’;w(z)dV(z)
Sk
and
j (ddu)" = o J R 1(ddv)"+a J H:w(z) dV(2). (4.9)
s S, S,
Now

. k — U, 0 T (tgAL) -
lim HY w(z) = EX%(e” " ll:g w(Z,))

k>0

= E e "w(Z, ); 1< D) +Ey Ye”C limw(Z); 75 = ).
e

The first term of the last expression vanishes for V-a.e. z€ D because w is €*’-quasi-
continuous and so w(Z) is continuous at 7y Py b.a.s. on {ry<(} for V-a.e. zED. The

second term also vanishes for V-a.e. z€ D on account of (4.6). We let k— in (4.9) and
use the monotone convergence theorem to the first member of the right hand side and
the bounded convergence theorem to the second one (at this stage the finiteness of
V(D) is used), we arrive at

f(ddCu)" =a J R31(dd*v)".
s s

w being M*’-finely continuous, S is M“’fine open and aRi ()11, at e, for any
z€S. Moreover S increases to {u<v} as 6 | 0. (4.5) is proven, q.e.d.

Just as (P.3) follows from (P.2) (see Corollary 4.4 of [3]), the next theorem can be
derived from Theorem 4.2.
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THEOREM 4.3. Suppose that u, v€ P, (D) satisfy (ddu)"<(dd“v)" on D and (4.4) for
any 6>0. Then u(z)=v(z) for any z€D.

This is essentially the same as Theorem 2 of [11] except that the underlying
measure 6 Add®|z|* for the Dirichlet forms &* in [11] is now replaced by the Lebesgue
measure V. Of course Theorem 4.3 implies the minimum principle (P.3).

In the remainder of this section, we state some applications of properties (P.2) and
(P.3). The minimum principle (P.3) is useful not only in proving the uniqueness of the
solutions of Monge-Ampére equations but also in constructing them by the method of
the spherical modification ([1]). Especially the following lemma was proven in [3;
Proposition 5.3] by using (P.1), (P.3) and the existence theorem of the solution of
(ddu)"=0 on a ball with a smooth boundary function [1, Theorem 8.1].

LEMMA 4.4. Suppose D be a bounded strongly pseudo-convex domain, then for
any compact KeD, (dd°u})"=0 on D—-K.

In the same proposition of [3], Bedford and Taylor made use of Lemma 4.4 and the
properties (P.1) and (P.2) to get the representation of the Bedford-Taylor capacity

Cyr(E) = j (dd upy’ (4.10)
D

holding for a bounded strongly pseudo-convex domain D and any compact or open set
EceD.

We now mention an application of (4.10) and (P.3). A function u defined on an
open set EcD is said to be Cyr-quasi-continuous on E if, for any £>0, there exists an

open set OcD with Cp(O)<e such that the restriction of u to the set E-O is a
continuous function. Since Cpyy is countably subadditive, the Cyr-quasi-continuity is a
local property: a function u on D is Cyr-quasi-continuous on D iff, for any point z€ D,
there exists an open set E with zEEcD and u is Cgr-quasi-continuous on E.

The C,.-quasi-continuity is defined analogously. It is also a local property owing to
Lemma 6.1 of §6. Let us denote Cyp and C,, by Cp; and C% respectively to indicate

their dependence on the bounded open set D.

ProrosiTION 4.5. Let D be bounded open and f be a function defined on an open
subset of D. Then the following conditions are equivalent:
(i) f is CRr-quasi-continuous

(il) f is CP-quasi-continuous.
#q
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Furthermore each of these conditions is independent of the choice of the reference
set D.

Proof. Suppose first that D is a bounded strongly pseudo-convex domain. Let {O,}
be a sequence of decreasing open sets with O,ccD. Then, by (4.10), (P.1) and (P.3), we
readily see the equivalence

lim C2(0)=0 < lim C2(0,)=0. (4.11)

k— k—

Since the quasi-continuity is a local property, we get the equivalence of (i) and (ii) from
this.
Observe now that the set function Cp; is decreasing in D, while C% is increasing.

Hence we can conclude that (i) and (ii) are equivalent for any bounded open D and that
the conditions are irrelevant to the choice of D. q.e.d.

From the next section, we shall be exclusively concerned with the set function C,,
because it is more directly linked to the probabilistic notion than Cy;. Lemma 4.4 will

be used in the next section. But otherwise no result of this section will be utilized in the
rest of this paper.

§5. Upper estimates of C,,

For p € 2 (D), the pair ((ddp)"”', V) is admissible by Theorem 2.5. The corre-

sponding Dirichlet space on L?*(D) and the conformal diffusion are denoted by
(FP, €?) and MP=(Z,, £, P?) respectively. The next proposition has been shown in

{10; Proposition 2] for any conformal diffusion (cf. [12; Lemma 4]).

ProrosiTioN 5.1. For a Borel set EccD

C.E)= f PP(0,<®)dV(z), p€P.(D),

D

where o denotes the first hitting time of E.

In order to get an estimate of C, in the opposite direction, we now consider a
compact set KcD and a function
p2) = u(2)+9)z, z€ED, 5.1
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for 6>0. The associated objects €%, F¥, Cap®, and P¥’ with this specific p € 2, (D)

will be denoted by %9, &9 Cap®9 and PX® respectively.

THEOREM 5.2. If D is a bounded strongly pseudo-convex domain and K is a
compact subset of D, then

C.(K)< f P& (g <) dV(z)+2(n—1) yoV(D), (5.2)
D

where y=y(D)=sup, ¢, |2*.

Proof. By Theorem 2.2, u is an € ?-quasi-continuous element of #&% and
&Iy @)= —j pdduia(ddp)™", for ¢ € Cy(D).
D
Since
dduian(ddp)" ' < (dd°u®)"+(n—1) ddd |z|* A(dd°p)" ",
we conclude using Lemma 4.4 that the function
w=ut—(n—1) 0|z} (5.3)

is €%%_superharmonic on D—K in the sense of the Appendix. Since €% has the
property (2.11), Theorem 9.4 applies and

w(z) 2 EXw(Z, ) for V-ae. z€D,

IG/\O
and hence we have

—uf) < —EFuyZ, ,,))+2n=1)yd for V-a.e. zED. (5.4)

TGNO,

Because of the strong pseudo-convexity of D, lim, ,,u{(z)=0 and consequently
)

EFOWHZ, .,

~E&Oux(Z ); o,<o)<PXg,<x), V-a.e. zED, and (5.2) follows from (5.4). q.e.d.
2 K (% K 2 K

) approaches EX é’(u,"}(ZUK); ox<®) as we let G increase to D. Obviously

Since Theorem 5.2 holds for any >0, we get from it and Proposition 5.1 the
following.

ProrositioN 5.3. The equality (1.5) holds if D is a bounded strongly pseudo-
convex domain and E is compact.
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This proposition implies the validity of property (P.4) for compact sets. In fact, if E
is bounded, DoE is bounded open and C,(E)=0 relative to D, then uf=0on D and, as

is easily seen, E is pluripolar. On the other hand, a Borel set EcD is €¥-polar iff
PP(0,<%)=0 V-a.e. zED. Hence we get from the above proposition and Corollary 2.6

ProrositioN 5.4. If E is a compact pluri-negligible subset of a strongly peudo-
convex domain D, then E is pluripolar.

Finally we rewrite Theorem 5.2 in a way convenient for the next section.

ProrositioN 5.5. Under the hypothesis of Theorem 5.2,

2yV(D)

C#(K) = <4n—ln!én—l

/2
)1 Cap® N(K)'"2+2(n—1)ydV(D)

Sfor any 6>0 with yo<l1.
Proof. Let eK(z)=P§K‘ o) (0g<®), zED. Then Theorem 5.2 reads
C.(K)<(e, 1)L2+2(n—1)yc5 V(D).

Since &X' satisfies the bound (2.11), we can use formulae (9.7) and (9.11) of the
Appendix to get

(e, 1),.= 9 (ef, G1) <V Cap®(K) V EXI (G, G).

But the second factor of the last expression is dominated by

2‘}/V(D) 12
4! ptor!

according to the bound (2.11). q.e.d.

§6. C.-quasi-continuity, pluri-negligibility and pluripolarity

The next lemma follows easily from the definition of the set function C,, on D. We shall
denote C,. by C2 whenever it is necessary to indicate its relevance to the bounded open

set D.

LemMa 6.1. (i) For any open set EcD,
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C.(E)=sup {C,(K): Kis compact, KcE}.
(i1) For any set EcD,
C.(E)=inf {C,4(0): O is open, O>E).

(iii) For E,E,, ...cD, C, (U E)<SL],CL(E).
(iv) If D,,D, are bounded open and D,cD,, then Cﬁ‘(E)SCgZ(E) for any EcD,.

Proof. (i) For an open set EcD, choose compact sets K; increasing to E. Then uy
. J

decreases to a psh function v. Since v=—1 V-a.e. on the open set E, v=—1 identically
on E. Hence v=ug<uf and we have v=uj.

(i1) It suffices to find, for any set EcD, a decreasing sequence of open sets O>E
such that Ug, converges to uy V-a.e. By Choquet’s lemma, there is an increasing
sequence of @€ P(D)NL"(D) such that @ z)<u(z), zED, and lim, ., ¢ (z)=u,(z) for
V-a.e. z€D. We let O;={z€D: (1+1/j) p;<—1}. Then the O/s are open sets containing
E and (1+1/)) P<uo=ug.

(iii) When the E;’s are open, uE[=—1 identically on E, and
UGE = Uyg, = 2 UE.
(iv) trivial. g.e.d.

We are now ready to prove properties (P.4) and (P.5). The proof is based on the
upper estimate of C,, in Proposition 5.5 and the continuity property (P.1). Let us first

give the proof of (P.5). See the latter half of §4 for the precise definition of quasi-
continuity. Because of the countable subadditivity of C,, shown above, the C,-quasi-

continuity is a local property.

THEOREM 6.2. Any function of P(D) is Cg—quasi-continuous on D.

Proof. For any u € (D), consider open sets 0= {zE€ED: u(z)<—j}. Then C#(Oj)—>0
as j—» because 0=u, =(u/j) v(~1) and uoj—>0 V-a.e. as j— . Therefore, replacing u by
uv(—j) if necessary, we may assume that « is locally bounded.
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Take any v € P(D)NL; (D) and open EccD. In proving the C2-quasi-continuity of
v on E, we may assume that D is a strongly pseudo-convex domain {p<0} with a
smooth psh function ¢ by replacing D with a larger ball if necessary owing to Lemma
6.1 (iv). We may further assume that there exist a compact set K with EcK<D and
functions v, € AD)NCD) such that v, lv as k- and v,=v=Ap+B on D-K,

k=1,2, ..., for some constants A>0 and B (cf. [3; p. 5)).
We then let, for A>0 and k<j,

0= {v-v>2}, Ky, = {v—v,22+).
J

K,; is compact and increasing to the open set O, as j—«. Hence
Cu(Ky p—C.(0)), j>= and u,"gkd_ decreases to u(";k as j—oo by virtue of Lemma 6.1 (i).

Denote u;‘;kj+z§|z|2 by p, ;- Choose a non-negative £€ Cg(D) with £=1 on K. Then
v,—v;=8v,—&v; belongs to the Dirichlet space 7+ by Theorem 2.2. Therefore we can

combine Proposition 5.5 with the identity (9.10) of the Appendix to get the bound, for
k<j,

1 @i ’
Co(K, )< C(é)m/j—)% “7 (0=, v =)+ R(S), (6.1)
where
172
C®) = (%%) and R(8)=2(n—1)ydV(D).
n:

By Theorem 2.2. we have
€ (v,—v;, v,—v) < f (Ev,—&v) dd* v, A (dd° P, )", k<],
D

and the right hand side converges as j—< to |, (v,—&v)dd®v A (ddcp,()"‘l by virtue of

Theorem 3.2 where pk=u(";k+z§!z|2. Hence we have from (6.1)

c c©) ‘ S
+(0) sT (év,—&v)dd®v A (dd°p,) +R(9). (6.2)
D

Let p* be the upper regularization of the function p=lim, ., p,. Since p, is increas-
ingin k, p=p* V-a.e. and v, decreases to v. Theorem 3.2 implies that the integral in (6.2)
tends to zero as k—. Therefore by letting k— in (6.2) and then 6 | 0, we arrive at
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lim C,(0 =0. (6.3)
—

which means that v is a Cy-quasi-uniform limit of continuous functions v, and

hence v is C,-quasi-continuous on D. q.e.d.

Only a slight modification of the above proof leads us also to the property (P.4).
Let NcD be pluri-negligible. In order to get the pluripolarity of N, it suffices to show
C.(N)=0. By Lemma 6.1, we may assume that D={p<0} with a smooth strict psh

function ¢ and NccD. Take u, € ?,(D) such that u, increases as k—= to a bounded
function u and Nc{u<u*}. We can then choose U i vjE @b(D) ncwD), j=1,2,..., such
that u, <v; and u, ; (resp. v) decreases to u; (resp. u*) as j—. As in the preceding
proof, we may further assume that «, ; and v, are equal to Ag+B outside some common

compact set.
Now let O,={v,—u,>A} for A>0. Since {u*—u>A}c=0,, it is enough to show (6.3)

for the present open sets O,. Since K, ={v,—u, ZA+1/j}, j>k, is compact and in-
creases to O, as j—, we proceed exactly in the same way as in the preceding proof to
obtain the inequality (6.2) with v in the right hand side being replaced now by u«,. We
then let k— . Since u, increases to u* V-a.e. and v, decreases to u*, we again achieve
(6.3) by Theorem 3.2. Thus we have proven (P.4):

THEOREM 6.3. Any pluri-negligible set is pluripolar.

Remark. (P.4) can also be derived from Proposition 5.4 (validity of (P.4) for
compact sets) and Theorem 6.2 (property (P.5)) in the same way as in the proof of
Proposition 5.1 of Bedford-Taylor [3].

C,, is an outer capacity by Lemma 6.1 (ii). To prove that Cy. is a Choquet capacity, it

is therefore enough to show
ETE = CuE)= st;p C4(E). (6.4)

THEOREM 6.4. C,, is a Choquet capacity. In particular. C,(E)=sup{C.(K): K
compact cE} for any Borel set EcD.

Proof. This theorem is contained in Proposition 8.4 of [3]. Indeed, as was pointed
out in [3], we get (6.4) from Theorem 6.3 as follows: we let v =lim; uzfj. Then v € P(D)

0
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because v is a decreasing limit of functions in P(D). If we put E'={z€E: v(z)=—1},
then E—E’ is pluri-negligible and C(E—E’)=0 by Theorem 6.3. Hence C(E)<C.(E")

by Lemma 6.1 (iii). On the other hand, v<u, and consequently,

lim C,(E) = Co(E") = C,(E).

o

The converse inequality is clear. q.e.d.
From Proposition 5.3 and Theorem 6.4, we have

THEOREM 6.5. Suppose D be bounded strongly pseudo-convex, then the identity
(1.5) holds for any Borel set EcD:

C.(E)= sup f PP gz <®)dV(2).
D

pEP (D)

Remark. Obviously this is valid in a more general form: for any non-negative
bounded Borel f on D, we have

- J uiz) flz)dV(z)= sup f Pi”)(aE< ) flz) dV(z)
D D

pEP (D)

which is the present version of our previous result [12; Lemma 8].

THEOREM 6.6. Let E be a bounded set. Take a bounded open set DoE. Then the
following conditions are equivalent for E:

(i) C2(E)=0.

(ii) Cap®(E)=0 for any p € P,.(D).

(iii) There exists a Boret set E' oE such that

PP(0, <©)=0 V-a.e.zED for any p€P (D).

Moreover, each of the above conditions for E is independent of the choice of the
reference set D which is bounded open.

Proof. Denote the above three conditions by (i), (ii), and (iii),, respectively to
indicate their relevance to D. By Theorem 6.5, (i), and (iii),, are equivalent when D is a
bounded strongly pseudo-convex domain. (ii),, and (iii), are equivalent for any bound-
ed open Do E ([9)).
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Consider two bounded open sets D,D with EcDcD. If p€P,.(D), then
pEP.(D) and €9 equals the part of €2 on D (see Appendix), and consequently,
Cap‘g)(E)ZCap(g)(E). This means the implication (ii) ,=(ii) ;. By Lemma 6.1(iv), we have
the converse implication for (i): (i)5=>(i),,. Therefore, taking the countable subadditivity
of Cap? also into account, we conclude that (i), and (ii),, are equivalent for any

bounded open DoE and they are independent of the choice of D. q.e.d.

Remark. The independence on D of the condition (1) of Theorem 6.6 enables us to
prove the following fact due to Josefson [15] exactly in the same way as the proof of [3;
Theorem'6.8]: A set EcC" is pluripolar if and only if there exists a psh function p on
C" such that Ecp~!(—). In particular, each of the conditions of Theorem 6.6 is
equivalent to the pluripolarity of E.

The next lemma will be refered to in §7.

LemMa 6.7. If E is a Borel subset of D and (dd°q)"(E)>0 for some q € P (D), then
E is not pluripolar and for p=q+9|z?, >0, we have Cap® (E)>0 and PP (0,<%)>0 for

ZED of positive Lebesque measure.

Proof. This is a consequence of Theorem 6.6 and the bound
[ (dd°q)"<8||q]|., Cap®(E), which follows from (2.12) and (9.9). g.e.d.

§7. An example
Let us consider the domain D=C? and its subset E defined by (1.6), where the
coordinates of z€C? are denoted by z=(z,, z,), z=x+1y;, j=1,2. The 4-dimensional
Newtonian capacity of E is zero because the codimension of E is 2. We consider the
function ¢(z, z,)=1(|y,|+|y,)), (z;,2,) € D. Then

and hence g € ?,(D). Moreover we see that

(dd°q)? = 2dx, 8y(dy,) dx, 0,(dy,), (dd°g)X(E)=S8. (7.1)
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E is therefore not pluripolar by Lemma 6.7.
By virtue of Lemma 6.7, Cap®(E)>0 for

1 1
p(z,2) = 7(|)’1|+|)’2|)+7 |Z|2’ z€D,

and E is attainable by the associated conformal diffusion (Z,, P?’) on D. The Dirichlet

form

€P)(u, u)=%J duNduAdd°p, u€CI(D),

D

has the expression

1 1
EPu, u) = 7D(u, u)+7j;‘ (u§l+u§]) dx,dy, dx2+fr (u§2+u§2) dx,dx,dy, (1.2)
2 1

where D denotes the usual 4-dimensional Dirichlet integral on D and
I[;={z€D:y,=0}, j=1,2.

This expression gives us an intuitive picture how the sample paths
Z, under the law P? are attainable to the set E : Z, starting at z€ D—T',—T, is governed

by the form } D(u, 1) and behaves as a 4-dimensional Brownian motion. It can not attain

directly the 2-dimensional set E but can hit any non-empty open subset of the 3-
dimensional set T, (and of T;). Upon the arrival of Z atI', at some point

(x},y9,x3,0) ET, with [x3|]<1, an additional diffusion on T, governed by the second term

of the right hand side of (7.2) is superposed to the 4-dimensional Brownian motion. The
typical sample path of this diffusion on T', behaves as the 2-dimensional Brownian

motion on the plane domain {x,=x3,y,=0} n D starting at (x%,y?, x3,0). Therefore it can
attain the one-dimensional segment {|x |<1,y,=0, x,=x3,y,=0} which is a part of E.

The above intuitive description could be made rigorous if one constructs the
diffusion (Z,, P¥) by the method of skew products as in Tkeda-Watanabe [14].

§8. €%e, y) for @, y € C*(D)

In this section, we deal with the symmetric form &%(g, y) for functions ¢, ¢ belonging
to the space C*(D) instead of Cy(D). We study the closability of &’ and give some
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formulae involving €° and a surface integral on 3D. A Hartogs’ type property of 6 will
be presented as an application.
We first show a natural extension of the property (2.2) from Cj(D) to C*(D).

Given a closed positive current 6 of bidegree (n—1,n—1), we consider €(¢, y)=
JpdeNd°YAO fore, w € € where

€= {p€EC”(D): o€ LYD; 0 N\ dd* |z|2),f dpNd°pNO< o}, 8.1
D

THEOREM 8.1. Suppose m is a positive Radon measure satisfying m=f-0Ndd® |z|*
for some strictly positive continuous function f on D, then E° defined on C is closable
on LXD; m).

Proof. Let ¢, €% be an &’-Cauchy sequence such that ¢,—0, k-, in LY (D; m).
First we note lim €%(y¢,, n¢,)=0 for any 5 € Cy (D) with 0<n=<1. To see this, it suffices
to show, on account of (2.2), that {nyp,} is &°-Cauchy, which is however a consequence
of (2.5):

%9(77%—77(/)1, ne—ne) <2 E(@—0p 0~ P)+2CM o~ ||iz(D;,,,)—’0’ L

For any £>0, choose N such that €(p,—¢,, 9, —®x)<e, k=N, and a compact set K
such that [,_ dpyAd°pyNO<e. Taken€ Cy(D) with 0<y<1on D and n=1on K. Then

(@ 0) <28, n9) +28(1-ne,, (1-1n)py)

and the second term of the right hand side is dominated by

4f (l—n)zd(pk/\dc(pk/\0+4f pidnp Ndn N6
D—-K D

<8 j dpy N d°py A 0+8 € (9~ @, 9= @) +4 COD 0l 2.
D-K

< 16e+4CH) |l@ull?

LYD; m)’

Hence

lim €(¢,, ) < 16¢. q.ed.
k—w

288



204 M. FUKUSHIMA AND M. OKADA

Suppose m in Theorem 8.1 further satisfies m(D)<e~ and supp[m]=D, then
€=C*(D) and the €’-closure of C*(D) on L*(D; m) gives rise to a regular Dirichlet
form on L*(D;m) (we set m(dD)=0), whose part on D is identical, on account of
Proposition 9.1 of the Appendix, just with the &’-closure of Cj (D).

As an application, let us consider an open set D,c<D and a closed positive current

6 of bidegree (n—1, n—1) defined on a neighbourhood of D,. We then let

p 6 onD, -
~ |0 onD-D, ®.2)
so that
fd(p/\d%p/\ 0~=f doNdYyNB, @,y €ECFD). 8.3)
D D,

Thus 8 is a positive current on D but not closed as we shall see presently.
Nevertheless 6 gives us a Dirichlet form. Denote the left (resp. right) hand side of
(8.3) by EE%((p, Y) (resp. %’f)l (@, v)) indicating the domain of integration. Let

m= 0 A dd°|z*+6,(dd®|2}*)"

for a fixed J,>0. Then we see from Theorem 8.1 applied to %’%I on
C.(D,) that €% on Cy (D) is closable on L*(D; m). The resulting Dirichlet space (%, €9)
on L(D;m) has a special property that associated semigroup {If., t=0} makes

the set D—D, invariant:
TUypw) =1y p T, w€LAD;m)

(actually qu(x) = u(x)m-a.e.x€D—D, in the present case). By symmetry, the set
D, is also Tf-invariant.

We next establish a Poincaré type inequality and a trace inequality involving &’
and an integral on 8D. First of all, we assume that D is a bounded domain defined as
D={r<1} by/a non-negative smooth psh function r on a neighbourhood of D such that
dr+0 on 3D and 6 is a smooth closed positive differential form on D of bidegree
(n—1,n—1). d°rA0 then induces a non-negative surface element on 3D (denoted by
d°r A® again) and we may consider the following three integrals of ¢ for ¢ € C*(D) with
respect to three non-negative measures:
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S((p)=J pdrA®, I((p)=J(pdd°r/\0, A((p)=J(pdr/\d°r/\0.
oD D

D
LEMMA 8.2. Suppose S(¢?), I{(p?) and A(¢?) are finite for ¢ € C*(D), then

(@) <8 #(o, cp)+% I(¢?) (8.4)

I <4 (@, p)+S@H) 8.5)

Proof. Let us write S, I, A and E for the above three integrals of ¢* and €(¢, ¢)
respectively. Using the positivity of dd’r A, Stokes’ theorem and finally Schwarz
inequality (2.3), we then have

A= f @*d(rd°r A\ 6) = J (dg*rd°r A 0)—j rdp* Ndr A 6
D D D

=ffpzrd°r/\0—2frprd(p/\d°r/\9$5+2 VEA.
D

D

Hence VA<V E+V E+S. On the other hand, we have analogously

S=fd((pzdcr/\0)=fd(p2/\d°r/\0+f @’ ddr NO<2VEA+I.
D D

D

Consequently S<I+2E+2V E*+ES, from which we can derive the desired inequality
(8.4): S<BE+31. (8.5) can be derived similarly and the proof is omitted. qg.e.d.

Suppose that [, dd°rA6 and [, (1—r)dd®|z|*A8 are finite. Then, for ¢ € C*(D)

J.d(p/\dcr/\0=fdr/\dc(p/\0=—fd(l—r)/\dc(p/\0=j(l—r)da'C(p/\O.
D D D

D

Since
S((p)=f (pddCr/\0+f doNd°r NG,
D D
we have

S((p)=f(pdd°r/\0+f (1=rdd¢ N, @€EC D). (8.6)
D D
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Note that the right hand side still makes sense even when r and 8 are not smooth. This
suggests the way of defining the surface integral S(¢) for general r and 6.

THEOREM 8.3. Suppose that D is a bounded domain defined as D={r<l1} by a
non-negative continuous psh function r on a neighbourhood of D and that 0 is a closed
positive current on D of bidegree (n—1,n—1) satisfying

Jdd°r/\9<oo, J(l—r)dd°|z|2/\0<00. 8.7)
D D

Then there exists a unique positive measure s on 8D such that

f ¢(Z)ds(z)=f<pdd°r/\6+f (1-r)dd’p N0, @E€C (D). (8.8)
oD D D

Further the inequalities (8.4) and (8.5) persist to hold if we interpret S(¢?)
as the integral of ¢* by the measure s on 3D.

Proof. For ¢ € C*(D), we define S(¢) by the right hand side of (8.8). By (8.7), S(¢)
is finite and linear in ¢. So if we can show the implication

P€EC*(D), =0 on 3D = S(p)=0. 8.9)

Then S(g) is uniquely determined by the restriction of ¢ to the boundary 8D and S can
be extended to a unique positive linear functional on C(3D) proving the first assertion
of Theorem 8.3.

To prove (8.9), we let r, =a,,, %r, 8,,=a,,, %0 by a mollifier a, and consider the sets

D, s={r,<1-0},Ds={r<1-0}, >0, m=1,2,....

By Sard’s theorem, we can find a sequence 6j | 0 such that D, =D, 5, has a regular

boundary and Stokes’ theorem is applicable, m=1,2,..., j=1,2,.... We may also
assume that the sets D,, ; and Dj=D6j are continuous with respect to the measures
dd‘r A@ and dd°|z|* 6.

We now have from (8.6) that, for ¢ € C*(D).

j <pd°r,,,/\em=f ¢dd°rmA0m+f (1=6,~r,)dd°p \6,,.
3D D

D

m.j mj m.Jj
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Since r,, decreases to r and dd°r, A6, (resp. dd°@A6,) vaguely converges to

dd°rN\6 (resp.dd®pAB) as m— o, we see that the right hand side of the above equation
is convergent, as m—, to

f(pddcr/\9+f (1-6,—ndd°p N\ 6.
D, D,

J J

Hence

lim 1imf @dr, A0, =S@), @ECD). (8.10)
Jo© mw aDm,j

(8.9) follows immediately from (8.10). We have already seen that

lim lim f @ dd°r, A6, = I(g).
D

Joo msx
m,j

An analogous relation holds for €%, ¢). Therefore we get the second assertion of
Theorem 8.3 from Lemma 8.2. qg.e.d.

As an application of Theorem 8.3, we have the following property of Hartogs’ type,
which is contained in Bedford-Taylor [3; Lemma 2.5] however:

THEOREM 8.4. Suppose that D is a bounded domain defined as D={r<l1} by a
non-negative continuous psh function r belonging to #,(D). Suppose a closed positive

current 6 on D of bidegree (n—1,n~1) vanishes on {1-8<r<1} for some 6>0, then 6
vanishes identically on D.

Proof. Take 9, such that 0<d,<d and use formula (8.8) for the subdomain
Dy, ={r<1-0,}=(r(1-6,)<1}. First choose a function @€C”(D,) such that =1
on 8D, and ¢=0 on {r<1-0} to get s=0on oD, . Next choose ¢ identically equal to 1

on D, to conclude that

f dd°rA6 =0 and consequently 6 =0 on D%
Day q.e.d.

This theorem particularly means that the positive current of the type (8.2) is not
closed.
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§9. Appendix: superharmonic functions for general Dirichlet forms
Let X be a locally compact separable metric space and m be a positive Radon measure
on X with supp [m]=X. Consider a dense subalgebra & of C(X) satisfying the following
two properties:

(2.1) For any compact K and open G with KcGccX, 9 contains a non-negative
function taking value 1 on K and 0 on X—G.

(9.2) For any £>0, there exists a real function §,(r) satisfying that 8,=¢ on [0,1],
—e<f, <1+¢ everywhere and 0<pg,(¢')—-B,()<t'~t for t<¢', and that B,(p)€ % when-
ever g€ 9.

For instance, if X is an Euclidean domain D, then Cj(D) and Cy (D) have those
properties.

Let € with domain % be a Dirichlet form on L*(X; m) possessing 9 as its core: 9 is
dense in %. Thus € on 9 has the Markovian property:

EBL),Bp) <8, 9), ¢€D, forp,of (2.2).

We assume further a specific local property: u, v € %, u = constant on a neighbourhood
of supp [@]=-¢(u, v)=0. The associated diffusion process M= (X,, P,, {) on X then admits

no killing inside X ([9; Theorem 4.5.3]):
P (X,_ EX;{<>)=0, x€X,

¢ being the killing time. In what follows, the terms ‘‘quasi-continuous’’ and ‘‘q.e.”” are
used in relation to this Dirichlet form &. For a function « on X, we write as u € % if for

any open set GecX there exists w € % such that u=w on G.
We now recall a few facts from §4.4 of [9]. For a Borel set EcX, we let

F.={p€%: §=0q.e.onX—E}. 9.1)
@ being a quasi-continuous version of ¢. Using the hitting time
og=inf {t>0:X,EE},
we define, for x€X and a > 0.
Rif(x)=E, ( f e, ds>, Higp(x) =E, (e """ ¢(X,)). 9.2)
0
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For non-negative f€ L*(X; m), REf is a quasi-continuous function in Fy_p and satisfies

for any g €F
€, (@, REf)=(p—HEQ, f). 9.3)

Here (,) is the inner product of L*X;m) and E (o, v)=&ep, v)+ale, ). When
X—EccX, (9.3) holds for any ¢ € &,,..

For an open set Gc X, denote by M;; and & the parts on G of the diffusion M and
the Dirichlet form € respectively. M; is obtained from M by shortening the life time
from § to CAtr;(r;=inf {r>0X,#+G}) and & is the restriction of € to the space %;.
According’ to Theorem 4.4.2 of [9]. &, is a regular Dirichlet form on L*(G;m) and
possesses M,; as its associated process. A subset of G (resp. a function on G) is polar

(resp. quasi-continuous) with respect to &, if and only if it is so with respect to €.

ProrosiTiON 9.1, For an open set G, 9;={¢ € &: supplpl=G} is a core of the
Dirichlet space (¥, €;) on LG m).

This is a consequence of the spectral synthesis [9; Theorem 3.3.4 and Problem
3.3.4]. For instance, if X=R? %=H'(R?), then this proposition implies F;=H(G).
A function w € &, is said to be &-superharmonic on an open set Ge X if E(w, ¢)=0

for any non-negative ¢ € 9.

LEMMA 9.2. The next conditions are equivalent for w€ %,

(i) w is &-superharmonic (on X).

(ii) E(w, @)=0 for any non-negative ¢ € Fn Cy(X).

(iii) There exists a positive Radon measure u charging no set of zero capacity such
that

&w, ¢) =f Px)uldx), @E€F;, 9.4)
X
holds for any open set GccX.

Proof. (i)=>(ii): Take ¢ € Co(X)N F with 0<¢=1 and choose # satisfying the condi-
tion of (2.1) for K=supp[p] and open G with KcGccX. Choose ¢,€ % which
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converges to ¢ in %. Then, as in the proof of Theorem 2.1.2 of [9], we see that
@,=B,.(@,)m is weakly convergent in % to ¢. (i) now follows from
Ew, ¢, )=—(1/n) Ew, n).

(ii)=-(iii): (ii) implies the existence of a unique positive Radon measure u with the
property (9.4) holding for ¢ € #nC,(X). Let GccD and take £€9 with £=1 on G.
Then, for any ¢ € #n C(X) with supp [¢]l=G,

f|¢ldu= ECw, o))<=V ECEw, Ew) VE(p, ),

which means that u|; is of finite energy integral with respect to &;. Hence u|;
charges no set of &;-capacity zero and the validity of (9.4) for the &-quasi-continuous
version ¢ of ¢ € %; follows just as in the proof of Theorem 3.2.2 of [9].

(ii)=-(1): trivial. g.c.d.

THEOREM 9.3. Consider an open set GycX and let w€ F . be quasi-continuous on

X and &-superharmonic on G,. Then
E(wX, rp)<swk) qex€X 9.5)

for any open Ge=Gy and T>0.

Proof. First consider the case that G,=X. Let u be the positive Radon measure on

X associated with w by the preceding lemma. Let A be the positive continuous additive
functional of M corresponding to the smooth measure x. Then it holds that

P (w(X)—wXy) =M"1-4A, 1<) =1, qe.x,

where M'™! is the local martingale additive functional associated with w. The optional
sampling theorem for the martingale then yields (9.5) for any open GecX and T>0.
See the proof of Lemma 1 of [11] for more details.

For a general open set G, it suffices to replace € and M by their parts %Go and MG0

respectively and observe that
P(tgAT< A ,)=1. g.e. x€G,

for opeit GecG,y and T>0. g.e.d.
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Next we consider the Poincaré type inequality for &:

191}2x.y S C €@, 9), 9E€ED, 9.6)

which means the transience of € and more than that the existence of a bounded linear
operator G from L%X;, m) into % such that

&, Gf)=(.f), fELAX;m), yEF. 9.7)

THEOREM 9.4. Assume that € has the property (9.6).

1) Ex(tG)<00 q.e. x€EX for any open GccX. If m(X)<00 in addition, then
E({)<» q.e. xEX.

(i) Let K be compact. If w€ F  NL; (X;m) be quasi-continuous on X and é-

superharmonic on Gy=X—K, then

E (w(X ND<wx) g.e. xEX. (9.8)

Aoy

for any open G such that KcGecX.

Proof. (i) For non-negative Borel f€L*(X;m), Rf(x)=Ex(f§f(Xs) ds) is a quasi-
continuous version of Gf and consequently finite q.e. In particular E (75)<RI(x)<o
q.¢. for open GccX. The second statement is clear from E ({)=R1(x).

(ii)) We take an open H with KcHccG. Then we have
Ex(w(X,G?H)) sw(x) q.e. x€EX.

by letting 7 1 < in (9.5). w is, being quasi-continuous, continuous along the sample path
X, ([9; §4.3]). Hence we get (9.8) by making H | K. q.e.d.

We mention an additional remark on (9.6). It means that &€ and &, define the

equivalent norms and accordingly the potential theory and its probabilistic interpreta-
tion in [9] can be formulated in terms of & instead of &,. In particular, the associated

capacity is defined for an open set E by
Cap(E)=inf{&(¢, ¢): g€ F, ¢=1m-a.e.onE} 9.9)

and is extended to any set as an outer capacity. For a compact set KcX, we then have
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Cap(K) =inf{é(p, ¢): p€ FN Cy(X), ¢ =10nK} (9.10)
and further the function ey (x)=P (0y<x), x€X, belongs to ¥ and
Cap (K) = €leg, ex). (9.11)

(cf. [9; Theorem 3.3.1, Problem 3.3.2 and Theorem 4.3.5]).
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1. Introduction

Consider a singular perturbation of the Laplacian A on the d-dimensional
Euclidean space R:

L - —A’{_LP .

Here Ly is a linear operator “living on” a closed subset I'C R? which might be
of zero Lebesgue measure and as irregular as a fractal set. The problem is
how and when we can give La proper sense. One way to formulate this is to
introduce a perturbed bilinear form

Ef,8) = D, ) +Ex(fImelr),  fgECH(RY,

where D is the Dirichlet integral and £r is a closable pre-Dirichlet form on
LAT; p) for some positive Radon measure » on I" such that CF(R%)|rC D[Ex].
If £ is proven to be closable on L*(R%), the L?-space based on the Lebesgue
measure dx, then the associated self-adjoint operator on L*(R?) may be thought
of as a realization of L.

Some sufficient conditions for the closability of the perturbed pre-Diri-
chlet form & are known (M. Fukushima [2; §2.1], J.F. Brasche and W. Kar-
wowski [1]). It is plausible that &€ ought to be closable on L*R?) under the
sole potential theoretic assumption that x charges no set of zero (Newtonian)
capacity. A purpose of the present paper is to affirm this in a more general
context as will be stated in §2 and proven in §4.

The proof in §4 involves the notion of the quasi-support of a measure
and its characterization crucially. The quasi-notions have appeared in poten-
tial theory in diverse contexts. Another aim of the present paper is to show in
§3 the existence of the quasi-support along with its useful characterizations in
terms of classes of quasi-continuous functions.

This work was done during the stay of the first author in Europe in 1990 suported by EEC sci-
entific fund ’
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Using the characterization, the quasi-support of a smooth measure is seen
to be identical with the probabilistic notion of the support of the additive func-
tional associated with the measure. 'The latter notion has been adopted re-
cently by M. Fukushima, K. Sato and S. Taniguchi[3] to describe the closable
part of a pre-Dirichlet form and to give a necessary and sufficient criterion for
the closability. In §5, we restate some basic results of [3] in terms of the quasi-
support together with alternative proof using a characterization of §3 instead
of the usage of additive functionals. In particular, a characterization due to
M. Rockner and N. Wielens[5] for the closability is recovered. The arguments
in §4 can be regarded as a reduction of those in §5 to a simpler specific situa-
tion.

2. Statements on closability of perturbed pre-Dirichlet forms

In what follows, we fix a locally compact separable metric space X. Cy(X)
denotes the family of continuous functions on X with compact support. Suppose
that a pair (&, () satisfies the following conditions:

(1) C is a dense subalgebra of Cy(X) such that, for any compact set K and

relatively compact open set G DK, there exists #(C with #=1 on K,
#u=0on X—G and 0<u<1 on X. Furthermore, for any £>0, there
exists a real function @,(t) with @.(t)=1, t€[0, 1], —E<p()<14-6€,
tER and 0< g (t')—q.(t) <t'—t for <<’ such that p,(C)CC.

(2) & is a non-negative definite symmetric bilinear form on C such that,

for each £>>0 and for some function ¢, satisfying the condition in (1),
8(?’2(“)’ o)) <E(u, u), uel.
Then we call & or the pair (&, C) a pre-Dirichlet form over X.
Denote by M the family of positive Radon measure on X and let

M = {me HM: supp m = X}.

where supp m denotes the topological support of m. A pre-Dirichlet form
(&, C) is called closable on LY X ; m) for me M’ if E(u,, u,)—>0 whenever u,C,
{u,} is &-Cauchy and u,—>0 in L*(X;m). If this is the case, the closure (&, &)
of (£,C) on L*X;m) is a regular Dirichlet form on L*X;m). Conversely,
given a Dirichlet form (&, &) on L*(X; m), the restriction of &€ to any subfamily
CC & satisfying condition (1) is a pre-Dirichlet form closable on L*(X;m). In
this case, & satisfies a stronger condition than (2) in the sense that the statement
“for some function @,” in (2) can be strengthened to “for any function @,”.

If (&, C) is a pre-Dirichlet form closable on L¥ X ; m) for some me H', we
have the associated notion of capacity which can be evaluated for compact set
K as

Cap (K) = inf {€(u, u): uC, u=>10on K},
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where &€;(u, v) is the sum of &(u, v) and the inner product (%, 2), in LA X; m).
The set of zero capacity is called &;-polar to indicate its relevence to &€ and m.

Theorem 2.1. Let (€,C) and (£,C) be pre-Dirichlet forms closable on
LY X ; m) and L} X; ) respectively for some m, m& H'. We assume that

é(u, w)=E(u, u), uel,
and that W charges no E,-polar set. Then (é’, C) is closagle on L} X; m).

Theorem 2.1 will be proven in §4 by using quasi-notions studied in the
next section. We now show an immediate consequence of Theorem 2.1.

Theorem 2.2. (superposition of closable forms). Let (€,C) be a pre-Diri-
chlet form closable on L*(X; m) for some me JM'. Consider a collection {Ty; 6 O}
of closed subsets of X and suppose that, for each 0 O, there exist a positive Radon
measure py on X charging no &-polar set with supp ne="Ts, and a pre-Dirichlet
form Ey over Ty closable on LATy, o) with Clp,CD[E]. Further let (©, A, v) be
an auxiliary o-finite measure space such that &(f | r,, f|r,) and oK) are, as func-
tions of 6 €O, v-integrable for every f €C and every compact K< X. Then the

form & defined by
E1,8) = EF &)+, € fIrpglr) v(d0),  frgeC,

is a pre-Dirichlet form closable on LY X ; m).

Proof. 1In view of the remark made after the definition of the pre-Diri-
chlet form, we can see that (é , C) is a pre-Dirichlet form. If we let

= m—l—So o +)0(d8)

the m is a positive Radon measure on X charging no &;-polar set. Further-
more in the same manner as in the proof of [2; Theorem 2.1.3], we can show
that € is also closable on L¥X; ). Hence & is closable on L*X; m) by The-

orem 2.1.

3. Quasi-supports of smooth measures and their characteri-
zations

Let m be in U’ and (€, ) be a regular Dirichlet form on LA X; m). 'Then
we have the associated capacity Cap, and we use the terms ‘“‘quasi-continuous”’,
“polar’”’ and *“q.e.” in relation to Cap. We add “&;-” in front of these terms
when it is necessary to emphasize their relevence to £ and m. Without loss
of generality, we assume that each element of & is quasi-continuous. Two ele-
ments of & represent an equivalence class of & CL* X ; m) iff they coincide q.e.
An increasing sequence {F,} of closed sets with lim,,.. Cap (X—F,)=0 is said
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to be a nest.

A set EC X is called quasi-open if there exists a nest {F,} such that ENF,
is open in F, in the relative topology for each n. The complement of a quasi-
open set is called quasi-closed.

Lemma 3.1. (i) A set FEX is quasi-closed if and only if there exists a
quasi-continuous function u with F=u"({0}) g.e.

(zr) If F is quasi-closed, then, for any relatively compact open set G, there
exists a non-negative quasi-continuous function u in F such that u=0 qe. on F
and u=>0 on G—F.

Proof. The “it” part of (i) is evident. We give probabilistic constructions
for the rest of the proof. Consider a Hunt process M=(X;,, P,) on X associated
with the regular Dirichlet form (&, F) on L¥X;m). For any Borel set B,
denote by ez the 1-order hitting probability of B:

ep(x) = E (e °8), xeX,

where op=inf {t>0: X,&B}. When Cap (B)< <o, e, is a quasi-coninuous ver-
sion of the (1-)equilibrium potential of B ([2; Th.4.3.5]). But we can see that
ep is quasi-continuous for any Borel B. In fact, for any relatively compact £ C
X, w=egNey 1s a l-excessive function dominated by e;€%F. Hence weF
(by [2; Lemma 3.3.2]) and w (and consequently ep) is quasi-continuous (by [2;
Th.4.3.2]).

Now, for any quasi-closed set F, the function

w(x) = 1—ep(x), xeX,

has the required property in (i) because F—F" is polar (by [2; Th.4.2.3]) and
er(x)<<1 qe. x&€ X—F (by [2;(4.3.5)]). The properties stated in (ii) is satisfied
by

u(x) = (eg(x)—erna(x)) (%)
where v is a (quasi-continuous) bounded function in & such that #>0 on G
and v=0 g.e. on X—G (eg. v(x)=E, (f;*-¢ e f(X,)dt) for bounded f>0, f&
LA(X; m)).

Corollary 3.2. Any m-negligible quasi-open set is polar.

Proof. Let E be an m-negligible quasi-open set. By Lemma 3.1(i), E=
{u=4=0} for some quasi-continuous u. Then u=0 m—a.e. and consequently
g.e., namely, F is polar.

A measure p € 9 is said to be of finite energy integral if FC L} X; ) and

(3.1) S lo(x)| wdx) <CVE®@, D), ovedF,
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for some positive constant C. The family of all measures of finite energy in-
tegrals is denoted by S,. A positive Borel measure p is said to be smooth if p
charges no polar set and there exists an incresaing sequence {F,} of closed sets
such that

(3.2) ;1,<Xw G F,,> = 0, lim Cap (K—F,) = 0 for any compaat set K

=1 f->60
and p(F,)<Coo for each n. S will denote the totality of smooth measures. S
contains the class ., defined by

My = {uEM: p charges no polar set}.

It is known ([2; Th.3.2.3]) that xS iff there exists an increasing sequence {F,}
of closed sets satisfying (3.2) and I - pE.S; for each n.
For set A, BC X, we write

ACB gq.e. (resp. A=DB q.e.)

if the set 4—B (resp. the symmetric differnece A B) 1s polar. For €S, a set
FC X is said to be a quasi-support of  if

(a) F is quasi-closed and p(X—F)=0

(b) if F is another set with property (a), then FcF g.e.

The quasi-support F of &S is unique up to a polar set. Let F=supp
1 be the toplogical support of u. Since any closed set is quasi-closed, we have

FCF g.e., and by deleting a polar set from F' if necessary, we can always assume
that FCF.

Theorem 3.3.
(1) Any €S admits a quasi-support.
(i7) For n< S and quasi-closed F C X, the following conditions are equivalent :
(1) F is a quasi-support of pu.
(2) u=0 p—a.e. on X if and only if u=0 q.e. on F for any uc<F.
(3) Condition (2) holds for any quasi-continuous function u.

Proof. We first prove (ii). .
(2)=(1): For x &S and quasi-closed F, we set

(3.3) Ty — {uEEE:S |u|d,,,:0}

(3.4) Fpe={usg: u=0 qe. on F}

and assume that Jlu,—5 . For any relatively compact set G, take a function u
of Lemma 3.1 (ii). Then u& %z and hence v Jlu, which means u(G—F)=0.
Consequently we get u(X—F)=0. Consider other quasi-closed set F; with
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uw(X—F;)=0. Take again a function #, of Lemma 3.1 (i1) for G and F;. Then
#, € Tl and hence 4, & F e, which means FNGCF, NG g.e. Accordingly FC
F, g.e. proving that F is a quasi-supo support of y.

(1)=>(3): Suppose (1) is satisfied. Then the “if”” part of condition (2)
is celarly satisfied for any Borel function u. If u is quasi-continuous and u==0
u—a.e., then the set F= {u=0} has the property (a) and hence FCF g.e. and
u=0g.e. on F.

The implication (3)=(2) is trivial.

(1) can be proved as follows. For any &S, the space Tl defined by (3.3)
is a closed subspace of the separable Hilbert space (&, £)) because Ir »p &S,
for some increasing closed sets F, satisfying (3.2) and & is continuously embed-
ded into LY X; I -p) for each n by (3.1). Choose a countable dense subcol-
lection {u,} of Tl and let

(3.5) F=o%{0}) for o(x)= kz:}l -k (%) |

A

Since v&eJl,, F is quasi-closed by Lemma 3.1(1) and further u(X—F)=0.
Hence we arrive at the equality J,=F pc for Fre defined by (3.4) for this F.
We can then conclude that F is a quasi-support of u from (i1).

Corollary 3.4. The underlying measure m has the full quasi-support X.

Finally we state an important probabilistic consequence of Theorem 3.3
although we shall not use it in this paper.

Corollary 3.5. For p €S, the support of the associated positive continuous
additive functional (PCAF) of M is a quasi-support of .

Proof. Denote by A a PCAF of M associated with the smooth measure
uwES (cf. [2; Chap. 5]). The support F, of 4 1s defined by

F,={xeX—N: P(A4,>0 for any t>0) = 1},
where N is an ecxeptional (polar) set for 4. Then
F,={x€X—- N:ep,(x) =1}

and consequently F, is quasi-closed since e, is quasi-continuous as was seen
in the proof of Lemma 3.1. Furthermore we can check the property (3) of The-
orem 3.3 (i) for u and F, in the same way as in the last paragraph of the proof
of [2; Th.5.5.1].

4. Proof of Theorem 2.1.

We prove Theorem 2.1 by a series of lemmas. Suppose that &, &, m and
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M satisfy the conditions of Theorem 2.1. Let (&, F) and (é, Eﬁ) be the clo-
sures of (&,C) and (€, C) on LA X; m) and LXX, ) respectively. (u, ), (resp.
(u,v)s) denotes the inner product in L% X;m) (resp. L,(X; ). Recall that
Ei(u, v) (resp. él(u, v)) stands for &,(u, v)+(u, v),, (resp. él(u, v)+(u, v)a). Note
further that the conditions of Theorem 2.1 are never destroyed if we replace #
by m-+. Hence we can assume without loss of generality that

(4.1) > m.

Lemma 4.1. We let

4.2) ém(u, V) = é(u, V) (U, V) » woEF .

Then (é’”, E%) is a Dirichlet form on L X; #) possessing C as a core. Moreover
this is transient, namely, there exists a strictly positive M-integrable function g such
that

(4.3) SX o(x) | () </ E"(w,0), ved.

Proof. 'The first assertion is evident because &7, u):ém(u, u)4-(u, w)n is
equivalent to él(u, u) for ueF. Since me M, with respect to the Dirichlet
form (&, F) on L*X;m) by assumption, there exist increasing closed sets F,
such that (3.2) holds for #2 and (3.1) holds for I +7 and some positive constant
C, for each n. Hence we can find a function g with the required properties.

Lemma 4.2. The measure m has the full quasi-support X with respect to
the Dirichlet form of Lemma 4.1.

Proof. Let S be a quasi-support of m with respect to the Dirichlet form
(€™, F) on L X; 1) of Lemma 4.1. E=X—§ is then &}-quasi-open and m(E)
—0. Due to the domination of & over &y, E is also &;-quasi-open and con-
sequently &;-polar by Corollary 3.2. Then E is #-negligible by the assumption
and & 7-polar by Corollary 3.2 again.

The next lemma particularly implies Theorem 2.1. Denote by (é"', Q)
the extended Dirichlet space of the transient Dirichlet form of Lemma 4.1. &

is the completion of & with respect to the metric £&”. We may assume that

each element of & is é '~quasi-continuous,
Lemma 4.3. (é , G) 1s a Dirichlet form on L¥(X; m) possessing C as its core.
Proof. If u=@ and u=0 m—a.e. on X, then u=0 é’i”—q,e. on X by
L.emma 4.2 and Theorem 3.3, and hence é’(u, #)=0. 'Therefore (é, G) can be

regarded as a symmetric form on L*X;m). The rest of the proof is clear from
Lemma 4.1.
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5. Closable part and closability criterion in terms of quasi support

In this section, we restate some basic results of [3] in terms of the quasi-
support and we see how an analytical characterization of §3 simplifies the argu-
ments. For me JH’, let (€, F) be a regular Dirichlet form on L*X;m) pos-
sessing as its core a set C satisfying condition (1) in §2. (&, &) is assumed
to be either transient or irreducible. For simplicity of presentation, we only
describe the case that (&, &) is transient. The irreducible case can be treated
in the same way however by considering the transient Dirichlet form &£%(-, +)
=&+, )+ (o5 Dz ([3], [4D. .

Take any non-trivial u &, Denote by F and F' the (topological) support
and the quasi-support of u respectively. As was noticed in §3, we may asume
that FCF. For a moment, we do not assume that F=X. Consider the extend-
ed Dirichlet space (Z,, &) of (,&). <, is a Hilbert space with inner product

& and each element of &, can be assumed to be & -quasi-continuous. Let
S, x5 ={ucsd,:u=0gq.e on F’}.

This is a closed subspace of (<,, &). Denote by Pz the orthogonal projection
on the orthogonal complement of <F, x_F.

Note that, if v, v,&%, and v,=v, y—a.e. on F, then v,—v, ¢.e. on F by
virtue of Theorem 3.3, and consequently Prv,=Psv,. Therefore the following
definition makes sense:

Gt = {ucI*(F; u):u=v p—a.e. onF for some veF,}
E*u, u) = E(Prv, Pro) for v as in the above braces.

Lemma 5.1. (% &¥) is a Dirichlet form on LF; p) possessing C|p as a
core. Here C | denotes the restrictions to F of elements of C.

Proof. Tt can be readily seen that, for u< F*,
EMu, uy = inf {E€(v,v): vE€EF, v=u p—ae onF}.
Denote by Tu the unit contraation OVuA 1l of ucF*. Then TucsS* and

EX(Tu, Tu) = inf {E(v, v): v€F,, v=Tu p—a.e. on F}
< inf {&€(Tv, Tv): vEF,, v=u p—a.e. on F}
< inf {&(v,v): vE€F,, v=u y—a.e. on F}
= &(u, u),

proving that the unit contraction operates. The closedness of (&% &*) on
LA (F; u) is easily verified. We refer to [3] for the last statement about the core.

A pre-Dirichlet form (A, C) is called the closable part of a pre-Dirichlet
form (&, C) with respect to pe M if (A, C) is closable on LAX; u),
Alu, w) < E(u, u), u=C, and (A, C) is the maximum among those. Lemma 5.1
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leads us to the next assertion (cf. [3; Lemma 4.3)).

Theorem 5.2. For p€ M N M, (€%, C) is the closable part of (£, ) with
respect to p.

Theorem 5.3. For p& M N My, (€, C) is closable on LX(X; p) if and only
if u has the full quasi-support X.

Proof. By Theorem 5.2, we have the following series of equivalent con-
ditions:
(&, C) is closable on L (X; u)

@ Psf=f foranyfeq,

& f=0ge on Fiff f=0 ge. on X for any fEF,
Since F' is a quasi-support of u, we see by Theorem 3.3 that the last condition
is equivalent to

“f=0 p—a.e.on X iff f=0g.e. on X for any f€F,”,

which is in turn equivalent to “X is a quasi-support of x”’ by the same theorem.
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1. Introduction

The (regular local)Dirichlet form for the Sierpinski gasket in the Euclidean k-space R* has
been introduced in Fukushima-Shima[5] as a basis to formulate the spectral analysis for the
gasket. The associated self-adjoint operator coincides with the Laplacian introduced pre-
viously by Kigami[6]. The associated diffusion recovers the Brownian motion constructed
by Kusuoka[9] and Barlow- Parkins[1].

The Dirichlet form in [5] has two special properties ; the first is that the Dirichlet norm
is simply obtained as the limit of an increasing sequence of finite sums evaluated on the
successive pre-gaskets (see §2), and the second is that the Dirichlet space is continuously
embedded into the space of continuous functions. These properties are never shared by
the ordinary Sobolev space H! on R* except for the case that k = 1. They seem to be
due to the following geometrical property of the gasket called the finite ramifiedness:if we
try to connect any distinct two points of the gasket by a continuous curve on it,the curve
should cross at least one of the finite number of specific points.

Indeed Dirichlet forms with these properties are nicely extended to general classes of
finitely ramified fractals by Kusuoka[10] (for Lindstrom’s nested fractals) and Kigami[7]
(for post critically finite (PCF) self similar sets), yielding a quickest way to construct
diffusion processes on the respective fractal sets. Accordingly the diffusion associated with
the Dirichlet form of [10] recovers the Brownian motion on the nested fractal already
constructed by Lindstrom|[11].

In this paper, we consider the Dirichlet form of [10] and observe a simple scaling property
it exhibits when the size of the underlying finite nested fractal is expanded. We shall present
two straightforward applications of this scaling property. The first is to prove the point
recurrence of the Brownian motion on the infinite nested fractal. The second is to identify
the spectral dimension (which is strictly smaller than 2)with the exponent of polynomial
growth of eigenvalues for the finite nested fractal. This identification was established in
[11] by a different method. But we shall simultaneously derive similar tail behaviors of the
integrated density of states (IDS) for the infinite nested fractal.

Recently Kumagaya[8] employs a method similar to ours to identify the spectral dimen-
sion of Kigami’s PCF self similar set. On the other hand, Shima[16] uses the Dirichlet-
Neumann bracketing method in terms of the Dirichlet form in getting the Lifschitz tail
behavior(which also involves the spectral dimension in an exponential decay rate) of the
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IDS for the infinite nested fractal under the presence of random Poisson obstacles or ran-
dom Poisson noise potentials. The Lifschitz tail of the IDS for the Sierpinski gasket in R?
with Poisson obstacles has been derived by Katarzyna Pietuska-Paluba[l3]using a different
method.

Thus the knowledge of the Dirichlet form and its scaling property is enough to extract
the notion of the spectral dimension from the behaviors of eigenvalues for the fairly general
finitely ramified fractal set. However more subtle spectral properties were studied so far
only for the Sierpinski gasket. For instance, the IDS for the Sierpinski gasket has been
shown in [5] to be purely discontinuous.! It is interesting to know if such wild spectral
phenomena are common among the finitely ramified fractal sets.

2. The Dirichlet form for the nested fractal
In this section, we describe those notions and relations in Lindstrom[11] and Kusuoka[10]
which we shall use later on.

For a > 1, a mapping ¥ from R* to R" is said to be an a-similitude if ¥z = o~ Uz +
B,z € R*, for some unitary map U and 8 € R*. Given a collection ¥ = {¥;, ¥, ..., Iy}
of o-similitudes,we let ¥(A) = Ufil ;(A), A C R*. There exists then a unique compact
set B C R* such that ¥(F) = E. The pair (¢, E) is called a self similar fractal.

For A C R* and integer n > 1, we let

A i, =9 .. 0 (A), 1<iy...,in<N

i.dn
A(n) - ‘I’(n)(A) = U A"l---l'..a A(o) =4
1<i1,0in SN

. We denote by F the set of all essential fixed points of ¥([11]). §F < N. Lindstrom[11]
calls a self similar fractal (¥, E) a nested fractal if three axioms (axioms of connectivity,
symmetry and nesting) and the open set condition are fulfilled and §F > 2. We refer the
readers to [11] for details but we note that the nesting axiom requires

El':---l'n n EJ'1~--J'n = Fy il N Fjl---jn (ilv vy i,,,) 7é (jla v 1jn)1

which expresses the finite ramifiedness mentioned in §1.

Given a nested fractal (¥, E), the Hausdorff dimension of E is known to be equal to
ll—?s%. The normalized Hausdorff measure on E is denoted by p : u(E) = 1. The sequence
{F(™)} of finite sets is increasing and U2 o F(™ is denoted by F(*), which may be called
the pre-nested fractal since F() = E,

A typical example of nested fractals is the Sierpinski gasket in R*. We now explane how
to introduce a natural Dirichlet form on the Siepinski gasket in R?. Let F = {p;,ps, ps}
be the vertices of the regular triangle of side length 1 in R?. Let ¥; be the 2-similitude
on R? without rotation (U = I) making the point p; fixed (i = 1,2,3). The self-similar
fractalE determined by ¥ = (¥, ¥,, ¥;) is the finite Sierpinski gasket,which is easily seen
to be a nested fractal.

1See also [14] in this connection
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For any real valued function f on the pre-gasket F(*) | we set
(2.1)

n=c(3) T T (000~ f0 w012

1<i1,0in <3 EMEF

c being a positive constant. It is easy to see that £(™)(f, f) is increasing in n. In fact
EO)(f, f) < EQ(F, f) reduces to the elementary absolute inequality

(2.2) (A1 — A3)® +(4; — 45)" + (45 — 41)
_ < g {(‘11 - az)’ + (a2 — as)z + (as — aljz}

3 ; {(A1 —a;)" + (A1 —as)® + (43 —a1)* + (42 — as)* + (4ds — a1)* + (4s — a,)’}

holding for any real numbers 4;,a;,i =1, 2,3. This inequality is honestly inherited to the
next step inequality £1)(f, ) < £3)(f, f) and so on.
Hence it seems natural to introduce the space

= {f : functiononF(®), sup EP)(£, f) < OO}

(2:8)
£(f,9) = lim £0)(f,9),  figeF.

It is actually proven in [5] that any function in F is extended to be a continuous function
on the gasket £ = F(=) and that £ on F is a local regular Dirichlet form on L*(E;p). It
is clear that behind this analytical approach is the sequence of random walks on F®) p =
0,1,2,...,moving to the nearest neighbours with equal probability. The renormalizing
factor % should have to do with these random walks. In fact,the equality is attained in
(2.2) when each a; is the harmonic average of 4;, A3, A3 with respect to the random walk
on F(1),

As was proved in Kusuoka[10], the above mentioned situation for the Sierpinski gasket
is totally unchanged for the general nested fractal if one takes, as the random walks on
F(™)’s, those governed by Lindstrom’s invariant probability[11].

In what follows, we work with a fixed nested fractal (¥, E) in R*. By a random walk on
F, we mean a Markov chain on F whose transition probability from z € Ftoy € F,z # y,
depends only on the distance |z — y| and decreases strictly if the value | — y| increases.
Thus we let

{lz—yl:z,yeFie#y}={l,...,. &}, 0<f1 < <4,

m,=f{yeF:|lze—y|=L} forafixedee F,1<s<r
P={P =(p,....,0:) 21 >p2 > >p, >0}.

m, is independent of 2 € F becaunse of the axiom of symmetry.
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Each element P € P not only decides a random walk on F, but also determines a Markov
chain on F(D with transition probability

= S Aam2riesi=
Yy 0

otherwise,

where p(z) = j{i : = € F;},p(z,y) = | {i : 2,y € F;}. This Markov chain on F(*) in turn
induces a Markov chain on F by letting the sample path start at 2 € F and observing
the first time the path hits F \ {z} and so on. The invariant probability is an element of
P such that the induced Markov chain on F in the above sense coincides in law with the
original walk on F. Lindstrom[11] proved its existence and Barlow[2] recently shows its
uniqueness for a certain class of nested fractals including Lindstrom’s snow flake..

Let us denote the invariant probability by Py = (p1,...,p,). Let (X(n), Py) be the
Markov chain on F(1) with trasition probability p(2,y,Po), 2,y € F(1) and let

¢c=P,(Xs; =2), 2€ F, whered = {n > 0: X(n) € F}.

By virtue of the axiom of symmetry,c is independent of # € F and evidently 0 < ¢ < 1. In
view of the above description of the invariance property of Py, we may expect the quanitity
¢ to play an intrinsically important role.

For {,n € F,{ # 1, we let 7y, = p, if [€ — 9| = ¢{,. Then EneFﬂ'En =1and ey = Tpt.
We denote by D the set of all real valued functions on F(®) = OF(") For f,g € D, we
define £*)(f, g) by

(24) £M)(f,9) = 1(1—0) -y S (F(Tny 008 — £ (T, - Uy, 7))

1<kiy.chn SN G
(G(Opy e O ) — g (T, ... Oy, 7)) Ty

In the case of the Sierpinski gasket in R?, ¢ = %, ey = %,f # 7, and hence (2.4) reduces
o (2.1).
TueoreM 2.1(Kusvoxka[10]).
(1) For any f € D,E®)(f, f) defined by (2.4) is non-decreasing in n. Hence (F,&) is
well defined by (2.3).

(2) Any function of F can be uniquely extended to a continuous function on E = F(x),
(3) (¥,€) is a regular local Dirichlet form on L*(E;p).?

Since ¢y /D, > 1,€,m € F, we have for any function f on F

1/2

1 )1 .
(2.5)  max{|f(¢) - f(n)l: ¢, ST gegp(f(ﬁ)—f(n)) Ten

This elementary esimate leads us to the next theorem. Actually Theorem 2.1(2) is a
corollary of the much stronger assertion Theorem 2.2(1).

24 can be replaced by any everywhere dense positive Radon measure on E.
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TuaeoreM 2.2(Kusvoka[10]).
(1) Let B be the set of those functions f on F(®) with sup, E™)(f, f) < 1. Then

Lim sup {I.f(Z) —f@)|:fE€B,e,ye F1®) |z —y| < 6} =0.

N 1/21__

sup {|£(2) — f(3)| : 2,y € E} < 4N (p_)

r

65, feF

[

1/21__c

sup{|f(e)| 12 € B} < V3 (pﬁ) 8 Y fe 7,

where E4(f,9) = E(f,9) + a(f,9)La¢n), a > 0.

We can easily draw several conclusions from the above two theorems.

[

THEOREM 2.3.
(1) For each o > 0, the Hilbert space (¥, £,) admits a reproducing kernel g.(z,y): for
each y € E there exists go(-,y) € F such that

(2.6) Ea(9aly),0) = 0(y), vEF.

(2) ga(2,y) is positive continuous symmetric on E x E.
(3) Each one point set has a positive capacity:

Cap({y}) = yEE.

a(vy)’
(4) The associated diffusion on E is point recurrent:
P, (a'(y} < oo) =1for any 2,y € E,
o'y} being the first hitting time for {y}.

ProoF: (1) follows from Theorem 2.2(3) which implies that the map sending f € F to

f(y) € R is bounded.
(2). Symmetry is obvious from (2.6). From (2.6), we also have

Ea (9ol ¥)1 90 ¥)) = galv,¥)

which is positive because otherwise v(y) vanishes for any v € F. Further, by Theorem
2.2(3)
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3“}; ”—__ga(y, 9 < S“EP SUp, ¢ 9a(2, %) < sup sup,cg | f(2)| i
vE yE

Voawy) 1er VEH D)

Therefore the family of functions {g.(-,y);¥ € E} is equi uniformly continuous on E by
Theorem 2.2(1) and we can get the continuity of g.(z,y) in 2,y from

e (2, ¥) = ga (21, 91)| < |ga(®,Y) = gal2!, ¥)| + |galy, 2!) — gu(yt, /)|

(3).If we let pi(z) = :—:%:%l, then p{ € F,pi(y) =1 and £;(p},v) > 0 for any v € F with
v(y) > 0. Therefore p} is the 1-equilibrium potential of the one point set {y} and

Copllah) = s = .

(4). (F,£) is irreducible because otherwise F must contain a discontinuous function([4])

contradicting to Theorem 2.1(2). Since 1 € F and £(1,1) = 0,(F,£) is recurrent([4]).
Becuase of (3), the associated diffusion is point recurrent. In particular,

9a(2,9) = Ea (€7%70) ga(y,y) >0, z,y€ E.

We denote by A the self-adjoint operator on L*(E; p) associated with (F, &):

By virtue of Theorem 2.3 (2), —A is of compact resolvent and Mercer’s theorem leads to
the absolutely uniformly convergent series expansion :

[==]

(27) 5a(2,) = Y o l@)en(e)

i=1

where
0<A <A S 2.

are eigenvalues of —A and {¢,} are the corresponding normalized eigenfunctions. Notice
that x is an eigenvalue of —A with an eigenfunction f if

(2.8) feF and &(f,g) =k(f,9)LaE,u) forany geF.
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3. Dirichlet forms on expanded nested fractals

Asin the preceding section, we fix a nested fractal (¥, ) in R*. Without loss of generality,
we assume that 0 € F and @2 = a2,z € R*. We let

o0
(3.1) EW =a'B, £=0,1,..., E=|]E".

£L=0
We call B (resp.E(®) = E)the infinite (resp.unit) nested fractal. E) is the union of N*

-number of sets congruent to F :

B9 = U E;(f);z and E{)

p— . . 1 . s = L . .
= . B with &, = ol T,
1<ig,0qgit <N

We define the mapping o, by
(32) (0:f)(2) = f(a'2) =€ F,

which maps a function f on E(? to a function o, f on the unit nested fractal E.

Recall that we have a Hausdorff measure p on E with p(E) = 1 and a Dirichlet form
(£,F) on L*(E;p) introduced in Theorem 2.1. We extend p to E®) by defining its value
on B to'be p (<I’,-_1'1"ilB)) if B C E,(f)u (which does not depend on the choice of £). We

also define a Dirichlet form (Fg,Egw) on L3 EX; u) by

(33) Fgpw =0, 'F
SE(l)(f,g) = Z S(f ((}il---iz')’g(q’i:---il'))’ f,g€ ]:(L)al =12,....

1<ig, it <N

LEMMA 3.1(SCALING PROPERTIES).
(1) For a fanction F on EX,

Lo fa = ¥ [ (@ n

Egw(f,f) = (1=c) &(orf,0.f).

(2) For f € Fg,

ProoF: (1) In the case that f = Ip for B C foi

T1eaig?

the right hand side equals
N'p(a™'B) = N'p (a1, B) = p (371, B)

f1eady 1.0

which coincides with the left hand side.
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158 M. Fukushima
(2) By (3.3) and (2.4),
Eea(HH = Y, E{ouf (i), 00 (8i,.5,)}

1<igy0nis <N

.1 -
= n]in;o 5(1 -7 Z Z {of (@i i 08) = 0uf (B, - ‘I'iz+n’7)}z Ten
1<i1,mizen SN e,&ep
1

=(1-c)'&(a1f,00f).

At the end of §2,we introduced the self-adjoint operator A on L%( E;p) associated with
(F,£). Analogously we consider the self-adjoint operator A{Y) on L2(E(Y); ) associated
with (Fgw,£gw ). From the above lemma and (2.8), we get

COROLLARY 3.2. & Is an eigenvalue of —A iff (1;,—°)t K is an eigenvalue of ~A4),
It is clear from definition (3.3) that
Epw (flew, flew) < Epem(ff),  £<m,  f € Fgwm,

the equality holding when f vanishes on E(™) — EWQ.  We define the space Fpg(woy of
functions f on the infinite nested fractal E{) by
(8.4)

FEieoy = {f : flgw € Fg for each £ andt]im g (flew, flgw) < oo} ﬂLz(E(”);p).
We also let
(3-5) 5E<°°>(f,9) = }fgo Ep (.f|E<‘)1g[E<‘))1 19 € Fpie-

Denote by C(E{®)) (resp.Co(E(™))) the space of continuous functions(resp.continuous
functions with compact suport) on E{*). We have Fg(wy C C(E(®)). If § € Co( E®)),
suppf C E(™) and f € Fg(m), then f € Fg(w) and

(3.6) Epar (f, f) = Egim (F, F)-

LEMMA 3.3. There exist functions ¢; € Fr=y UGy (E(°°)) such that
¢r=10n B¢V 3, =00n E(*) —EY 0< ¢,<1and Jim Epee) (41,6) = 0.

ProoF: Take the function ¥ on E with the properties that ¥ € F,9 = 1 on Fi(=
¥, F),% =0 on F(U\ Fy and ¢ is £&-harmonic on E \ F(V). Then ¢ =1 on BV = 4, E
and 0 < ¢ < 1on E. It suffices to let ¢, be o; '9 on E{Y and 0 on E(®) \ B}, We get
from Lemma 3.1 and (3.6)

Epte) (80, 80) = Epwr (de,d0) = (1 — ) E(,9),

which tends to zero as £ — oo.
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THEOREM3.4, (Fg(e), (o) Is a regular local Dirichlet form on L? (E(“);p). For each
a > 0,€p(=),, admits a positive symmetric continuous reproducing kernel go(z,y) on
E(®) x B(*) and

Cap({y}) = (>0), ye E>),

9a(9,9)
The associated diffusion on E{®) is point recurent.

Proor: The preceding lemma implies that (Fg(w),Eg(e)) is non-transient([4]). Other
assertions except for the regularity can be proven similarly as the proof of theorems of §2.
To prove the regularity of (Fg(w), g ), take any bounded function f € Fr(w) and set
fi=f -¢,L=12,..., for ¢; of Lemma 3.3. We write for g € Fg(c)

Epeonp@(9,9) = Epi=(9,9) — Epco (9|pw0, 9lB0) -
We have then

Epier (F = fir f = Jt) = Epteon\pie-n (F(1 = ¢2), F(1 — ¢1))
S NFl2 Epioor (B2, B2) + Eptorype—n (£, f) — o0, L — 0.

Since f; € Friey N Cy (E(°°)) , Fgieoy N Co (E(°°)) is £g (o) 1-dense in Fgioo) -

4. Asymptotics of the eigenvalue distribution and the integrated density of states
For A and A} considered in §3, we let

p(A) = f{eigenvalues of — A < A}
k(X)) =1 {eigenvalues of - A < /\} .
Together with k;()), we consider

EO) =4 {eigenva.lues of — A((,l) < /\} ,

where A((,l) is the self-adjoint operator on Lz(E(‘);p) corresponding to the Dirichlet space
(}-g([),gE(l)) Wlth
Fhw ={f € Fpw : f(p) =0 pe'F}.

We have then the inequality = kP(A) < ky(}). Further we see that %lﬁ is non-
increasing in £. To see this, consider the space

.7?E(z+1> = {f : function on B¢tV f(a¥y ) € Fpuy, 1<k< N}

and the self-adjoint operator A¢+1) on L2(E¢+1) 4) associated with (.Z'E(u.),EE(z“)).
Then
ﬂ{eigenvalues of — Al < ,\} = N k().
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But the left hand side is not smaller than k4 () because Fgu+s D Fgu+n. In the same
[

way, we can see that h@ is non-decreasing in £. Therefore there exists a non-trivial right

continuous non-decreasing function A’(1), A > 0, such that

. k(R
(4.1) tllrgo Nt

= N

at each continuity point A of M (X). A(}) is called the integrated density of states .
On the other hand, we have from Corollary 3.2 that

(4.2) k() = p(<1zirc>l,\).

Fix a Ag > 0 such that A(Xq) > 0. Let

log N

. d, —
(4:3) log N —log(1 —¢)

1—-c

-1 L
For z € [( N ) Ao, (é’;) /\o] , we have N‘_lz\g'/2 < ghl/2 < N‘/\g'_/2 and , by (4.2)

koaa) 357 ple) k)

—d,/2
Ni-1 N = 29:/2 < Nt N ’\0 .

(4.4)

THEOREM 4.1.

W (=) (=)
. plz o pla
0<m1—1>!%o WD Smllrr;o 2d./2 < oo0.
(2) NV ((11::) /\) = N -N(X) for any A.
0< lim 27 < Jim Sam <o
N(=) _+—N(z)
0< lmll“o‘ sa Sim g <

—d,/2
PRrOOF: By letting 2 — oo in (4.4), we get (1) with lower bound A/(/\D)AJN— and

upper bound A/(/\D)N/\o_d'“. (4.1) and(4.2) lead us to the above scaling property
of A which in turn implies the above asymptotics of A/ at 0 and co.

In the case of the Sirpinski gasket,p and N are so wild that no equality holds in
the middle of each of three inequalities in the above theorem([5]).
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Abstract. A complete description of the eigenvalues of the Laplacian on the finite Sierpinski gasket is
presented. We then demonstrate highly oscillatory behaviours of the distribution function of the eigenvalues,
the integrated density of states (for the infinite gasket) and the spectrum of the Laplacian on the infinite
gasket. The method has two ingredients: the decimation method in calculating eigenvalues due to Rammal
and Toulouse and a simple description of the Dirichlet form associated with the Laplacian.
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1. Introduction

In this paper, we are mainly concerned with eigenvalue problems for the Sierpinski
gasket in R¥ (N > 3). See Section 2 for the notions about the Sierpinski gasket.
Our purposes are threefold. In Section 5 we shall give a complete description of the
distribution of eigenvalues of the Laplacian on the finite Sierpinski gasket. In particular
we shall see that the number p(A) of the eigenvalues not greater than A increases with
rate 2%/2 (d, = 2(log N/log(N + 2)) is the so called spectral dimension of the gasket)
as A— o0, but p(4) does not vary regularly and the ratio p(A)/A%/? is oscillating and
non-convergent as A— co.

In Section 6, we shall determine the integrated density of states (4) of the Laplacian
on the infinite gasket, which is defined as the normalized limit of p(1) as the size of
the finite gasket being expanded to infinity. It turns out that (1) increases only with
jumps and enjoys a certain scaling property. The set of jumps points of (1) on a
typical interval shall be seen after a rescaling to be accumulating to the Julia set of
the quadratic transformation ®(x) = x(N + 2 — x). Further we shall see that (1)
behaves exactly in the same manner as p(4) not only when A-» oo but also when
A} 0. This legitimates the naming of the spectral dimension for d, by Rammal and
Toulouse [10].
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2 M. FUKUSHIMA AND T. SHIMA

We may well expect that the properties of the integrated density of states J(4)
reflect the nature of the spectrum of the Laplacian defined as a self-adjoint operator
on an L2-space on the infinite gasket. Indeed we shall prove in Section 7 that each
jump point of (1) is a point spectre of the Laplacian (in the preceding sense) with
infinite multiplicity.

The above mentioned high singularity of the integrated density of states (1) was
discovered by Rammal [11] who worked however only with the discrete Laplacians
(certain difference operators) on the pre-gaskets approximating the true gasket, and
in that case, M(1) was finitely supported. Recently, Kigami [5] introduced the
Laplacian on the finite Sierpinski gasket as a limit of the discrete Laplacians on
pre-gaskets and constructed explicitly the solutions of the associated Dirichlet problem
and Poisson equation on the gasket. It is the Friedrichs extension of Kigami’s
Laplacian that we now employ in formulating the present spectral analysis.

We would like to capture the whole eigenvalues of the Laplacian on the finite
gasket as appropriate limits of those eigenvalues of the approximating discrete
Laplacians. Our method in doing so has two ingredients. The first is the decimation
method due to Rammal and Toulouse [10] which relates the eigenvalues of successive
discrete Laplacians by the map ®(x). One of the present authors has used the method
to decide the eigenvalues and their multiplicities of the discrete Laplacian completely
[12]. The second ingredient is a direct description of the closed symmetric form
(actually a Dirichlet form) corresponding to the Friedrichs extension of Kigami’s
Laplacian. The Dirichlet norm will be quite simply defined as an increasing limit of
renormalized Dirichlet norms on the pre-gaskets.

The organization of the present paper is as follows. We collect in Section 2 those
preliminary notions and relations from Kigami [5] which we shall use subsequently.
In Section 3, we shall take from [12] the list of the eigenvalues of the discrete Laplacian
on the pre-gasket together with the decimation diagram. Section 4 will be devoted
to the abovementioned description of the Dirichlet form on the finite gasket and that
on the infinite gasket as well. After these preparations, we proceed to the already
explained spectral analysis on the gasket in Sections 5, 6 and 7.

As will be seen in Section 4, our Dirichlet space on the gasket is continuously
embedded into the space of continuous functions, and accordingly, it has a reproducing
kernel and further each point of the gasket has a positive capacity. These properties
are never shared by the classical Sobolev space Hy(D) on an Euclidean domain D
except for the case that D is a one-dimensional interval.

Since our Dirichlet form is local and regular, it admits an associated diffusion
process on the gasket — the so called Brownian motion. The Brownian motion on
the infinite gasket has been already constructed by Kusuoka [7] and Barlow—Perkins
[1] as a limit of random walks on pre-gaskets. Besides, [1] gave an upper and lower
bound of the transition probability density, which in particular implies through a
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Tauberian theorem that the ratio p(A)/A%/2 remains as A— o0 bounded above and
bounded away from zero. Theorem 5.2 of the present paper confirms a conjecture in
[1] about the oscillatory nature of this ratio.

The present approach to the Dirichlet form on the finite Sierpinski gasket is being
extended by Kigami [6] to a more general class of fractals called post critically finite
self-similar sets and by Kusuoka to the class of nested fractals introduced by Lindstrgm
[9]. Kusuoka [8] also gives a different description of the Dirichlet form and identifies
the dimensions of the associated spaces of martingales. Both classes include the gasket
and the snowflake but exclude the Sierpinski carpet.

The authors are grateful to Professor S. Kusuoka and Dr. J. Kigami for useful
conversations and valuable comments. We learned from Professor Kusuoka a
comment of Professor S. R. S. Varadhan that eigenvalues and eigenfunctions for the
gasket ought to be identified completely as limits of those for the pre-gaskets.

2. Preliminaries

In this section, we collect those preliminary notions and relations from [5] which we
shall use in the subsequent sections.
For p,eR""%,i=1,2,...,N, such that p;p;, j = 2,..., N, are independent, we let

N N
|P1P2-- Pyl = {p:p_,? =Y Ap.p; where 4, >0and ¥ A < 1}
i=2 i=2

and call it an (N — 1) dimensional simplex. For M = |p,p, ... py|, the set of vertices,
the set of N(N — 1)/2 midpoints of edges and the set of new N simplices are defined
respectively by
V(M) = {Pv Pz,---,PN},
Son(M) = {3(p;p;):i > j},
Dau(M) = {|3(p1p:)3(P2p) - 5(Pxp):i = 1,2,...,N}.
Denote by K, a simplex with the length of each edge equal to 1. For m > 0, the
set F,, of simplices is defined inductively by
Fo= {KO}’
F,=Uyer,_DauM) forn> 1.

We then let
Vm = UMEF,,. V(M)’
V* = Um;OVm’
K= 17*
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4 M. FUKUSHIMA AND T. SHIMA

K is the (finite Sierpinsiki) gasket. We call V,, the (m-th step) pre-gasket.
Some more notations. For pe V,, the set of m-neighbours is defined by

Voo = U V(M) — {p}.

et
¥, is called the boundary of K and denotes by JK. We let
Vo= Vo Vo,
Ve=Ve— Vo
K°=K — oK.

For peV,, i(p) denotes the first step when p appears: i(p) = min{n:peV,,}. For pe V,,
there exists a unique M€ F,,,_, with pe Son(M ). M, is said to be the mother simplex
of p and Son(M,) — {p} the brothers of p. The brothers of pe V, are the unions of

B, = Son(M,) "V, 1
C, = Son(M,) — ({p} U B,).

It can be easily seen that

=D,
AN =1) for peV,,
# V) = {N -1 for pedk, 1)
#8)=2N 4, #(C,) =TI or peyy )
For a real function f on V,,
H,,f= Y fl@)—2N~1)f(p) forpeV,, 2.2)

q€Vmp

is called the m-harmonic difference of f at p.

Denote by C(K) the totality of real continuous functions on K. fe C(K) is called
m-harmonic if H,,f = 0 for any n > m and peV, — V,. It is known [5; Theorem
3.3] that, given p:V,,— R, there exists a unique m-harmonic function f with f|, = p.
For peV,,, we denote by ¢, the m-harmonic function corresponding to p(q) = 4,
g€V, Then, for any f:¥, — R, the function P, f defined by

P.f= % f(oW; 23)

PEVm

is a unique m-harmonic function such that P, fi,, = fly,_ .
We let y, = ¢'?, H* = H,,, , for peV,. The m-harmonic function P,f of (2.3)
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admits a more useful expansion in terms of ¥ ,’s ([5; Lemma 4.3]);

peVm k=0 i(p)=k
where the coefficients are given by
J(p) if pedk,
U= aHif+by T Hif 4oy X HYf if peVy 23
N*%tp N q N q PEV,,
qeBp q€Cp

where ay = —(N + 6)/{2N(N + 2)}, by = —3/{2N(N + 2)}, cy = —1/{N(N + 2)}. If
feC(K), then 2, a,(fW, converges to f as m— co uniformly on K in view of the
maximum principle holding for m-harmonic functions.

The following relations taken from [5] will be used in Section 4. For a function f
on V, and for pedK, we set

D,,f= ¥ fl@—N-1f(p) (2.6)

q€Vmp
LEMMA 2.1. (i) For peV,,qeV,,0< k< m,

. -2N-1) if p=g,
N+ 2\"~ ;
(——N ) Ho 0t =11 if PE Vg,
0 otherwise.
(i) For qeV,, q €V,

-2N-1) ifqd=gqg
H*',/q: = 1 if q’Equ
0 otherwise.

(ii) For p,gedK

<N+2)MD,,.,,,¢I,={_(N_1) fp=q

N 1 if p#4q.
In accordance with [5], let us introduce the discrete Laplacian A,, on the pre-gasket V,, by
A f)=N+2"H, ,f if peV,, 27
for f:V,—R.

Kigami’s Laplacian A is then defined by
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6 M. FUKUSHIMA AND T. SHIMA

9 = { fe C(K):there exists a function
geC(K) and lim A, f(p) = g(p) uniformly in pe ¥V} (2.8)

m—x

Af=g fe2 29
where g is the function appearing in (2.8).
We shall also consider the spaces Co(K) = {feC(K):f=0 on 0K} and
Dy = D 1 Cy(K).
Finally we take a lemma from [5] concerning an estimate of a Green operator —
an inverse operator of A.

LEMMA 2.2. For ve C(K)*, we let

N N i(p)

JuV) = — 2 pezl';’,. <wp’ v (N—-{-—E) '/’p

where
w,=ay¥, +by Y Yo +cy Y ¥,
qeBp qeCp
Then
N m
1) = - 1Ol < (N—+—2) Moo 210

In particular, f, converges uniformly to a function in Co(K) which we denote by G°.
G® then satisfies

An(GV)(p) = —IN" 1Y, 0>, pEV,. 211

COROLLARY. (i) IG%Il,, < (N/2)Vlcgo, veE CK),
(i) If v,,ve C(K)* and v, converges weakly vasI— oo, then G®, convergesto G% uniformly.
Proof. (i) is immediate from (2.10). (ii) is obtained by writing

-G =fi =)+ 3 =) = s = )
m=k+

and applying (2.10) to the second term of the right hand side. [ |

In what follows, we denote by u the normalized Hausdorff measure on the gasket K.
u is by definition the weak limit as m— oo of discrete measures
2
HUm = ﬁmTl— Z 6?’ (212)

PEVm
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3. Eigenvalues of — HY,

In this section, we deal with the pre-Sierpinski gasket ¥, « R "1,m = 0,1,2,...,N > 3.
Denote by £(V,,) the totality of real functions on V,, and let

lo(Va) = {fet(V,):f=0o0n Vy}.

We are concerned with the eigenvalue problem for the linear operator HS on Zy(V,,)
defined for fe/y(V,) by

HOf(p) = {H'""‘f 1 pe Vo, (3.1)

0 if peV,.
We take from Shima [ 12] the following results about the eigenvalues and eigenfunctions
of —H), m=1,2,....

PROPOSITION 3.1. (i) —HY possesses the eigenvalues 2, N +2 and 2N with
multiplicities 1, N — 1 and (N/2)(N — 3) respectively.
(ii) 2N is an eigenvalue of — HC with multiplicity (N/2)(N™ — 2N™" ' — 1),m = 1,2, ...

The decimation method consists in the next two propositions. Denote by </, the
collection of the eigenvalues of — H. Further define the quadratic function ® by

O(x) =x(N +2~-x), xeR

PROPOSITION 3.2. (i) o, \{N + 2,2N} =0~ YL N\{2}, m=1,2,....
() If A€ Apy Ams1E A pyyy and A, = ®(4,,,), then A, and 1., have a common
multiplicity.

PROPOSITION 3.3. Let 4, and 4, be as in Proposition 3.2(ii). The restriction to
V., of any eigenfunction (€/y(V,,)) belonging to 4., is an eigenfunction belonging to
A Conversely any eigenfunction (€ ¢,(V,,)) belonging to 1, can be uniquely extended
to an eigenfunction belonging to 4, .

We denote by ¢, (x) as the real valued inverse functions of ®(x). That is

N+2 f 4 N +2)?
¢i(x)=—2—(li l—mx>, xe(—oo,(—-z——):l.

(@)™ denotes the n-th iteration of ®, n > 1. We let (®)?(x) = x. If w = (®)®(x), w is
called a successor of x of order n with respect to @, and x is called a predecessor of
w of order n with respect to ®. Then 2% denotes the collection of predecessors of w
of order n with respect to ®.

Proposition 3.1 and Proposition 3.2 leads us to the following diagram and Theorem.
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8 M. FUKUSHIMA AND T. SHIMA

OPERATOR EIGENVALUE
— H‘; 2
v N
—Hj ¢_(2 4.
7 N 7 N
—Hj $-(9-(2) $.(¢-(2) ¢_(¢.(2) $.(6.02)
__H: g(zﬂl' 1)
OPERATOR EIGENVALUE
~H N +2
v N
—H) ¢_(N+2) ¢.(N+2) N+2
7 N Ve N 7 N

—H} 6.0 (N+2) 6.0 (N+2) ¢_($.(N+2) ¢.(@,(N+2) $-(N+2) ¢.(N+2 N +2

0 (m~J)
—-H, Vicjem?

We2
OPERATOR EIGENVALUE
—H) 2N
!
~H, $.QN) =N 2N
' N
—H; $-(N) $.(N) N N
_H: Ux<;<.-x9‘,7'j"’u {2n}

THEOREM 3.1. Leta, = (N/2)(N™ — 2N™"! — 1)and B,, = (N/2)(N™"* —2N™"2 + 1).
Then the eigenvalues of —HY, (m > 1) are sorted as follows:

eigenvalue multiplicity
2N Oy
predecessors of 2 of order m — 1 1
predecessors of N of orderm —j—1 ... a; 1€jsm—-1
predecessors of N + 2 of orderm —j ... B; I<jsm

Later we need the following lemmas taken from [12].
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LEMMA 3.1. Let Vy = {p,,P3....Px} and

1 ifp=%(p1pj), j=2,3,.§.,N
k
ga(p=1-1 if p=3@p) i=23Y.N

0 otherwise.

Then g,,...,gy are linearly independent eigenfunctions of —H? belonging to the
eigenvalue N + 2.

LEMMA 3.2. Let fe£,(V,). If (—Hpf)lsonaty = 2NS Isonaay for each MeF,,_,, then
automatically

—Hof = 2Nf.

LEMMA3.3. Let fe£y(V,,. ) be the eigenfunction of the eigenvalue A,, , , (#2N,N + 2)
of —H®,,andif A,y — (N +2)| =4, — 2|, then we have

N
L < ¥ 10
i(p)=m+1 (}'m+1 pPEVm
4. Dirichlet Form and the Laplacian
PROPOSITION 4.1. For f:V,—R, we let
2(N+2\"
EM(fS) = N(T+) Y Y (Um-re @.1)
MeFm pqeV(M)
Then
2 2 (N+2
sGN=% % ( u ) (e 2
k=0
where

Se= X {20t,,(f)2 +5 Y @) —a(f ))2} Jor k21, l
i(p) qup (4.3)
(£ = Z () - f@)* J

p gedk

In particular, 8™ (f, f) is non-decreasing in m and, if f is (the restriction to V,)) of an
m-harmonic function, then 8™ (f, f) = &™*V(f, f) =
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10 M. FUKUSHIMA AND T. SHIMA

Proof. For f,g:V,— R, we have
X2 X U-f@gp—ga= 3% Y (f(p)— f@9(p)

MeFm pgeV(M) PeEVm geVmp

and consequently

2 m
£™(f,g) = __<£i_%) {z Ho, fo)+ ¥ D,,,,,fg(p)}, 4.4

N N PeVy pedk

where &™(f,g) is defined by (4.1) with (f(p) — f(q))*> being replaced by
(f(p) — f(@)(g(p) — 9(a))-

(4.4) particularly implies that & (h, g) vanishes whenever h is O-harmonic and g
vanishes on K. For f:V, —»R, we have P, f = f on V,, and hence

™ (f,f) = 8™ (P,f,P,f)
= &"((P,,— Po)f,(P,, — Po)f) + E™(Py f, Pof).

Let us compute the last two terms. From (P,, — Po)f = Z  y. 2, (/W¥,, We get

E™ (P, — Po)fi (P — Po)f)

j(ﬁﬁ)’" 5 ( ) a.,(f)H,,._,,lll.,)< ) a.,.(f)w.,.(p))

N N qeVy, qeVy

= -%(N”)mi IED) a(f)a.,'(f)( ) H,,_,,.//,,./,,.(p)).

k=1 g'eV? iq)=k pevVy

The expression in the last braces equals
N m-k
pez;:w Hm plpqlpq (p) (N + 2) Hk,q'pq'

N m—k .
= (m) Hoa

by Lemma 2.1(i). Using Lemma 2.1(ii), we arrive at
"’"((P = Po)f, (P — Po)f)
--3 Z (N s 2) ) { —2AN = DN+ T a,(f)a,.(f)},

iq)=k 9’ eBq

which is equal to 2/N Z7_; (N + 2/NY(f, /), on account of (2.1). On the other hand,
we get from P,f = X, ¢ (g}, and Lemma 2.1(jii) that
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en@osiPon) = - 5(2) 5 (£ s@pav) o

pedK \gedKk

Z|o oz

Y Y UK - f@)

pedK gedk

(£ o- .

REMARK. The fact that #™({, f) is non-decreasing in m can be checked directly at
least when N = 3.

We now let for f:V,

&(f,f) = lim &™(f, f),

m= oo

F ={fV,—R, & f) < o} 4.5)

PROPOSITION 4.2. Any fe # is uniquely extended to be an element of C(K) and

N/N+2
If = Poflle € —5——+/6(f = Pof,f = Pof).
Proof. By the preceding proof,

8~ Pofif — Pof) = 8U4.1) <5 o

and by virtue of (4.2)

k 2
a0 - Pofif ~ P> 5 ("2 (max e, )

ip)=k

for each k > 1. Therefore, we have

VEU = Pof, [~ Pof) 2 —7—— [—— %, maxs,(h

klk'-‘l

Since 0 < X, _;¥,(x) < 1 by maximum principle for the k-harmonic function, we
see that the function

Fo=3 T w( W) xek

k=1 i(p)=k
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12 M. FUKUSHIMA AND T. SHIMA

is uniformly convergent, f,, = f — P,f and, moreover,

2
Ifle <252 EG =Pl T~ Pl .

By the preceding proposition, we have the inclusion & < C(K) = L*K; u). Denote
by (,), the inner product of L%(K; p). We let &,(f,9) = &(f,9) + a(f, g), for a > 0 and
fge#.

PROPOSITION 4.3.

Ifle < CV/ &S f), feF, (4.6)

Jor some constant C > 0.

Proof. We first show the inequality (4.6) for 0-harmonic functions. Suppose f is
0-harmonic, then f = X, f(q)¥,. By setting IT,, = fx ¥, (W, (x)u(dx) (> 0), p,q€ 0K,
we have from Proposition 4.1

1

8N =5

Y (f-f@F+2 Y f(p)f @I,

p.qedk paedk

2
=C Y f@*=C, (maXIf(q)I)

qedk qedk
2
2 Cilifls

for some constant C, > 0, proving (4.6) for the O0-harmonic function f.
For a general fe %, we then get from Proposition 4.2,

1l < If = Poflle + IPoflls
sﬂi%iAMMH+¢Lw@MD+@J%DW

C,

which leads us to (4.6) because

(PofsPof) S 2L )+ 2AS = Pof. f = Pof)y
2 + 21 = Pofl%

2
<25+ s .

N N

By the same reasoning as in the above proof, we also have
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PROPOSITION 4.4.

i1, <M 2H 2N o @

for any fe F vanishing at some point of oK.

THEOREM 4.1. (i) (&, #) is a local regular Dirichlet form on L*(K; p). &, on # admits
a reproducing kernel g,(x,y), x,y€ K, for each a > 0:

ga(s V) EF, E,(94(55 y),v) = y), ve F.

(i) Let #, = {feF:f =0 on IK}. Then (8, %,) is a local regular Dirichlet form on
L¥K® ). & on #, admits a reproducing kernel g°(x, y), x,ye K°:

9°(, Y€ F,, 8(4°(-, y),v) = (), vEF,.

Proof. We first show that the space # is complete with metric &,. Consider an
&,-Cauchy sequence f,e# Then f, converges to an feC(K) uniformly on K by
virtue of Proposition 4.3. Since (f,, f,i— (f; [}, n— o0, for each k, we have from
Proposition 4.1

25 (S -sn-n=2 (S im st

= N = nw
< lim J(f,,, _fmfm —fn):

proving that fe # and f,—f in &,.

Next we see from Proposition 4.1 that, for any fe C(K), &(P,.f/, P,.f) = &™(f, f)
and hence P,,fe #. Since P, f converges to f uniformly, we conclude that # is dense
in C(K). Further the expression (4.1) of the approximating form £™ implies that
every unit contraction operateson &:ifue Z,thenv = (0 V u) A Lland &(v,v) < &(u, u).
It also implies that & is local: if supp{u] N supp[v] = & for u,ve %, then &(u,v) =

We have proven the first half of (i). The first half of (ii) is now clear. The second
assertions of (i) and (ii) follow from Proposition 4.3 and Proposition 4.2 respectively.

At the end of Section 2, we have introduced the discrete Laplacian A,,. Kigami’s
Laplacian A and Kigami’s Green operator G°. We now study their relationship to
&™, & and #,.
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LEMMA 4.1. (i) For functions f, g on V,, vanishing on 0K,

E™(fg) = — f e (A, /) (x)g(x)u,,(dx)

where p,, is defined by (2.12).
(i) 2, < F, and

J’(f,g)=—LAfgdu, fe9,, ge#,

where 9, is defined in the paragraph after (2.9).

(iii) For any fe C(K), G°f€ 9, and — A(G%f) = f, where G°f denotes G®v for the measure
v=fu.

(iv) For any ve C(K)*, G%ve #, and

&(G%,g) = J. gdv, ge#,.
K

Progf. (i) is immediate from (4.4). (ii) follows from (i) in view of the definition of A
and u. (iii) is a consequence of (2.11). To see (iv), we note that ve C(K)* is a weak
limit of f, u for some f,eC(K), m = 1,2,.... By virtue of Corollary to Lemma 2.2,
G, converges uniformly to G% as m— co. By (ii) and (jii)

J(Gofm - Go.f;l’ G(?fm - Gof;l) = (fm _.f;l’ Gofm - Gof;l)y

which implies that {G°, } is #-Cauchy and hence G%e %,. The final equation is
now evident. [

THEOREM 4.2. (i) The self-adjoint operator on LYK; p) associated with the Dirichlet
form (%,, &) is the Friedrichs extension of Kigami’s Laplacian A with domain 9,,.

(ii) The reproducing kernel g°(x, y), x, y € K, in Theorem 4.1(ii) (defined to be zero when
x or yedK) is identical with G°5 (x). In particular it is symmetric and continuous in
x,ye K and further strictly positive for x,y e K°.

(iii) For ve C(K)*,

G%(x) = L g°(x, yv(dy), xeK.

Proof. (i) On account of Lemma 4.1(ii), it suffices to show that 2, is a core of
(€, #,), namely 9, is £-dense in &,. But this follows from Lemma 4.1(iii) because
{G°f:fe C(K)} (<= 9,) is seen to be &-dense in F,. (i) The first half follows from
Lemma 4.1(iv). Symmetry is clear and the strict positivity is immediate from the
definition of G°6y, yeK®. To see the joint continuity, suppose y,e K converges to

332



SPECTRAL ANALYSIS FOR THE SIERPINSKI GASKET 15

ye K.Then G°5y" converges to G°4, uniformly on K by virtue of Corollary to Lemma 2.2.
(idi) GWy,) = &(g°(, y,),G%)

= Ly°(yz,y1)V(dyz)

= jx QO(Y1’Y2)"(dY2)
by Lemma 4.1(iv). n

Hereafter A will stand for the self-adjoint operator on L(K;y) associated with
(8, F,): fe D), Af = ge LXK p) iff

feFy, 8(fh)=—(g,h),, heF, 4.8)

We call A the Laplacian on the gasket K with Dirichlet boundary condition.
Theorem 4.2 means that the inverse G° of —A has a symmetric continuous kernel
g°%(x,y), x,ye K, which is strictly positive definite. Therefore, the spectrum of —A
consists only of positive eigenvalues with finite multiplicity accumulating only at
+ o0. By Mercer’s theorem, g%(x, y) can be expanded as a uniformly convergent series

gO(x’ y) - i ¢i(x)¢i(y)’

i=1 i

x,yeK, 4.9

where 0 <k, < kx, <... are eigenvalues of —A and ¢,,¢,,... are the associated
eigenfunctions constituting an ONS of L%(K; y). ks will be decided completely in the
next section.

For the sake of Sections 5 and 6, we now expand the size of the gasket X and
introduce the related notions. Place the finite Sierpinski gasket K in R¥ ™! so that
one of the vertices of K coincides with the origin 0. We then let

KM =2K n=0,12,..
- (4.10)
K(® = U K™
n=0
We call K the infinite Sierpinski gasket. Accordingly, the m-step pre-gaskets
approximating K™ and K™ are defined respectively by

VO =2V, n=0,12..

i _ O Lo @.11)

n=0

form=0,1,2,.... Finally we let
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16 M. FUKUSHIMA AND T. SHIMA

o= () w
m=0
V‘(“”)= O V:‘")_ 4.12)

=
]
(=4

In particular ¥, = V¥, K = K,

Denote by p the Hausdorfl measure on K™ normalized to be u(K) = 1. p is the
vague limit of the uniform measure g, on ¥ which is defined by (2.12) with V,,
being replaced by V™.

For each n=0,1,2,...,00, and for f:V"—R, define £%x(f, f) by (4.1) with V,,
being replaced by V. and let &xmn(f; f) be the (non-decreasing) limit of £%(f, f) as
m—s c0. Denote by C(K™) the space of continuous functions on K®. If &xm(f, f) is
finite, then, as before, f can be and will be identified with an element of C(K™). We
also use the notation Cy(K™) = {fe C(K™):f = 0 on K™ (= V{")}.

Let us set

{y(")—{f-V""——»R Exm(f,f) <0} n=0,12,.. @.13)
FP = (feF™.f=0 on K™} n=0,1,2,... '
{y(w’ = {f: K7 >R, b f(£f) < 0] NLAK 5 ) 4.14)
F = {feF):£(0) = 0}. '

For n=0,1,2,... and for a function f on K™, we put
(0, Nx) =f(2"x), xeK. (4.15)

o, is then a surjection from F® (resp. ") to F (tesp. F,).

LEMMA 4.2. (Scaling properties)
() Kmf(x)#(dx) =N" f (0,f)(x)u(dx)

(@) Eenlfi) = (43 oatonn

Proof. (i) For continuous f, the left hand side is the limit as m— oo of

et T S0 =N e T (0P

peV® PEVmin
(i) The left hand side is the limit as m— oo of
(m+n)
S ) = <N+2> & "o, f,0,f) .
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We denote by A® the Laplacian on K™ with Dirichlet boundary condition. In other
words, A" is a self-adjoint operator on L2(K™; ) characterized as follows: fe 2(A™)
and A™f = ge L3(K™; p) iff

feFY, Semlfil) = —(g, Wp2gmyys heF. (4.16)

PROPOSITION 4.5. « is an eigenvalue of —A (= —A9) iff [1/N + 2)"]x is an
eigenvalue of —A™.

Proof. If & is an eigenvalue of —A™ with an eigenfunction f; then fe #& and
Exm(f, 1) = R(f; B2y, hE F”, by (4.16). Lemma 4.2 leads us to &(c,f,6,h) =
(N + 2y'/(0, f, 6 4h)L2x,)» Which means that (N + 2)% is an eigenvalue of —A with
eigenfunction o, f. [ |

Finally we are concerned with the spaces £ and #{™ defined by (4.14). We set

Co(K™) = {fe C(K™):the support of f is compact}
Coo(K'™) = {fe Co(K™):£(0) = 0}.

Coo(K™) can be identified with Cy(K$’) where K5 = K™ — {0}.

LEMMA 43. There exists ¢,€ F ) n Coy(K™) such that 0< ¢, <1, ¢,=1 on
K™Y, ¢, =0o0n K*\K® and lim,_, , Egl®,, ,) = 0.
Proof. Let  be a 1-harmonic function on the unit gasket such that

1 p=Oor|p=271
0 pen” Ipl#27"
¥ is then non-negative and identically 1 on the set {xeK:|x| < 1}. &, ¥) is finite

by Proposition 4.1. We set ¢, = g, ' and regard ¢, as an element of Co(K™) by
setting ¢,(x) = 0, xe K\ K™, On account of Lemma 4.2,

¥(p) = {

JK"”(‘#M ¢n) = ‘gx‘"'(d’m ¢n)

N n
= (___N - 2) EW,Y)—0, (n— o0). n

The discrete Laplacian A% on the infinite pregasket V. is defined by

ALY f(p) = (N + 2)"‘{ 2 fl@)—2AN — l)f(P)}, peVa\{0},

aeVay,

for f:V3*'— R, where V%) = U 42"V,, 1, /2 In accordance with (2.8), we introduce
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28 = {feCo(K™): lim AS” f(p) = g(p) uniformly in pe V"\{0}

m-* o

for some ge C(K™)}.
Each function fe 2 is extended to K by setting f(p) = 0, pe K™\ K™. We then let

(00) U 9(")

g(p) peK®™,

()
A f( ) { peK‘“”\K"”,

for fe 2% and g appearing in the above braces.

THEOREM 43. (i) (&g, F) is a local regular Dirichlet form on LK, ). &g,
on F admits a reproducing kernel g™ (x, y), x,ye€ K, for each o > 0.
(ii) (Bxr, Fo™) is a local regular Dirichlet form on L*(KS™; ). &g on F admits
a reproducing kernel g©°(x, y), x, ye K§°.
(iii) The self-adjoint operator on L*(K§); ) associated with (8w, F ') is the Friedrichs
extension of A" with domain 23

Proof. (i) Since &y (f, f) is an increasing limit of &xm(f, f) as n— oo, the first
assertion except for the regularity follows from Theorem 4.1. To prove the regularity,
take any bounded fe#® and let f,=f ¢, for ¢, of Lemma 4.3. Denoting
Exo(g,9) — Exr(g,g) by Exu (g, g) for n < 1< oo, we then have

Exa(f = fos [ — ) = Egargm-o(f(1 — ¢,), f(1 —¢,))
< 2112 By, 84) + 28gon gn-v( £ 1),

which converges to zero as n— oo. Since f, &€ F) n Co(K™), we have seen that
F ) Cy(K'™) is &g, ,-dense in F®). We can also see in the same way as in the
proof of Theorem 4.1 that £ A C,(K'™) is uniformly dense in Cy(K‘™).

It follows from Proposition 4.3 and Lemma 4.2 that, for any fe #,

sup |f(x)| € Cp\/Eko,1 (£ f), n=12,. 4.17)
xe K"
where C, is a positive constant depending only on N and n. The second assertion of
(1) is immediate from this.
(1)) The first assertion follows from that of (i). It follows from Proposition 4.4 and
Lemma 4.2 that, for any fe #5°,

2 n/2
sup [f(x) < NJN +22 +2/N (N; ) Ex(ff), n=12,... (418)
xeK™

The second assertion of (ii) is 2 consequence of this.
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(iii) As in Lemma 4.1(ii), we have that 20> c #3° and, for fe2y,
geF ) A Co(KS),

Exl(fig) = — j

K

A(oo)f. gdu.

This extends to g€ F 5 because of the regularity of (£x, F 5>’). Therefore it suffices
to prove that 25 is dense in F5°.
By virtue of (4.18), there exists for each fe C,(K™') afunction G fe # ) such that

Exo (G0 f,0) = (f,v),, vE F,
{G™Mf: fe Coy (K™} is dense in #5°). On the other hand, if we let for G° of Lemma 4.1(ii)
G™Of = (N + 2ys, ' G%,f feC(K™),
then G™°fe 2% and
Ex (G0 f,0) = (f0),, vEFQ,

by Lemma 4.1(iii). From the above two equations, we can easily see that G™-°f is
&y-convergent to G»°f as n— co. Since G™° fe 2\, we conclude that 2§ is
dense in F°. n

The next theorem will not be used later but it states specific potential theoretic and
probabilistic features of the Dirichlet form (&g, #).

THEOREM 4.4. (i) Denote by Cap the 1-capacity on K'™ associated with (Egw, F ™).
Then each point set has a positive capacity given by

__1 ()
Cap({x}) = ey xe K™, 4.19)
(i) The p-symmetric diffusion process on K'®) associated with (g, F ) is point
recurrent: starting at any point, the sample paths hit any one point set almost surely.
Proof. (i) Since ¢ (x,x) > 0, the function h = g{®(x,")/g\™’(x, %) is an element of
F such that h = 1 on {x}, &, (h,v) = v(x)/g"(x,x) > O for any ve F with v > 0
on {x}. This characterizes h to be the 1-equilibrium potential for {x} and
Cap({x}) = &,(h,h) = l/g(lw)(x’ x).
(ii) (&g, F)isirreducible because otherwise (= should contain a discontinuous
function. Lemma 4.3 then implies the recurrence of the Dirichlet form (&g, # ™),
which combined with (i) leads us to the point recurrence of the associated diffusion

(cf. [4]). ]
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5. Eigenvalues of —A

In Section 4, we have defined by (4.8) the Laplacian A on the finite Sierpinski gasket
K with Dirichlet boundary condition. As was pointed out there, the spectrum of —A
consists only of positive eigenvalues with finite multiplicity accumulating only at .
In this section, we determined those eigenvalues as renormalized limits of eigenvalues
of —H? specified in Section 3.

First we introduce some notations.

S={—+}", S,={—,+}" n=12,...

For s =(g;,¢5,...)€S, we let s, =(g,...,&,)€S,, n=12,.... We further let for
(Epsees,)ES,

¢(e1 ..... z,.)(x) = ¢e,.°¢e.._x °"'°¢¢1(x)
where ¢, is the inverse of ®(x) = x(N + 2 — x):

N+2 / 4 (N +2)?
¢i(X)=T(1 + l—mx), xe(O, 4 ]

According to the decimation diagram of Section 3, all eigenvalues of —HZ,
m=1,2,..., are obtained as follows: Take i,eN and s€S. Let 4, be one of
{2,N + 2,2N} when io=1 and one of {N + 2,2N} when i, > 1. Finally let
Aigrn = &5, (4,), n =0,1,2,..., where we define ¢,, to be the identity (¢, (x) = x) by
convention. In case that 4,, = 2N however, we allow only those s€ S with s, = {+}.
For the series {4,}m=ioi,+1,.. SO obtained, A, is an eigenvalue of —HJ and
(A, +1) = 4, All eigenvalues of —H?, m=1,2,..., arise in this way. Furthermore,
according to Proposition 3.3, the above series {A,}m=ioi+1,.. admits a series of
eigenfunctions: for any choice of the eigenfunction f; , of — Hj, belonging to 4, , there
exist eigenfunctions f,, of — Hy, belonging to A,, (m = iy, i, + 1,...)such that f,|,, = f;,
ip<l<m.

In view of Theorem 4.2, the Laplacian A on the gasket is in a sense a limit of the
discrete Laplacian A, = (N + 2"H?. We first study the convergence of the series
{(N + 2y"4,,} of eigenvalues of —A,,.

For any se S, we let x, = ¢, (x), %, =(N + 2'x,, x€(0,(N + 2)*/4], n=1,2,....
Since X, = %,,,{1 — (x,+ /N + 2)}, {X,} is increasing.

LEMMA 5.1. Following conditions are equivalent:

) 3 x, <
n=0
(i) X1 = ¢_(x,) from some n on.
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(iii) lim X, is positive finite.
n—aw

Proof. Suppose (ii) holds, then x,, | 0 from some n on and, moreover, the convergence
is geometrical because x,,,/x, = 1/(N + 2 — x,,,). Hence (i) follows. Further

Xns 1 Xn+1
=14+ ——
X, N+2—-x,,,

and

Z xn+l < 0

n=0 N+2- Xn+1
imply the convergence of II,_, %, . /%, the validity of (iii). Conversely suppose (ii)
does not hold, then Xx, is not convergent to 0, and consequently neither (i) nor (ii) is
valid. |

PROPOSITION 5.1. Let {4, }m=igio+1,... A1 { fou}m=io.i0+1.... be a series of eigenvalues
of {—HJ} and an associated series of eigenfunctions specified in the beginning of this
section. Ifx,, = (N + 2)"A,, converges as m— oo to a finite limit k, then  is an eigenvalue
of —A and x admits an eigenfunction fe %, such that fl, =f,,m=i,,io+1,....

Proof. Let f be the function on ¥, such that f|, = f,, m=i,, i, + 1,.... It holds
then for any ge %,

£™(fg) = -%(NT”) S H(fl) (o)
pevi

=Kn Lfg du,,.

If we can show that fe %, then, by letting m— o in the above, we see

E(f,9)=x j ng dy,

which means that x is an eigenvalue of — A and f is an eigenfunction of — A belonging to «.

Let a,=[xf2dp, and b, =N — YNy r@ = Ay sy — D21, m=i,
ig + 1, .... Since «,, is assumed to be convergent, we have Z |b, | < 0 by Lemma 5.1.
By Lemma 3.3, we can find m,, (= i,) such that for m = m,

X feP-WN-1 Y f(py

Im+1 _ 4 _ ip=m+1 PEVm

a, N Y f(p)

peVm

VAN
<>
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a,, is bounded by the convergent product a,, I, (1 + b,,), so &™(f, f) is bounded.
Therefore we can conclude that fe #,. |

This proposition suggests the way to locate the eigenvalues of —A. The following

function plays an important role in doing so.

(N +2)?
4

Y(x) = lim (N + 2" (¢ )"(x), —oo <x<

m—* oo

. 5.1)

Since Y can be expressed as an infinite product as in the proof of Lemma 5.1 and
¢ _(x) is strictly increasing continuous, we see that ¥ is a continuous strictly increasing
function. Obviously ¥ satisfies

(N +2)

(N +20(@-(x) = ¥x), —o0<x<—7

. (5.2)

In Section 3, we have considered the set 2% of predecessors of we R of order n
with respect to ®:xe 2™ iff (®)™(x) = w. Denote by v the uniform probability
distribution of #4:v}) = 27"%,_,m4,. By virtue of Theorem 3.1, the normalized
counting measure of the eigenvalues of — Hy (including the multiplicities) is then given by

1 -1 (k-1 -j- k—j- - k —
ﬁ“’=—N—[2“ We g ¥ iyt 5 IRV + ;b |
k 1gjgk—1 1€j<k

(53)

where N, = (N/2)(N* — 1). ¥ is a probability measure concentrated on (0,2N]. Let
v® be the image measure of #* by the map Y- ¢, :

v = 0. gty L (5.4)

v® is a probability measure concentrated on - ¢, (0,2N] < [Y(N),y(N + 2)] (see
Figure 1).
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N+2
2

N4

N+1 2N

Fig. 1.

THEOREM 5.1. Denote by S the spectrum of — A. S consists only of the point spectraand

S3y(2), y(N +2),
® 5.5
Sc{Yy@}u{¥(N+2}u |J I, (disjoint union) 9
k=1

where I, = [(N + 2*¢(N), (N + 2*¢(N + 2)).
Y(2) and Y(N + 2) have multiplicities 1 and N — 1 respectively. The counting measure
of I, N S taking the multiplicity of each eigenvalue into account is given by

N (( N+ 2);‘) + B+ 10w+ 2o+ 257 ) (5:6)

We call « and f appearing in Proposition 5.1 a raw eigenvalue and a raw eigenfunction
of —A respectively. By the raw mulitiplicity of the raw eigenvalue x, we mean the
multiplicity of the associated eigenvalue A, of —H,. Since linearly independent
eigenfunctions of — Hy, belonging to A;, give rise to linearly independent f’s, the raw
multiplicity of x is not greater than the true multiplicity of .

The proof of Theorem 5.1 is carried out by the following two lemmas. Denote by
§’ the collection of the raw eigenvalues of —A, §’ < S.

PROPOSITION 5.2. Theorem 5.1 holds for the set S’ of raw eigenvalues of —A
equipped with raw multiplicities.
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PROPOSITION 5.3. §' = § and the raw multiplicity of each element of S’ coincides
with its (true) multiplicity.

Proof of Proposition 5.2. Consider a series {A,}m=ioio+1,. Of eigenvalues
corresponding to a raw eigenvalue xe §’. Put

t=min{k > iy: 4., = ¢_(4,) for any k' > k}.
Then 1 is finite by Lemma 5.1 and
k=(N+ 2y Y4, 5.7
because
Kk = lim (N + 2)"4,,

m—w

=(N +2' lim (N + 2" """ (¢_ )™ 2(4,).
Denote by S, the set of raw eigenvalues witht = kin(5.7),k = 1,2,....Then §' = u;>, S;.
If T = 1, then 4, is either 2 or N + 2 (2N is excluded), and by (5.7)

S\ = (Y ¥(N + 2)}.

Their raw multiplicities are 1 and N — 1 respectively.

If T = k > 1, then either A, = ¢, (4,_,) (when k > i;) or 4, = A, (When k = iy). In
the former case, A, _, can take all possible eigenvalues of —Hy_,. In the latter case,
A, can take only N +2. From (5.7), we see that x €S, iff either
K/[[(N+2)f"']=vyed,(4_,) for some A,_, or x =(N + 2} 'Y(N + 2). Hence
S, I,_;, k=2,3,..., and the counting measure of S, taking the individual raw
multiplicity into account is given by (5.6) for k — 1.

Since ¢ _(N + 2) < N, we seefrom (5.2) that (N + 2) < (N + 2y(N)and accordingly
the right hand side of (5.5) is a disjoint union. [ |

For the proof of Proposition 5.3, we need a lemma.

LEMMA 52. Let 0 < K} < k3 < K3 < -+ be the rearrangement of elements of S’ each
being repeated according to its raw multiplicity. Let {3}, .. be the eigenvalues of
— H® including multiplicities. Then

L

1 K

M™s

-~

) 1
lim Z =
moo 1<i<N, 1

m i

where Kk = (N + 29,
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Proof. Because (4.9) is valid and §' < § and besides the raw multiplicity is not
greater than the true one, we see that X2 | 1/k;is finite. Furtherlim,, , , «,, /(N + 2)” = 0.
Therefore it suffices to show that

Z 1 i | (5.8)
1<i€Nm, Km i1 Ki )
AB#2N

converges to zero as m— oo. By Proposition 5.2, {x,k,...,kym} is an arrangement
of elements of Uy, S; each being repeated according to its raw muitiplicity. The first
sum of (5.8) has also N™ terms, which can be rearranged according to the proof of
Proposition 5.2 so that

lim (N +2)"*"(¢_Y"(¥) =«], 1<i<N"

n—+w

After this arrangement, (5.8) equals

5 3 (wemms)

k=2 xjelx-1

1 1
* {(N TG Wz—)}

N-1 N-1
¥ {(N TGO PN+ 2)} ' 69

The last two terms converge to zero as m— 0.
If kiel,_, (k=2,...,m), then v_c; = (N + 2)*"1y(4,) for some A, &[N,N + 2] and
accordingly the corresponding A% is of the form A = (¢_)™~¥(4,). Hence

1 1

O<W+or® K,

1 1 1
TN+ 2T {(N + 2 ()" P(,) Wk)}

Since 1/{(N + 2)'* (¢ _)®(x)} converges as I— oo to 1/i(x) uniformly on [N, N + 2],
the last expression is for any & > 0 dominated by ¢/{N(N — 1)(N + 2)*~'} whenever
m — k is greater than some number m,. When m — k < m,, the same expression is
dominated by

——— for M= inf _ (m0) N
(N +2"M N<;<N+2(¢ P

The number of k;’s in I,_, being N, _, + B;, we now see that the first sum of (5.9)
is dominated by
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e m—my—1 Nk—l +ﬂk 1 m
NN-D & N+ o, 2, et

€ N \™1
S+ Vo o
2 (N + 2) M
which can be made smaller than ¢ for large enough m. The proof of Lemma 5.2 is
complete. [ |

Proof of Proposition 5.3. By virtue of Lemma 4.1, we see that discrete Laplacian
A,, = (N + 2y"H_ is associated with the symmetric form &™(f,g) on the space Z,(V,,)
equipped with the inner product

(£, 9. peZ;,’of (DIHP) mT N,,.+ I

By Proposition 4.1, £™(f, f) = f N, for fe {o(V ) and for a constant ¢ > 0, and
consequently the inverse operator Gy, = (—A,,) ™! exists:for fe £,(V,,), Gafe t(V,)and

J(m)(Gmf; g) = (f; g)p,,,a g € JO(VM)'

We denote (N™**/2)Gnp(q) bY gn,,(9) OF gn(p,a), P.9€ V-
Recall the reproducing kernel g°(x,y), x,yeK, of the Dirichlet form (&, #,)
(Theorem 4.1(ii)). We then have

9°(p,9) = gn(p. 9 D:4EVn
In fact, extending g,‘,’,,p(-) to an m-harmonic function on K, we see
Ims(@) = E(g5,95.0) = €™(93,9m.,)

Nm+ 1
=—=—(8,,99),.. = 95(P) = g5().

Therefore, we have the relation

m j g°(p,p) du,(p)

m-o JK

f g°(p, p)dulp) =
K

= lim 'f (P, P) it (p).

m-= o

On the other hand, (4.9) implies

j g°(p,p)du(p) = i Kl
K i=

where 0 < x; < k, < --- are eigenvalues of — A each being repeated according to its
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multiplicity. Similarly we get

f n(p.P) (D)= X 7115
Vm 1<ISNm Km

Lemma 5.2 now leads to Z;2, 1/x; = {2, 1/}, which shows x; =k}, i=1,2,.... I

Denote by p(x) the number of eigenvalues of —A (taking the multiplicities into
account) not exceeding x. By Theorem 5.1, N** ! < p(x) < N**2ifxe((N + 2*¢/(N + 2),
(N + 2*'y(N + 2)], k =0,1,2,..., and hence we get the bound

UN + 2742 < P2 < NBN 42472, x> y(N + 2. (5.10)

d./ a2

But we can show that p(x) varies highly irregularly:

THEOREM 5.2.
px)  — plx)
O < T e
p(x) is not regularly varying.
Proof. By Theorem 5.1, we have
N(N*—-1)

PN + 2*Y(N + 2)—) = N* ¢
PN + 2FY(N + 2)) = N**1,

2

Consequently, for x, = (N + 2)*y(N + 2),

-”-%’Q NY(N + 2)~4/2
k

fim f(—’f{‘—z—) (1 + g) W(N +2)™42,

k=

from which follows the first assertion.
Suppose p(x) varies regularly, then p(x) = x?L(x) for a finite 5 and a slowly varying
L Wegetforany0<c<1
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C6= lim B(_Cx_k)

k= p(xk)
.opp—=) 11
< lim =—+=.
k—+ p(xk) N 2
Letting ¢ 1 1, we arrive at a contradiction. [ ]

6. Integrated Density of States

In the preceding section, we have considered the normalized counting measure 7®
of the eigenvalues of — HY taking each individual multiplicity into account. See (5.3).
The integrated density of states will be eventually described by the weak limit of #*, Let

O N-22 (2, N-2& (2},  N-2
V="N2 > (ﬁ) v+ N? > (ﬁ) Vﬁv)a-z‘*‘—‘_N S(2n)- 6.1)

i=0 i=0

¥ is a probability measure on (0,2N].

LEMMA 6.1. #* converges weakly to v as k— co.

Proof. Tt is known by Brolin [2] that v’ (w = 2, N, N + 2) converges as n— o0
to a certain probability measure v* on the Julia set # of the quadratic map @. ¢
can be defined by

F = U {2eR:0" (@) = o, (@Y ()| > 1} (6.2)
n=1
and ¢ is a closed perfect set contained in [O,N + 2].
Take a continuous function f on [0,2N] and put

a® =J fopP(dx), a* =J Sx)v*(dx).
[0,2N] [

0,2N]

From (5.3),

J f(x)wk)(dx)=m"z_l)[2k_la(zk_”+ S kil
(0,281 —

1<jgk—1
+ Y 2279Ba%7) + o f(2N)]. (6.3)
1<j<k

Since a™ — a*, n— oo, the first term of the right hand side converges as k— oo to
W

zero. The fourth term converges to (N — 2)/N f(2N) as k— co.
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Take any ¢ > 0 and choose L such that |ay — a*| < ¢ for n > L. Take any k with
k > L. The second term of the right hand side of (6.3) is a sum of I, and II,, where

I = < _._I -i=n
kT N(N" -1) Zl 2/
2k k-1 - 1)
II,=——-— i-
k= N(Nk _ 1) j= kZL+1 2jaN
Since
1 2k kzl. aj 1 3 L
koo N(N* — 1) P “2\N
and
2k L-2 ak—j—l o
o M= NV =) ,-;o P
N -2 <2>,- "
= —— — a ,
N2 J;o N N
we have

1/2 N-2522(2
2(i) -0 5 1 (5)

< lim (I + I1) < Tim (I, + 1)

k- o k~+o
1/2 N-—-2L22/2
< * = (f)'
2< > @+ +—— N j;o (N) ay
By letting L— oo, we see that
N-22 (2V ,
lim (I, + II,) = N i:;o (-ﬁ> ay.

k—~©

In the same way, the third term of the right hand side of (6.3) converges as k— o0
to (N —2/N*)E24 (2/N)ay\s 2. u

Let
v=9-p7ley L (6.4)
v is a probability measure on - ¢, (0,2N] = [Y(N), (N + 2)].
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COROLLARY. v defined by (5.4) converges weakly to v as k— 0.
In Section 4, we have introduced the Laplacian A™ on the expanded gasket K with
Dirichlet boundary condition (see (4.16)). If we let

# {eigenvalues of —A™ not exceeding x)}
HEK™) ’

N(x) = (6.5)

then we have from Proposition 4.5

PN + 2)'x)

N (x) = N

(6.6)

where p(x) is the number of eigenvalues of — A not exceeding x. Of course, we take
the multiplicity of each eigenvalue into account in the above definitions. Denote by
F, and F the distribution functions of v, and v respectively. Finally we let

{1+ (V2F() xe[y(N) N +2),
) = {N XY + 24 (N + 2U(N), (6.7
and, fork= +1, +2,...,
RN(x) = N*N ((—1\,—:7),‘) x€[(N + 29N, (N + 21 y(N)). (6.8)
THEOREM 6.1.
lim N(x) = MYx) 6.9)

n—*>w

at each point x where R(x) is continuous andat x = (N + 2)*¢(N + 2,k =0, £1, +2,....
Proof. If one can show (6.9) on [¥(N),(N + 2){(N)), then (6.6) obviously converges
to (6.8) on other intervals.
For xe[Y(N),y(N + 2)), we have from Theorem 5.1
PN +2)'x) = p((N + 2" (N +2)) + N, F,(x)

and consequently
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N
RO = 1+ 2 F, (3,

which convergesasn— oo to 1 + (N/2)F(x) by Corollary. For xe [Y(N + 2),(N + 2y(N)),
PN + 2y’x) = p((N + 2)'Y(N + 2)) = N**!

and

lim R™(x) = N. m

n—aw

By this theorem, we may well call 9(x) the integrated density of states of — A on the
infinite Sierpinski gasket. N(x) behaves similarly to p(x) when x — co. But R(x) exhibits
a similar behaviour also when x |0. By (6.7) and (6.8), N* < R(x) < N**! for
xe[(N + 2F¢(N),(N + 2" 'Y(N)), k=0, + 1, +2,..., and hence

%.p(zv)-‘-/‘-’ < %‘;’ < NY(N)™2, 0<x < oo,

Further we have for x, =(N + 2*¢(N +2), k=0, +1, +2,...,

R(x,—) N _
7’252— = (1 +5>¢(N +2)m4n

N _
ka,(x") = NY(N +2)™%/2,

(6.10)

N(x) increases with pure jumps and its jump points are describable by those of the
measure ¥ of (6.1). If we let

. N-2©2 (2)‘ ®
v, = —]v
1 N2 EO N N+2
3 N—2°°(2)‘(, N-2
V= —|w+ 02Ny
2 N2 i=20 N/ ¥ N (2N}
2, y P,

nk=)0

then ¥ = ¥, + ¥, and the set of jump points of ¥, (resp. ¥,) is Py, , (resp. #y U {2N}).
Py +, is a subset of # the Julia set of @, while , U {2N} < #“. Infact, # = N, E,,
where
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Ey,=[0,N + 2],
E; =0 YE)=[0,¢_(N+2]JUld.(N+2),N+2],

E,=07'E, ),

Hence %y, , = U, 0E,\{0} = #.Itis known however that the set of the accumulating
points of %, coincides with #. Rammal [11] has discovered a similar phenomena
for the jump points of the integrated density of states of the discrete Laplacian on
the infinite pregasket.

7. Eigenvalues of —A(™

We now work with the infinite Sierpinski gasket K®). Denote by A the self-adjoint
operator on L?(K$; ) associated with the Dirichlet form (&g, ) studied at the
end of Section 4. In the preceding section, we have seen that the integrated density
of states M(x) increases only with jumps. The totality of those jump points is the sum
of D, and D, where

D= U (N + 2896, @) 0 (N + 29D
- (1.1)
Dy= ) (N + 2oy @yar) o {N + 29N + 2.

k=-w

We aim at proving the following:

THEOREM 7.1. Each point of D, U D, is an eigenvalue of — A" with infinite multiplicity.

Proof for D,. First take k = y(x) with xe ¢ , (#y) or x = N. x is then a predecessor
of 2N with order, say, k,. Let se € be the associated sequence and {4,,},,-;,,. . be
the corresponding series of eigenvalues of —H2:s = (+,825 0 8pp—15 +5 =, —5),

Al = 2N, Am = ¢!m—1(2N)’ m= 2,3,“.,x = Ako"‘l' Then
lim (N + 2)"A, = lim (N + 2)"(¢_ )™ *~Y(x)
=(N + 2k

of eigenfunctions associated with {4, }. We have —HSf,(p) = A.f,(p), pe VEO\VE.
Extend f, to V™ by defining its values on V!*\ ¥? to be zero. The extended function
is denoted by f, again. We would like to have for any pe V,”\{0}, —H,, /.
(= —Zien=f(@) + 2AN — 1)f(p)) = A,.f (p). Butsince 4, = 2N, we can invoke Lemma
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3.2 to see that this is true for m = 1. By the way of the construction of successive
f,.’s, we can then see that this is valid for all m.

Let f be the function on V™ with flyw = f,, m =1,2,.... Then fe F{* because
Sup,, £e(f; f) = sup,, £ £, f) is finite by Proposition 5.1. Further by letting m tend
to infinity in

ESA(f,9) = (N + 24 (£, 9,0 GEFS,
we get

Exo(f,9) = (N + 2f°(f, 9),, gEF 5,

which means that (N + 2)*ox is an eigenvalue of —A(* and f is an eigenfunction
belonging to it.

In the present construction, f is supported by K®. Similarly we can construct an
eigenfunction of (N + 2)*x supported by subset of K(*) obtained by any shift of K®.
Therefore the eigenspace of (N + 2)*k is of infinite dimension.

Next define a transformation ¢,:RX”— RX” by (g,u)(x) = u(2"x), xeK™),
n=0,+1,+2,.. If uis supported by E = K, then the support of o,u is 2™ "E. Sxw
and L2-inner product enjoy with respect to o, the similar scaling properties to Lemma
4.2. Hence we can conclude analogously to Proposition 4.5 that, if k is an eigenvalue
of — A with an eigenfunction f, then (N + 2)"x is also an eigenvalue of —A and
o,f is an eigenfunction belonging toit,n = 0, + 1, +2,.... We have shown the assertion
of Theorem 7.1 for any xe€D,. [ ]

The assertion of Theorem 7.1 for ke D, can be proved in the similar way once the
following lemma is shown:

LEMMA 7.1. There exists a function f on Vi such that

H,,f=-(N+2f(p), peVi~\{0}
supp[f1 = ViV (72)

Proof. When N = 3, f can be chosen as in Figure 2 which can be also found in
Rammal [11]. In general, it suffices to construct f in such a way that (7.2) is satisfied
on V\V® and

f@)=0, ¥ f@=0, peV® (7.3)
qeVvy),
Take M € F, and consider a function g on Son(M) U V(M) as in Lemma 3.1. g vanishes
on V(M) and satisfies (7.2) for pe Son(M). If we evaluate the value

Y 9@

geSon(M)
lg—pl=272
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on each vertex p e V(M), it takes N —2 on one vertex, —(N — 2) on another vertex
and 0 on other N — 2 vertices. We associated with each p e V(M) the label +, — and
0 accordingly.

Fig. 2.

We prepare N-simplices {M,},_, , _ such that the first three M,, M,,
M have vertices labeled as above and each of the other simplex has all its
vertices labeled zero. We can connect those N-simplices in the way that two
of them are connected by one and only one vertex and the pairing of the
labels of the connected vertex is required to be one of {+, —}, {—, +}, and
{0,0}, and further each vertex of the resulting larger simplex is required to
be of label 0. This can be achieved by induction. For instance, if N = 4,
{M,,M,,M,,M,} can be connected so that the resulting larger simplex has
one side looking like Figure 2 and all labels not sitting on this side are O.

Each M, carries an associated function g (g = O for k > 4) which gives rise
to a function f on V. Obviously f is a non-trivial function satisfying (7.2)
on V3\V{® and (7.3) on . ]
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64. On a Strict Decomposition of Additive Functionals
for Symmetric Diffusion Processes

By Masatoshi FUKUSHIMA

Department of Mathematical Science, Faculty of Engineering Science, Osaka University
(Communicated by Kiyosi ITO, M.J. A., Nov. 14, 1994)

1. Introduction. Let X be a locally compact separable metric space
and m be a positive Radon measure on X with full support. For an
m-symmetric Hunt process M = (X,, P,) on X with the associated Dirichlet
form being regular, the following decomposition of additive functionals (AF’s
in abbreviation) has been known ([1], [3]):

(1) w(X,) — u(X,) = M™ + N, P,-almost surely

which holds for quasi every (q. e. in abbreviation) x € X. Here # is a func-
tion in the Dirichlet space, M,[u] is a martingale AF of finite energy, N,["] is a
continuous AF of zero energy and ‘for qe. x € X’ means ‘for every x € X
outside a set of zero capacity’. N,[u] is then of zero quadratic variation on
each finite time interval P, -a.s. but not necessarily of bounded variation. In
this sense, (1) is beyond a semimartingale decomposition and it is a pro-
totype of the so called Dirichlet process. However we can not tell in general
where the exceptional set of zero capacity involved in the decomposition (1)
is located. This ambiguity imposes a limitation on its applicability especially
to the finite dimensional analysis.

If we assume the absolute continuity of the transition function p,(z, B)
of the process M :

(2) px,) <m, Y>>0, VxE X,

then it is possible to refine the decomposition (1) by giving conditions on the
function # so that the AF’s on the right hand side of (1) make sense for ev-
ery starting point £ € X (namely, they are converted into AF’s in the strict
sense) and further (1) holds for every x € X as well. Some sufficient condi-
tions for this are presented in the book [3]. In [2], the author shows that a
necessary and sufficient condition for this is that the energy measure of u is
smooth in the strict sense:

(3) K € Sy

In this paper, we start with conditions (2) and (3) and investigate some
basic properties of the corresponding AF N,["] in the strict sense. To sim-
plify the presentation, we assume that the Dirichlet form is strongly local
and M is a conservative diffusion process. We can then deal with functions
belonging locally to the Dirichlet space.

2. A strict decomposition. We use those notions and notations in [3]
concerning Dirichlet forms, diffusion processes and additive functionals
(AF’s in abbreviation). Let (§, #) be a strongly local, regular Dirichlet form
on LZ(X ; m). We assume that there exists a conservative diffusion process
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M= (2,%, X, P, on X associated with & whose transition function p,
satisfies the absolute continuity condition (2). We note that, although the ex-
istence of a diffusion process associated with the present Dirichlet form &§
follows automatically from general theorems in [3], the existence of such a
process possessing the additional property (2) is highly non-trivial, and in
many cases we have to work with other methods like PDE in the construc-
tion. See [4] for a prototype of such a construction.

We say that a function # is locally in &# (¥ € ¥,,, in notation) if for any
relatively compact open set G there exists a function w € % such that u =
wm-ae. on G. Any u# € ¥ admits a unique positive Radon measure

1
Ko called the emergy measure of u, which satisfies §(u, u) = §u<u>(X).

Under the present locality assumption on &, the energy measure can be also
associated with #,,, uniquely.

A real valued function A,(w) of t = 0 and w € 2 is called a continuous
AF (CAF in abbreviation) in the strict sense if it is {#,}-adapted and the fol-
lowing properties in ¢ = 0 hold P,-as. Vx € X : A,(w) = 0, A,(w) is con-
tinuous on [0, ) and additive: 4,, (@) = A (w) + A,(B,w), s, t = 0. Two
CAF’s in the strict sense A(l), A are regarded to be equivalent if they are
indistinguishable in the sense that A,(l) = A;Z) V>0 P,~as. Vxr € X

A CAF in the strict sense is called positive (a PCAF in the strict sense
in abbreviation) if it is non-negative V¢ = 0 P,-as. Yo € X. The equiva-
lence classes of all PCAF’s in the strict sense is denoted by A:l.

We add the phrase ‘in the strict sense’ to an AF in order to distinguish
it from the somewhat relaxed notion of an AF employed in [3] which admits
an exceptional set of starting points £ € X of zero capacity and fits more in
the Dirichlet form setting. Under the present absolute continuity assumption
(2) however, we can handle AF’s in the strict sense equally in a systematic
way.

(2) implies that the resolvent kernel R,(z, E) of M admits a symmetric
density 7,(z, y) with respect to m which is a-excessive in each variable ([3,
Lemma 4.2.4]). For a positive Borel measure g on X, its a-potential is

defined by R, u(x) = f r.(x, Yuldy), x € X. Denote by Sy, the family of
X

positive Borel measures g such that #(X) < © and sup,cy Rou(x) < . An
increasing sequence {E,} of finely open sets with U,_, E, = X will be called
an exhaustive sequence of finely open sets. A positive Borel measure g is said
to be smooth in the strict sense if there exists an exhaustive sequence of finely
open sets {E}} such that I -y € Sy, 1 =1,2, - -.

Denote by S, the totality of smooth measures in the strict sense. S, is
known to stand in one to one correspondence with the family A:l of function-
als by the Revuz correspondence ([3, Th. 5.1.7]). S, is contained in the family
S of smooth measures introduced in [3, §2.2].

The next theorem is formulated and proven in [2, Theorem 2] without
the present conservativeness assumption. We use the notations /Zt,oc (resp.
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N 1oe) from [3, §5.5] standing for the family of all martingale AF’s locally of
finite energy (resp. all continuous AF’s locally of zero energy).

Theorem 2.1. Suppose
(4) u is finite valued, finely continuous and # € ..
The condition (3) is then necessary and sufficient for u to admit the decomposi-
tion
(5) w(X) —u(X) =M+ N™, Vt>0P,-a s, Yz € X,
with M ["], N™ possessing the following properties:
(a) M™ € /Zl,oc, M"™ is a CAF in the stvict sense admitting an A € A, and
an exhaustive sequence {E,} of finely open sets such that, for each |,

E((MY)% = E,(A,.,) < o, E,(My,) =0VYz€E,

Heve T, denotes the first leaving time from the set E,.

(b) N*' € N 1oer N™ is a CAF in the strict sense.

In this case, the enevgy measuve U, and A in (a) ave related by the Revuz
correspondence. Any exhaustive sequence of finely open sets associated with
s works as a sequence appearing in (a).

The above decomposition is unique up to the indistinguishability.

Theorem 2.1 (a) means that M™ is a local martingale CAF (in the strict
sense) with the quadratic variation being the PCAF in the strict sense cor-
responding to the energy measure f,s.

3. Properties of N"™. 1In this section, we consider those functions u
satisfying conditions (3) and (4) and investigate the locality, the support and
the absolute variation of the corresponding CAF’s N™ in the strict sense,
locally of zero energy, produced by Theorem 2.1.

Theorem 3.1. Suppose that u,, u, satisfy conditions (3) and (4) and that
u, — u, is constant on a nearly Bovel finely open set G. Then
(6) My =M, Nt = N
up to indistinguishability. Heve T, denotes the first leaving time from G.

Proof. By virtue of [3, Lemma 5.5.1], (6) holds V¢ = 0 P,-as. for ge. x
€ X. This can be strengthened to “ Vx € X” in the same way as in [2,
Proof of uniqueness].

The sprectrum o(u) of a function # € ¥, . is defined in [3] as the com-
plement of the largest open set G such that §(u, v) =0 Yv = %, € being
any special standard core of & and %, = {v € €:supplul < G}. The
a-spectrum o,(x#) is defined by replacing § with &, in the above.

For a closed set F, we write {f> 0: X(w)eX—F =U I(vw,
{Iﬂ} being countable number of disjoint open intervals, which can be enumer-
ated in a way that ends points are measurable. We call {[,} excursions of
the sample path X, out of F.

Theorem 3.2. Suppose that u € F and u satisfies conditions (3) and (4).
Let {I,} be excursions out of the spectrum o(u) of u. Then
(7) PI(Nt[u] is constanton I,Vn) =1, Vzx € X.

Let {1} be excursions out of the a-spectrum 6, (u) of u. Then

¢
(8) P (N — a_/; u(X,)ds is constanton I,, V) =1, Vz € X.
356



280 M. FUKUSHIMA [Vol. 70(A),

Proof. A weaker version of the above theorem with ‘Vx € X’ being re-
placed by ‘for qe. x € X' is implied in the proof of [3, Theorem 5.4.1],
where the Beurling-Deny theorem on the spectral synthesis is invoked. Then
we can utilize the condition (2) to get for any x € X and ¢ > 0

P,(N™ is not constant on [g, o) N I, 3n)
= P_(N,(6,w) is not constant on I,(A,w) 3 7)
= EI(PXE(N,[“] is not constant on [, 3n)) =0
arriving at (7). The proof of (8)'is the same.

Remark. On account of Theorem 3.1 and the derivation property of the
energy measure (|3, §3.2]), We can prove that Theorem 3.2 extends to u €
Fo.0c Drovided that there exist an exhaustive sequence {G,} of relatively
compact open sets and functions {¢,} in F N C,(X) such that ¢, equals 1
on G, vanishes outside Gy, and g4, € Sy, k= 1,2, -~

For a subset BC X, welet%,, = {v € F N L :9=0qe on X — B}

Theorem 3.3. The next two conditions (3.2) and (3.b) are equivalent for a
Sfunction u satisfying (3) and (4):

(3.2) There exists a signed measure (L expressible as [t = [ty — [, for some [,
U, € S, and
8u, v) =Ly, W VvE UF,;
k

where {G,} is an exhaustive sequence of finely open sets commonly associated
with (e, .

(2]

(3.b) N, is of bounded variation on each compact interval of [0, ) P,-as.
Vre X

In this case, N™ = — A" + A%? for A? e A:l with Revuz measure (;, 1 =
1,2.

Proof of (3.a)= (3.b). Let A(”, ¢ = 1,2, be as in the last assertion above
and set A= A" — A®. Then, we get from (3.a) and [3, Lemma 5.4.4]
PNY ==, A (= —A4),t<7,) =lgexr€X.

{n]

By letting k— o, P.(N," = — A, V{2 0) =1 qe. x € X, and by virtue
of (2)
PN — N = -4, ,+AVtz0) =1VzeX.
Since both N™ and A are AF’s in the strict sense, we may let £ | 0 to get
P(N“=—-4,Vt=>20=1VzeEX.

Proof of (3.b)= (3.a). As in the proof of [3, Theorem 5.4.2], it suffices
to use the following variant of [3, Lemma 5.4.3]:

Lemma 3.1. For any N €N and for any nearly Bovel finely open set G,
mltE,,_m(N, it>1) =0, Vo=RSf, fe Ly(X ;m).

Since the functional N'™ is strict version of that appearing in [3], we
can restate [3, Theorem 5.5.4] as follows:

Theorem 3.4. The following two conditions (3.c) and (3.d) are equivalent
for a function u satisfying (3) and (4):
(3.c) For some smooth signed measure [ and a generalized compact wnest
{F,} associated with 1,
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Eu, v) =<, » YvE UF, .
k

(3.d) N,[u] is of bounded variation on each compact interval of [0, ) P, -a.s. for
ge.xr € X.

In this case, the following is true:
(3.e) N,[u] is of bounded variation on each compact interval of (0, ) P,-a.s.
Vre X

The last assertion is due to the absolute continuity condition (2).

Corollary 3.1. Let u be a function satisfying (3) and (4). Suppose there ex-
ists a signed Radon measure p satisfying for a special standard core € of &

E(u, v) =y, vv Vv € 8.

(i) If it charges no set of zevo capacity, then (3.d) and (3.e) hold.
(ii) If the total variation of p is tn S;, then (3.b) holds.
In fact, as [3, Corollary 5.5.1] we can see that (i) (resp. (ii)) implies (3.c)
(resp. (3.a)).
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On a decomposition of additive
functionals in the strict sense
for a symmetric Markov process

Masatosht Fukushima

Abstract. For a symmetric Markov process, the decomposition theorem of the associ-
ated additive functional into its martigale part and energy zero part has been formulated
admitting exceptional starting points of zero capacity. Under the assumption of the ab-
solute continuity of the transition probability, we now present a necessary and sufficient
condition for the decomposition to be refined to a strict one holding for every starting
point.

1991 Mathematics Subject Classification: 60J57, 60J65, 31C25

1. Introduction

Let X be a locally compact separable Hausdorff metric space and m be a positive
Radon measure on X with full support. We consider an m-symmetric Hunt process
M = (X, P;) on X with the associated Dirichlet form (£, F) on L?(X;m) being
regular. Then the composite process u(X;) for any quasi continuous function v € F
is known to admit the following decomposition ([1]):

u(X,) —u(Xo) = MM + N, t >0, Pas, (1)

holding for q.e. x € X, where Mt[u] is a martingale additive functional of finite
energy and N; is a continuous additive functional of zero energy. Here “q.e.” or
“quasi everywhere” means “except for a set of zero capacity”. Since the above
decomposition is formulated depending on the potential theory of the Dirichlet
form £, we have to adopt the notion of an additive functional in a more relaxed
sense than usual by admitting an exceptional set of zero capacity. The second
process Nt[u] on the right hand side of (1) is known to be of zero quadratic variation
in L'(Py,)-sense on each finite time interval but it is not necessarily of bounded
variation. (1) is beyond a semi-martingale decomposition in this sense. However
we can not tell in general where the exceptional set involved in the decomposition
(1) is located. This ambiguity imposes a limitation on its applicability.

The aim of the present paper is to demonstrate how generally (1) can be con-
verted into decomposition theorems of additive functionals in the strict sense
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(namely, admitting no exceptional set of zero capacity) thus holding for every
z € X, under the assumption that

pi(z,-) is absolutely continuous with respect to m (2)

for the transition function p:(z, B) of the process M. Such a strengthening of
the quasi everywhere statement (1) into everywhere ones is not only important
theoretically but also useful in applications as we shall indicate it at the end of
the next section for the case that the Dirichlet form &€ corresponds to a uniformly
elliptic second order differential operator of divergence form.

2. Statements of the theorems

Let us fix the notions more precisely. A set N C X is said to be properly ezceptional
if it is a nearly Borel measurable m-negligible set and its complement X — N is
Me-invariant. A set is of £;-capacity zero if and only if it is contained in a properly
exceptional set([1]). Let €, {F;}ie[o,00]» ¢, 0 be the sample space, the minimum
completed admissible filtration, the life time and the shift operator respectively
associated with the given Hunt process M. An extended real valued function A;(w)
of t > 0 and w € Q is called an additive functional (AF in abbreviation) if it is
{F:}-adapted and there exist A € Fo, with A C A, V¢ > 0 and a properly
exceptional set N C X with P,(A) = 1, Vz € X — N, such that, for each w €
A, Ap(w) = 0, A4(w) is cadlag and finite on [0,{(w)), As(w) = A¢w), t > ((w),
and

Asti(w) = As(w) + A (fsw), 5,8 >0. (3)

A (resp. N) in the above definition is called a defining (resp. an exceptional) set
for the AF A. We regard two AF’s to be equivalent if

P, (A =aP) =1, t20, @)

for qe. z € X.

An AF A, (w) is said to be finite, cadlag and continuous respectively if it satisfies
the respective property at every t € [0,00) for each w in its defining set. A [0, ool
valued continuous AF is called a positive continuous AF (PCAF in abbreviation).
If A;(w) satisfies all the requirements for an AF except that the additivity (3)
is required only for non-negative ¢, s with ¢t + s < ¢, then A;(w) is called a local
AF. Hence a local AF is a synonym for an AF provided that the process M is
conservative. We call a local AF continuous if it is continuous in ¢ € [0, {(w)) for
each w in its defining set. Two local AF’s are regarded to be equivalent if

P(AY = AP, vie0,¢w) =1, (5)

for gq.e. z € X.
An additive functional in the strict sense (AF in the strict sense in abbreviation)
is by definition an AF admitting a defining set A with P,(A) = 1, Vz € X, namely
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an AF without exceptional set N. Two AF’s in the strict sense are regarded to
be equivalent if they are indistinguishable in the sense that the relation (4) holds
for every x € X. The equivalence of two local AF’s in the strict sense is similarly
defined by the validity of the relation (5) for every z € X.

Denote by A} the family of all PCAF’s of M and by S the family of all smooth
measures on X . It is known that the equivalence classes of A} and S are in one to
one correspondence by the Revuz correspondence specified by the following formula
([2; Theorem 5.1.4]):

i
lim = B, (/ f(Xt)dAt) =/ h-fdu, A€AT, pes,
tl0 ¢ 0 X

holding for any non-negative Borel function f and ~y-excessive function h, v > 0.
Any u € Fp admits a unique positive Radon measure p,) such that

_Afmmmwmrzww-ﬂw—ew%ﬂ,era (6)

where C is a special standard core of £ ([2]). () is extended to u € F and called
the energy measure of u. It charges no set of zero capacity and hence belongs to
S ([2; Lemma 3.2.4]). The energy measure can be also associated with u € Fioc
uniquely whenever £ is local.

The energy e(A) of an AF A is defined by e(A) = lim;|q 3; Em(A?). The fam-
ilies of martingale AF’s of finite energy and CAF’s of zero energy are introduced
respectively by

M = {M : finite cadlag AF E,(M?) < 0o, E,(M;) = 0 q.e. and e(M) < oo},

Ne = {N : CAF E,(|N¢|) < 00 g.e. and e(N) = 0}.

Any quasi continuous u € F is known to admit a decomposition (1) uniquely up

to the equivalence of AF’s, where M ¢ /\31 and N € N, ([2; Theorem 5.2.2)).
Further the quadratic variation (M [“])(6 A7) has as its Revuz measure just the
energy measure of ¢ ([2; Theorem 5.2.3]).

Keeping these facts from [2] in mind, let us make from now on the absolute
continuity assumption (2) for M. Then the resolvent kernel R, (z, E) of M admits
a symmetric density r4(z,y) with respect to m which is a-excessive in each variable
([2; Lemma 4.2.4]). For a positive Borel measure y on X, its o-potential is defined
by

mM@=Amummw»xex

Denote by Spo the family of positive Borel measures u such that pu(X) < oo,
Supgex Rap(z) < o00. An increasing sequence {E;} of finely open sets with
Uy Ee = X will be called an ezhaustive sequence of finely open sets. We note
that each finely open set E; in the above sequence can be assumed to be relatively
compact if necessary. A positve Borel measure p is said to be smooth in the strict
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sense if there exists an exhaustive sequence of finely open sets {E,} such that
IE['NESOO, €:1,2,.... (7)

We quote once more the theorem from [2]. Denote by A}, and S the totality of
PCAF’s in the strict sense and the smooth measures in the strict sense respectively.
Then they are in one to one correspondence again by the Revuz correspondence
([2; Theorem 5.1.7]). In particular, S; C S. Furthermore, it holds for 4 € A:“l that

Ez</ e‘SIEe(Xs)dAs)=R1(IE1-N)(x), zeX, 0=12,..., (8
0

where u € S is the Revuz measure of A and {E,} is an exhaustive sequence
associated with p ([2; Theorem 5.1.6]).

We are now in a position to formulate the main theorem. For an exhaustive
sequence {F;} of finely open sets, 7, will denote the first leaving time from Ej:
e = inf{t > 0: Xy € Xp — E¢}, £ =1,2,.... It follows from the quasi left
continuity of the Hunt process M that

Pz(lim Tg:()=1, Vr € X. (9)
£—o0

In order to simplify the presentation, we make an additional assumption that the
Hunt process M admits no killing inside in the sense that

Py(( <00, Xe_ €X)=0, VzeX. (10)

This condition is equivalent to the absence of the killing part in the Beuring—Deny
representation of the Dirichlet form £ ([2; Theorem 4.5.4]). The condition (10)

implies
P(tAme <) =1, Vt>0, VzxelX, (11)

provided that E, is relatively compact.

Theorem 1. Assume the absolute continuity condition (2) and the condition (10)
for M. The next two conditions are then equivalent to each other for a finite valued,
finely continuous function u € F:
(1) H(u) € 5.
(ii) The decomposition

U(Xt) — ’U(Xo) = Mt + Nt, 0<t< C, Pz-a.s., Vr € X, (12)

holds with .

(a) M € M, M is a local AF in the strict sense admitting an A € A}, and
an exhaustive sequence {E¢} of relatively compact finely open sets such
that, for each £,

E, (M},,) = Ez (Atnr,) <0, Ez(Minr,) =0 VzeEp.  (13)
(b) N € N, N is a local CAF in the strict sense.
362



Decomposition of additive functionals in the strict sense 159

In this case, py in (i) and A in (ii) are related by the Revuz correspondence.
Any exhaustive sequence of relatively compact finely open sets associated with p ()
works as a sequence appearing in (ii)(a).

The decomposition in (ii) is unique up to the equivalence of local AF’s in the
strict sense.

The requirement of the relative compactness for finely open sets E; in the con-
dition (ii)(a) can be dispensed with, provided that M is conservative in the sense
that

P,(=x)=1 VrelX. (14)

If moreover £ is local, Theorem 1 can be readily extended to a function v € Fioc
on X which admits for each relatively compact open set G a function v € F such
that « = v on G. The decomposition (1) has been extended under the locality of

Etouc f1oc(3 Floc), M ¢ ,Ajtloc, N € N, 1oc. We refer the readers to [2;
Theorem 5.5.1] for such an extension and the notations just described.

To formulate an extension of Theorem 1, we assume the strong local property of
&: for some special standard core C of £, £(u,v) = 0 if u,v € C and v is constant on
a neighbourhood of Supp[u]. The strong locality of £ is equivalent to the condition
that M is a diffusion and admits no killing inside in the sense of (10) ([2; Theorem
4.5.4]).

Theorem 2. Assume the absolute continuity condition (2) for M and the strong
local property of £. The next two conditions are equivalent to each other for a finite
valued finely continuous function u € Fioc-
(i) Biuy € S1.
(ii) The decomposition (12) holds with
(a) M e ./\3!10“ M is a local CAF in the strict sense admitting an A € Aj
and an exhaustive sequence {Ep} of relatively compact finely open sets
such that (13) is satisfied.
(b) N € Mejoc, N is a local CAF in the strict sense.
The assertions in the latter half of Theorem 1 except for the last one remain
valid with (ii)(a) being replaced by (ii)(a)’.

The local CAF N in the strict sense appearing in Theorem 1 and Theorem 2
is not of bounded variation unless u is a potential of a signed smooth measure
in the strict sense. Sufficient conditions of this type ensuring N to be expressible
as a difference of PCAF’s in the strict sense are given in [2; Theorem 5.2.5 and
Theorem 5.5.5]. In these cases, N can be easily defined first and then M defined
simply by the formula (12) is shown to have the property (ii)(a) (resp. (ii)(a)’)
under a stronger condition on fi(, than (i) of Theorem 1 (resp. Theorem 2).
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Example. Let X = R? the Euclidean d-space, m(dz) = dz the Lebesgue measure
and

E(u,v) Z / ai;(z) g" aa“ dz, F=H'(RY),

1,j=1

where H'(R¢) is the Sobolev space of order 1 and a;; are Borel functions on R?
with a;; = a;; and

d d

d
3 fo < Z aij ()65 < )\Zfi, Ve e R4, vz e R, 3x > 1.

i=1 i,j=1 i=1

£ is a strongly local regular Dirichlet form on L?(R?) = L?(R%; dz). It is known
that there is an associated conservative diffusion process M = (X;, P;) on R?
satisfying the absolute continuity condition (2). The energy measure () of u €
(R?) is given by

loc

ou 611
_2Za”( 6 6z]

i,j=1

according to the formula (6).
Consider the coodinate functions @;(z) = z®, 1 < ¢ < d. Then dpp,y =
2a;;(T)dz is in S) because Ryp(,,y < sup,eraaii(z) and Ep = {|z| < £}, £

1,2,..., constitute an associated exhaustive sequence of open sets. Agi)
2 fot a;i(Xs)ds is the PCAF in the strict sense with Revuz measure Bps) -

By virtue of Theorem 2, there exist unique CAF’s M and N® in the strict
sense such that

XX = M 4 N,

M® js a continuous local martingale with quadratic variation AG) with respect
to Py for each z € R? and N is in N loc- The co-variation (M(l), M(j))t is given

¢
by 2 fo ai;(Xs)ds
N® is not of bounded variation unless a;;(z) is smooth in a certain sense. For
instance, if the distribution derivatives -£——_aij, 1 <€ 5 < d, are locally bounded
7

functions, say a;;,;, then

t d
2 = / Zaij,j(Xs)ds
0 j=1

by virtue of [2; Theorem 5.5.5].
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3. Proof of Theorem 1

Proof of the implication (i) = (ii). This will be carried out in four steps.

1°. We assume the absolute continuity condition (2) together with the condition
(10) of the absence of killing inside and consider a finite valued, finely continuous
function u € F satisfying condition (i). Let {E¢} be an exhaustive sequence of
relatively compact finely open sets associated with ug,, € S;. Since u is quasi

continuous, the decomposition (1) holds for q.e. z € X for some AF’s M4l ¢ _/\ji
and N € A, by virtue of [2; Theorem 5.2.2]. We are going to construct a strict
version of M roughly speaking by redefining it as

M; = lim lim M (Benr,w) -

25500 €10 (t—€e)ATe

M, then turns out to be an extension of M with a suitably enlarged defining
set. The strict version of N will be defined similarly.

Let A € Fy (resp. N) be a common defining set (resp. exceptional set) for
MM and N, In particular,

O ACA Vi>0 and P,(A)=1 VreX - N. (15)
We may assume that
A=ANn{Xge€ X}+{Xo = A} (16)

by replacing A with the right hand side if necessary. In view of (9) and (11), we
may further assume that

eAT(w) <((w), £=1,2,..., elim Te(w) = ((w) (17)

00

for any € > 0 and for any w € Q such that Xo(w) € X. Let us fix a sequence ¢, of
positive numbers decreasing to zero and put

o o
Ane =020 Ar=()Ane Ao=JAe (18)
n=1 =1
It follows from (15) that A, ¢ decreases as n increases and A C Ay C Apyy.

Lemma 1.

O, Ag CAC A(), Vs > 0. (19)

Py(Ap) =1, Vz e Ep, £=1,2,..., and Py(Ag)=1, VzeX (20)

Proof. To prove the inclusion (19), take w € Ag and s > 0. Suppose s < {(w), then,
by (17), €n < s < T¢(w) and w € A, for some £ and sufficiently large n's. Hence

03&) = 03_5" o] aenw = 03-——5" o aenATew
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which belongs to A along with 6, a-,w because of (15). Therefore §,w € A, » and
fsw € Ag. If s > ((w), then Xp(0,w) = A and §,w € A by (16).

By the assumption of the absolute continuity (2), the exceptional set N becomes
polar in the sense that Py(ony < o) = 0 Vz € X. Here on denotes the hitting
time of N. If z € Ey, then P;(7, > 0) =1 and

P, (00) = Bz (Ex.,.nr, (1)
—E, (PX%W (A);en ATe < C, Xewpry € X — N) —1.

2°. Let Ac A}, bea PCAF in the strict sense with Revuz measure fi(,y. Then

E; (Ainr,) < eRilIg,pupy(z) < oo, VreX, (21)

because the left side is dominated by the left side of (8) multiplied by e’. Since

Mt[u] and (Mt[u])2 — A; are Py-martingale for any x € X — N, we have for any
stopping time o that

E, ( (ij{,)z) = Ex(Atns) < Ex(Ay) < 00

(22)
) = —
E, (M) =0 vzeX-N.
We now put
MM (w) =M, | (Beannw), t>en, w€ Ao (23)
Lemma 2. For any xz € E;
2
E; ((Mtn’e) ) =FE; (At/\n) - E; (Aen/\n)
E, (Mt"’f) ~0. (24)
For any = € Ey, the following identities are valid Pyp-a.s.:
M (w) — M7 (w) = MM (W) for any en < em <, (25)

Mt"f;(w) = MM (w) + Mt[XL, (Osnrew), for anyt >0, s> e€n. (26)

Proof. It follows from the polarity of N and the second identity of (22) that
o (MP) = By (Bxepnr, (Mg—eainne) i Xeanr, € X = N)
=0, ze€lk,.
In the same way, we get from the first identity of (22) that

E, ((Mt"’”) 2) = Bz (Exopnr, (A-eainns) ) - (27)
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Here we note that generally, for an AF B, with an exceptional polar set N, the
relation

B(t+s)/\n (w) = Bs/\n (w) + Bt/\n (esl\nw) ) P;-as. (28)

holds for any £ € X — N provided that NNV is enlarged to include the polar set
(X —E¢)N (X — Eg)'™". In particular, if B is an AF in the strict sense, then we may
set N = (X — Ep) N (X — E¢)"" and hence (28) holds for any z € E;. Therefore
the first identity of (24) follows from (27).

As for the identity (25), observe that

t—€n = (Em - En) + (t - Em)76€m-—€n)/\‘n o een/\nw = eem/\nw-

We then see from the definition (23), the relation (28) for Ml and the polarity
of N that

1= E$ (PXe'n,/\T[ (M([:L]—en)/\‘r[ = M([:]n—en)/\T[ + M(t—em)ATl (e(em—eﬂ)AT‘)))
- P, (Mt"" =M™t M[”") ., €k,
The identity (26) holding Py-a.s for any = € E, can be proved in the same way. O

Lemma 3.

E, ( sup |MMEY — th’l|> <E;(Ac A7), YVZEE, m<n. (29)

t€[em,Te)

Proof. By (24) and (25)

E, (sup |Mt"’£ - th’ll) < E, (IM?f)

t>€em

IA

B, (M4)") < Ba (Acpnrs)
Now, for t € [em, Te(w)),
MY ) = MP* (W) = Mi—e, (Be,w),
and hence we conclude that the quantity inside the braces of the left side of (29)
equals sup¢ . -,) IMtn’l - M™Y. 0
3°. By virtue of the finiteness (21), we can choose a sequence

nO(z) < nl(ﬂ?) < nz(z) L e < nl(z) < e

no(z) =1
ne(z) = min {m > ne_1(z) : By (Ae,nr,) < 27¢}. (30)
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ne(z) is measurable in z € X. We let

ME(w) = M), (31)
Then we have
E, sup M- ME ) <27¢, (32)
t€len, (a)1Te)

because the left side is equal to

E, ( [ sup |Mtnl+1(1),e+1 _ M:t(“’)ll)
te

En,(z),‘ft)

which is not greater than FE, <A€"l(m) ,\n) < 27¢ on account of the preceding

lemma.
The estimate (32) combined with the relation (17) leads us to

P(R)=1, VreXx, (33)
where
A ={w € Ag : M{(w) converges as £ — oo uniformly (34)
on each compact subinterval of (0,((w)) }.
Let us put for w € A
M,(w) = limy_oo Mte(w), 0<t<((w) (35)
0, t=0.
M,(w) is cadlag on (0,{(w)) for each w € A.
Lemma 4. (1) A C A and
M,(w) = MM(w), Ywe A, Vte[0,¢(w)). (36)
(2) Fiz an £y. Then for any x € Ey,
E, (M2, ) < o (Atrr,,) (37)
Ez (Mt/\"'lg) == 0 (38)
(3) The following identities hold Py~a.s. VT € X:
Miys(w) = Mg(w) + M;(0sw), 0<t,s, t+s<((w), (39)
lim M;(w) = 0. (40)

t]0
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Proof. (1) f w € A and 0 < ¢ < {(w), then, by (17) and the additivity of Mt[u] (w),
we have

MM w) = MM, (6e,w) = MM (W) - M., (w)

t—€n

for large £ and n. Hence M¥(w) = Mt[u] (w) — Mk

€ng(Xp)

which tends to Mt[u] (w) uniformly on each compact subinterval of (0, {(w)).

(w) for a sufficiently large £,

(2) When 74, is positive and £ is large enough, €,,(x,) < t A7y, < 7¢ and

Teo (W) = €ny(xo) T Teo <06n£( x O)w). Accordingly
MtATlO (w)e = Mt[’l/t]Tlo-ﬁnz(Xo) <6€nz(xo)w)

_ gl

_ ‘n.l(Xo),e()
(t—enl(xo))/\Tzo <66"1(X0)A7-10w) - Mt .

Hence

= 1 Tl — 1 n¢(Xo),€0
Minreg = 0 Minr, = lim M,

Px—\a.s. for £ € E;. On the other hand, we see from the first equality of (24) that

2
E, ((Mine(x),&)) ) is bounded by E, (At/\Tzo) uniformly in £. Hence we get the

inequality (37) by Fatou’s lemma. We also obtain the equality (38) by the second
equality of (24) and the P -uniform integrability of M;" e(Xo)to

(3) By (26), we have
My () = M) + M3y, (Barts)

for t, s > 0 and sufficiently large £. By letting £ tend to infinity and by taking (19)
and (36) into account, we arrive at the additivity (39) for M; holding P,-a.s. for
every T € X.

On account of (17) and the observation made right after the relation (28), the
identity (39) leads us to

M(t+s)/\nn (w) = Ms/\n0 (w) + Mi,‘/\n0 (es/\no w) (41)

holding P,-a.s. for every * € Ep,. This together with (37) and (38) implies
that {Miar,, }t>0 is a square integrable P,-martingale. Consequently the limit
lim, o Minr,, exists and it must be zero P,-a.s. for £ € FE,p, in virtue of the esti-
mate (37) and Fatou’s lemma. Since £y is arbitrary, we see that (40) is valid P,-a.s.
for every z € X. ]

4°. We finally set
A={weA: (39) and (40) are valid }. (42)
By virtue of (19) and the preceding lemma, we can conclude that
AcA, AcA, vt>0, P,(A)=1, VreX.
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We complete the definition (35) of M, by setting
M- weA t > ((w)
M. — ¢(w) ~
1) { 0 welA-A t>((w)

We further extend the function u to Xa by setting u(A) = 0 and let, for w € A
and t > 0,

(43)

AP () = u(X, (@) — u(Xo)) (44)
No(w) = A (w) — My(w). (45)
At this stage, we make the following consideration on the common defining set

A and exceptional polar set N for M% and N we have started with. Since v is

a finite valued finely continuous function belonging to the Dirichlet space F, AE"]
is a finite cadlag AF and

ltlerI} A = (X, ) —u(Xo) Pras.

for gq.e. z € X ([2; Lemma 4.2.2]). However under the present assumption (10) of
no killing inside

X¢-=A Pras. on {{<oo},
and consequently AE”‘ is continuous at t = ¢ Pg-a.s. on {{ < oo} for q.e. z. Since

Nt["] (w) is continuous on [0,00) and the decomposition (1) holds, we could have
assumed by choosing A and N appropriately from the beginning that

AM(w) = MM(w) + NM(w), Ywe A, V>0, (46)
AMw) = Al (W), MM W) =ME (W), YweA, Ve [(w),0). (47)

]
(w)—
We assume that (46) and (47) are fulfilled already.

By the next lemma, we complete the proof of the implication (i) = (ii) of
Theorem 1. We notice that the second statement of the next lemma says that the
constructed functionals M and N are not only strict versions of M and N
respectively but also their extensions by an enlargement of the defining set from
A to A.

Lemma 5. (1) M; is a local AF in the strict sense with defining set A. N, isa
local CAF in the strict sense with defining set A.
(2) It holds that

M,(w) = MM (), Ny(w) = N W), Vwe A, Vit >0. (48)
(3) Equality takes place in (37):
E, (MEA%) = By (Aiary,)> Va € Eq,. (49)
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Proof. The first equality of (48) follows from (36), (43) and (47). The second
is immediate from (45) and (46). The first statement in (1) is clear from the
construction of M, and A. N;(w) defined by (45) is therefore again a local AF in
the strict sense with defining set A.

To see the continuity of N, we put for w € A,

NP w) =N s, Beanr,w)

A?’z(w) = Agt—e)nr Oennrw) -
Since ., ar,w € A for a sufficiently large £ and all n, (46) implies

AP W) = MM W) + N (W) (50)
If 0 < t < ¢(w), then by (17) we have

AP (W) = u(Xy(w)) — u(Xe, (@)
for a large enough ¢ and n. Hence A?l(xo)’z(w) converges as £ — oo to Agu] (w)
uniformly on each compact subinterval of (0,({(w)) and we see from (50) that
Ny(w) = limy_ 0 Nt"‘(XO)’z(w) must be continuous on (0, ¢(w)).
To show the equality (49), we make use of the first equality of (22), the relations

(41) and (48) and the polarity of N to obtain for 0 < 6 < ¢

E, (Mirri, = Monn,,)’) = B (Exmo ((M};‘la)m)g)  Xonr, € X — N) -

E, (EXG,WO (Ai=s)ar.)) = Ez (Atar,, — Asar,) - It then suffices to let 6 | 0 in
the above equality by observing that the following estimate holds by the inequal-
ity (37):

[N
[N

- B (e, )7)]

< [Be ((Mor)?)]” < (= (Aonr )1

| Bz (Menr,, — Monn,)*)]

0

Proof of the implication (ii) = (i). Let M, N and A be functionals satisfying
condition (ii) of Theorem 1. Then M and N are strict versions of M and NI
respectively. We can further see that A is a strict version of the quadratic variation
(MY € A of M in the following way. The relation (13) combined with the
equation (28) for M and A holding P;-a.s. Vx € FE; implies that Ass;, is the
quadratic variation of the martingale M;,,, with respect to P, for any = € E,.
On the other hand, by the optional sampling theorem, (M[*),,,, is the quadratic
variation of Mt[X]n with respect to P, for q.e. z € E,. Since ¢ is arbitrary, A must

be a strict version of (MIu]).
Hence p(y,) is the Revuz measure of 4 € A:’l and belongs to the class §;. O
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Proof of the uniqueness of the decomposition (12). Consider two triplets
MO NGO A4 = 1,2, satisfying condition (ii) of Theorem 1. Since both M (D
and M® are versions of M they coincide P,-a.s. for all z € X except for a
polar set N. We can then proceed along the same lines as in the preceding proof
of (49): for any = € E,

Ex( [(Mt(/{z-z - Mt(/%lg) - (Méll\)n - Mg\)"‘)]2)

_ ) () 2\ . _
=E; (EXMT, ((M(t—-é)/\n - M(t—&)/\n) ) 3 Xonre € X — N) =0,

1 2) \? 1 2
B (M2, - M2.)") <28. (42),) + 282 (42,).
We can let 6 | 0 in the above identity to obtain
1 2) \2
. (iR, - 12,)") o
Since £ is arbitrary, we can conclude from this that

P, (Mt(l) =M? vt< c) =1, VreX.
0

Notice that, if M is conservative, then the property (11) is trivially satisfied
and the relative compactness requirement for E, is unnecessary in the above proof.
The proof of Theorem 1 is completed.

4. Proof of Theorem 2

The proof of Theorem 2 is exactly the same as that of Theorem 1 except for the
following necessary modifications in proving the implication (i) = (ii):
1. Instead of [2; Theorem 5.2.2|, we can now start with [2; Theorem 5.5.1] which

provides us with M ¢ /Ctloc and N € N, o for u € Foc.
2. In place of (22), M now satisfies for relatively compact E;

E, ((Mtlxlny) = E, (Atar,) < 00, E, (M}xln) =0, VreX—N.

3. Instead of (43), M;(w) is defined to be 0 for w € A,¢ > ¢(w). The identities
(48) now hold only for ¢t < (.

The relative compactness requirement for E; can not be removed in general
because Theorem 2 is dealing with u in Fj,c.
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Summary. We consider a d-dimensional Euclidean domain D whose boundary
is Lipschitz continuous but admits locally finite number of outward or inward
Holder cusp points. Using a method of Stampacchia and Moser for PDE, we
first construct a conservative diffusion process on the Euclidean closure of D
possessing a strong Feller resolvent and associated with a second order uniformly
elliptic differential operator of divergence form with measurable coefficients a;;.
The sample path of the constructed diffusion can be uniquely decomposed as
a sum of a martingale additive functional and an additive functional locally of
zero energy. The second additive functional will be proved to be of bounded
variation with a Skorohod type expression whenever a;; is weakly differentiable
and the Holder exponent at each outward cusp boundary point is greater than
1/2 regardless the dimension d.

Mathematics Subject Classification (1991): 60J60, 60J55, 35J25, 31C25

1 Introduction

Let D be a domain in the d-dimensional Euclidean space R? and D = DUJD C
R? be its closure. The d-dimensional Lebesgue measure is denoted by m = m(dx)
or simply by dx. Given measurable functions a;;(x), 1 <i,j < d, on D such
that

ag=ag, AP < D ay0&g < AlEP, xeD, E€RY (L)

I<i,j<d

for some constant /A > 1, we consider a Dirichlet form ¢ on L*(D) = L>(D;m)
defined by
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YE1=H D), &(u,v)= Z a;; (X)Ou(x)dv(x)dx, u,v € H' (D),
bhcij<a
(1.2)
where H'(D) = {u € [*(D) : Oju € L*(D),1 < i < d} the Sobolev space
of order 1. Let {T;,# > 0} be the strongly continuous semigroup of Markovian
symmetric operators on L?(D) associated with the Dirichlet form & .

We denote by Co(D) [resp. Byo(D)] the space of continuous functions [resp.
bounded measurable functions] on D with compact support [resp. vanishing out-
side a bounded set]. We further denote by C(D) [resp. Co(D)] the space of
bounded continuous functions on D [resp. the restrictions to D of functions in
Co(R%)]. Suppose that the Dirichlet form & is regular on L?>(D) rather than on
L*(D) in the sense that H'(D) N Cy(D) is dense in the space H'(D). This is
the case for instance when the domain D is of class C in the sense that 0D is
locally expressible as a graph of a continuous function of d — 1 variables ([16]).
According to general theorems ([13]), there exists then a conservative diffusion
process M = (X;, P,) on D associated with the Dirichlet form & in the sense
that the transition probability p,(x, E) = P,(X; € E) of M satisfies that

p:f is a version of T,f for any f € By(D). (1.3)

However we are now concerned with a highly non-trivial problem of constructing
the process M on D with a strong Feller resolvent:

GA(Bo(D)) C C(D), (1.4)
which particularly implies the absolute continuity of the transition probability:
pi(x,)<m foranyt>0andx €D. (1.5)

If both the conditions (1.3) and (1.5) are fulfilled, then we can invoke a
general decomposition theorem in [13] of additive functionals (AF’s in abbrevi-
ation) in the strict sense to conclude that the sample path X; = (X!, - - ,de ) of
M admits the unique decomposition

X' — X, =M/ +N}/, 1<i<d, P,—as. foranyx €D, (1.6)

where M/ are martingale additive functionals (MAF’s in abbreviation) in the
strict sense with covariations

t
(M, M), =2/ a;j(Xy)ds, 1<i,j<d, P,—as.foranyx €D, (1.7)
0

and N, are continuous additive functionals (CAF’s in abbreviation) in the strict
sense locally of zero energy. N, are not necessarily of bounded variation (on
each finite time interval) but locally of zero quadratic variation in a certain sense

(13-

Natural questions arise:
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(I Under what condition on the domain D, there exists a conservative diffusion
process M = (X;, P,) on D satisfying (1.3) and (1.5) ?

(II) Under what additional conditions on the domain D and coefficients a;;, the
second terms N/ of X/ are of bounded variation P,—a.s. for any x € D ?

When D is a general bounded Lipschitz domain and a; = ééij,l <i,j <d,
Bass and Hsu gave affirmative answer to the both questions (I) and (II) in [2]
and [3] respectively. Actually [2] and its refinement [13; Example 5.2.2] gave an
explicit expression of N/ as

. 1 ! _
N/ = E/ n(X;)dLs, 1<i<d, P,—as. foranyx €D, (1.8)
0

where n = (ny,---,ny) is the inward unit normal vector at the boundary 9D
and L, is a positive continuous additive functional (a PCAF in abbreviation)
in the strict sense associated with the surface measure on 0D; the local time
of X, on the boundary. In this case, the diffusion M is called the (normally)
reflecting Brownian motion on D and the decomposition (1.6) with (1.8) is called
its Skorohod representation. The first process (M,!, - - -, M) appearing in (1.6) is
the standard d-dimensional Brownian motion starting at the origin in this case.

On the other hand, by extending a work of S.R.S.Varadhan and R.J.Williams
on an infinite two-dimensional wedge [22], DeBlassie and Toby [7] have formu-
lated under a submartingale problem a normally reflecting Brownian motion on
a two-dimensional standard outward cusp domain

C={(x,)eR*:y>x|"}, 0<y<1,

and constructed it from the normally reflecting Brownian motion on the upper half
plane by means of a conformal map and a random time change. They have also
shown in [8] that the constructed process admits the Skorohod representation if
v > i but otherwise the process starting at the origin fails to be a semimartingale.
By thinking of the direct product of the DeBlassie-Toby reflecting Brownian
motion on C with the standard d — 2-dimensional Brownian motion, we see that
; is still the critical value of the Holder exponent for the semi-martingale property
of the reflecting Brownian motion on the special Holder domain C x RY~2 C R¢.

It is therefore tempting to consider the problem (I) for a general Holder do-
main D and further look for a critical value of the Holder exponent « with regard
to the question (II). In this paper, we do not deal with a most general Holder
domain. However we assume that D is a general (not necessarily bounded) Lips-
chitz domain allowing locally finite number of outward or inward cusp boundary
points with Holder exponents uniformly bounded away from zero. Our first aim
is to give an affirmative answer to the problem (I) (Theorem 2.1 and Theorem
2.2) by employing the PDE methods of Stampacchia and Moser. We then assume
that

djajj € Lipe(D), 1<i,j<d, (1.9)
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and give an affirmative answer to the question (II) under the condition that the
Holder exponent at each outward cusp boundary point is greater than ; regardless
the dimension d. Actually an explicit expression of N, using the boundary local
time L, will be derived in this case by invoking an extended version of a general
theorem in [13] to characterize N, and by combining the Sobolev inequalities
obtained in Sect. 3 with the upper bounds of transition functions due to Carlen-
Kusuoka-Stroock [5] (Theorem 2.3).

Furthermore, we shall see that the diffusion process constructed in Theo-
rem 2.2 can be, under the condition that d;a; € L°°(D), related to a submartin-
gale problem (Theorem 2.4), and accordingly, identified in law with Varadhan-
Williams’s [resp. DeBlassie-Toby’s] normally reflecting Brownian motion when
a;j(x) = 16 and D is a wedge [resp. a cusp C] in R>.

The present paper is an essential improvement of the previous one [14] where
we gave affirmative answers to questions (I) and (II) only under the restriction
that the Holder exponents at cusps are uniformly greater than %, which was
technically required in getting a modified Sobolev inequality of Moser’s type - a
key inequality in our construction of a strong Feller resolvent. This requirement
now turns out to be unnecessary thanks to a specific transformation of a standard
cusp domain onto a rectangular set exhibited in the last section.

In the next section, we shall formulate a precise condition on the domain D
and state main theorems answering the questions (I) and (II). Their proof will be
carried out in the subsequent sections.

2 Statement of main theorems

Let F be a real valued function defined on a set £ (C Rk) including the origin
such that F(x) = a|x|7+f(x), where 0 < v < 1, « € R, and f is a k-dimensional
Lipschitz continuous function vanishing at the origin. Here | - | denotes the Eu-
clidean norm. In this paper we call such F a Holder function and we denote its
Holder exponent, Holder constant and Lipschitz constant respectively by

Exp(F) =7, HOI(F) = a,
Lip(F) = Lip(f) =min{K > 0: [f(x) = f()| < K|x —y|, x,y €E}.

For x = (x1,---,x7) € R?, we let x’ = (x,---,x4_;) so that x = (x’, x,).

Let us now consider the following condition (H) on a domain D C R with
d>2:
(H) There are four constants v € (0,1), 6 >0, A> 1, M > 0 and a locally
finite open covering {U;};c; of OD satisfying the following properties :

(i) For each j € J, there are a Holder function F; of d — 1 variables and a
constant r; > ¢ such that
F; is defined on the d — 1-dimensional ball centered at the origin with
radius r;,
Exp(F;) > v,
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HGI(F;) = 0, or 1/A < HSI(F;) < A, or —A < HGI(F}) < —1/A,
Lip(Fj) <M,
U ND={¢=("¢):[¢| <rj, Fi(¢") < ¢}, for some Cartesian coor-
dinate system ¢ = (¢’, (y).
(i) 0D C | JUjs. where Uy s = {x € Uj : dist(x, 0U;) > 6}
=
When D is bounded, condition (H) reduces to a simple one that every point
x of OD has a neighbourhood U, such that 9D N U, is the graph of a Holder
function of d — 1 variables.
For later convenience, we let

J, = {j €J : HOI(F;) > 0},
Jo = {j €J :Hol(F;) =0},
J_ = {j €J : Hol(F;) < 0}.

For j € J, denote by a; (€ D) the origin of U; with respect to the coordinate
system (. a; is called an outward [resp. inward] cusp boundary point of D if
jeJy[resp.jeJ_1

In what follows, we work with the Dirichlet form (?5 H 1(D)) on L*(D)
given by (1.1) and (1.2). Let {G, A > 0} be the associated resolvent on L*(D).
It is then Markovian in the sense that 0 < AG,f < 1 whenever 0 < f < 1 and
it is well defined as a bounded linear operator on LP(D) for any p € [1,00].
Denote by Co (5) the space of those functions in C (5) vanishing at infinity.

Theorem 2.1 Assume that a domain D C R? satisfies condition (H). Then G
enjoys the following properties :
i G (L%D)j D)) cc(D), p>1 +(d —1)/7.

(i) Gy (COC (D)) is a dense subspace of Co, (D)
(iii) There is a function Gx(x,y) continuous on D x D off diagonal such that

Gaf(x) = ﬁ Gy () dy,  x €D, f € Coo (D). @.1)
D

As will be seen in Sect.4, Theorem 2.1 is still valid under condition (A)
stated in Sect. 3. Condition (A) is weaker but less concrete than (H) so that we
employ (H) in formulating main theorems.

Theorem 2.1 (i) means that G, has a strong Feller property. By virtue
of Theorem 2.1 (ii) and the Hille-Yosida theorem, there exists a strongly
continuous Markovian semigroup {7;,7 > 0} on Co (5) such that Gyf =
J; S e MTfdt, f € Coo(D). We have then a Feller transition function by
T.f(x) = fﬁp,(x,dy)f(y), which gives rise to a Hunt process (cf. [13; Theo-
rem A.2.2]) M = (X;, P,) on D such that

P, (X, € A) = p,(x, A), t>0,xeD, Ac.Z(D).

M is associated with the Dirichlet form (¢, H'(D)) of (1.2) since the re-
solvent G, is. Since Gy (Co(D)) is dense in the Dirichlet space, Theorem 2.1
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(ii) implies that the Dirichlet form ¢ is regular. Therefore we can apply gen-
eral theorems in [13] to the associated pair ¢ and M. In particular, p,(x,-) is
absolutely continuous because Gy (x,-) is ([13; Theorem 4.2.4]). Since & has
the strong local property and a; are uniformly bounded, we can invoke [13;
Theorem 4.5.4]) and [13; Theorem 5.7.2, Example 5.7.1] to conclude that M is
a conservative diffusion process on D. Summing up what has been mentioned,
we get

Theorem 2.2 Under condition (H), there exists a conservative diffusion process
M = (X;, P;) on D with resolvent Gy of Theorem 2.1. M is associated with the
Dirichlet form given by (1.1) and (1.2), and the transition function p;(x,-) of M
satisfies (1.3) and (1.5).

We next formulate a decomposition of the sample path of M and its Skorohod
representation.

Theorem 2.3 Consider a domain D C R satisfying condition (H).

(i) The sample path X, = (X,l, S ,X,d) of the conservative diffusion process M on
D constructed in Theorem 2.2 admits a unique decomposition (1.6) with MAF’s
M/ in the strict sense satisfying (1.7) and CAF’s N/ in the strict sense locally of
zero energy.

(ii) Assume condition (1.9) for a;;. We also require the condition that

1
EXp(F)) > 5. j €U, 22)

for the domain D. Then N/ has the following representation :

d t d t
Ntl = Z/O (8111”) (Xs) ds + Z/O aijj (Xx)nj (XS) dLS7
j=1 j=1

1<i<d,t>0, P, —as.foranyx €D,

2.3)

where L, is a unique PCAF in the strict sense with Revuz measure being the
surface measure on 0D .

Note that (2.3) reduces to (1.8) when a;; = ;50‘- The above three theorems
extend those results of R.F.Bass and P.Hsu in [2] and [3] formulated for a general
bounded Lipschitz domain D and for a; = ééij.

Let us denote by =, the set of all outward cusp boundary points. C/ (5)
will stand for the set of twice continuously differentiable functions on R? that

are together with their first and second partial derivatives bounded on D.
Theorem 2.4 Under condition (H) for the domain and the assumption that
O;a;; € L= (D), 1<i,j<d, 2.4)

the conservative diffusion process M = (X;, P,) of Theorem 2.2 enjoys the follow-
ing properties : for each x € D,
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1. Pi(Xo=x)=1,

t d
2. fX))— / Z [85 (aij a,f)} (Xs)ds is a P -submartingale,
0 =
i,j=1
whenever f € C} (5), f is constant in a neighbourhood of =, and

d
> Of () aj(x)ni(x) >0 o-ae. ondD, (2.5)

iy=1

3. E [/OOIE(XS)ds} =0.
0

When d = 2, a;(x) = éé,-j and D = C the standard outward cusp domain,
R.D. DeBlassie and E.H. Toby [7] have shown the existence and the uniqueness
of the corresponding submartingale problem for a probability measure P, on
2 = {w : wis a continuous function from [0, 0) into C } : for each fixed
xeC,

1. P =x)=1,
2. flw(@)) — % / Af (w(s)) ds is a P,-submartingale
0

whenever f € C2(C), f is constant in a neighbourhood of the origin
and Vf(x) -n(x) >0 ondC,

3. E, [/Ooolo(w(s)) ds} =0.

Hence, by virtue of Theorem 2.4, the diffusion process of Theorem 2.2 coincides
in law with DeBlassie-Toby’s one in [7] in this special case.

In exactly the same way, we see that, when d =2, a;;(x) = éé,-j and D is a
wedge {6 : 0 < 6 < &} C R? for a fixed & € (0,27), the diffusion process of
Theorem 2.2 is identical in law with Varadhan-R.Williams’s normally reflecting
Brownian motion [22].

3 IP-estimate, local estimate and Harnack inequality

In this and the next sections, we shall work under another condition (A) on a
domain D C R? which will be seen to be more general than (H) (Proposition 4.1).
In this section, we derive some estimates for harmonic solutions of equations
associated with (&, H'(D)) under condition (A).

In order to state condition (A), we employ the following notations:

B(a,p) = {x €R:|x —a| < p},
B(p) = B(0, p),
B.(p) = {(x',xq) € B(p) : x4 > 0},
Cy(p) = {(&',x0) € B(p) : X" < xa},
0,(p) = {(x";xa) € B(p): — |x'|" < xa},
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fora € R4, p >0, v € (0,1). For a Lipschitz mapping & from a set E C R¥
into R' such that |#(x) — &(y)| < K|x —y|, x,y € E, for some constant K > 0,
we also denote by Lip(®) the smallest constant K of this property.

We now state condition (A) on a domain D C R%:
(A) The following properties hold for an at most countable index set I, a
constant v* € (0, 1) and positive constants p*, r*, M* :

(i) There are a point a; € 9D and its neighbourhood V; associated with each
k € I such that
i-1) DNV,nNV, =0, k,lel, k+I;
(i-2) there are a constant y; € [v*, 1) and a one to one mapping P, from
B(p*) onto Vi with &;(0) = a;, Vi N D equals either & (C,Yk(p*)) or
@ (0, (p"). Lip@) < M*, Lip@; ') <M*.
(i) For any a € 9D \ J;¢; Vi, there are its neighbourhood W, and a one
to one mapping ¥, from B(r*) onto W, such that ¥,(0) = a, ¥,(B.(r*)) =
W,ND, Lip(¥,) <M*, Lip(l, 1) < M*.

In our previous paper [14], we considered the same condition as above, but
we assumed v* > (d — 1)/d. Further we did not consider the case V; N D =
@y (Q+,(p*)), namely, we assumed in [14] that every a; is an outward cusp
boundary point but not an inward one. Under those assumptions, we got the same
estimates as in this section following the PDE argument due to Stampacchia
[18] and Moser [17]. The PDE argument is based on a Sobolev inequality of
Moser’s type formulated in Proposition 3.1 below. As will be proved in the last
section, we need not the previous assumption v* > (d — 1)/d for the validity
of Proposition 3.1. Once it is established, we can follow the PDE argument
developed in [14] without any change so that we shall state the results of this
section omitting the proof and only referring to the corresponding results in [14].

In the rest of this section, we assume (A).

First of all, we note the following easily verifiable observation : if 9 is a
one to one mapping from an open set U C R? onto an open set in R? with
Lip(¢~') <M and if B(a,r) C U and 4(a) = a, then

B(a,r/M) C ¢(B(a,r)). (3.1

This observation particularly leads us to the following property of the domain
D (see [14;Lemma 3.1]). We set

Ic = {kel:VinD =& (Cy(p")},

{kel:vinD =& (0,()}.

1)

ay for k € Ic [resp. Ip] may be called an outward [resp. inward] cusp boundary
point. A collection of open sets is said to have a finite intersection property if
there exists an integer M such that any subcollection of cardinality greater than
M has an empty intersection.
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Lemma 3.1 For any p € (0, p*], there exist positive constants r, and m,, for
which D satisfies the following : For every a € aD# = 0D \ Uye; @k (B(p)),
there are a neighbourhood V, , of a and a one to one mapping 1, , from B (rp)
onto V, 4 such that 1,,0) = a, V,, (B+ (rp)) = Vpoa N D, Lip(¥,q) <
mp, Llp(lﬁ;’i) < mp.

Furthermore, for any r € (0,r,] we have a subset A C 8D§ and a positive
constant 1) = n(r) such that {1, .(B.(r))}, ca has a finite intersection property,
and for every b € OD, the set B(b,n) N D is contained in one of the following
sets: Dy (ka (p)) fork € lc, O (ka (p)) fork €1y, ¥,q (Bi(r)) for a € A.

In the following we set

Cio) =B (Coi(p), kel
Q/j(ﬂ) = st (Q’Yk (P)) ) k € IQ7
Bi(r)=pa (Bo(r)), a €D,

for 0 < p < p*, 0 < r < r,. Since a Sobolev inequality of Moser’s type
formulated in Lemma 2 in [17] is valid for u € H'(B.(r)), we immediately
obtain by means of the map v, , in Lemma 3.1 that for any p € (0,p*], Kk €
0,11, g € [2,2d/(d —2)] (¢ € [2,00) if d =2 ) there is a positive constant
Cy = Ci(p, K, q) such that

1/2

1/q
/ |ue|?dx <Cir a(s-3 / u|?dx +r? Z/ |0 |*dx ,
Ba*(r) Br ()

(3.2)
for u € H' (B;(r)), N C B;(r) with [N| > k|B;(r)|, 0 < r < r,, and
a € 8D:j. Here |E| denotes the Lebesgue measure for measurable sets E. (C,
and the other constants C,, C3 etc. below also depend on d, p*, r*, M* and
in some cases on v* and A. However we omit indicating them.)

Actually (3.2) also holds for u € H' (C;(p)) and u € H' (O} (p)) :

Proposition 3.1 (i) For any k € (0, 1] there is a positive constant C, = Cy(K)
such that

1/q
d—l+—yk(17])
|7 dx < Cyp 7w\ 2
(o)
1/2

d
X u)? dx + p? / |0ju|* dx ,(3.3)
{L %;qw

foru € H' (Cf(p)), N C Cf(p) with [N| > &|C}
2d —1+v)/(d —1—y), and k € I¢.

(i) Let2 < g <ocincased =2 o0or2 < q <2d/(d—2)incased > 3. Then
for any k € (0, 1] there is a positive constant C3 = C3(k, q) such that
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/4 d 1/2
[owirar) <o G [upace S [ joupary
07 (p) N = /o

3.4)

foru € H! (Q,:‘(p)), N C Qf(p) with [N| > k|Qf(p)|, 0 < p < p*and k € I.

The proof of Proposition 3.1 will be carried out in the last section by em-
ploying a specific transformation of a standard cusp domain onto a rectangular
set.

The following Sobolev inequality in an ordinary sense follows from (3.2),
(3.3), (3.4) and Lemma 3.1 ([14; Proposition 3.2 (ii)]).

Proposition 3.2 (i) There is a positive constant C4 such that

1/q d 1/2
(/ |uqu> <c4{/ |u\2dx+Z/ |8,~u|2dx} : (3.5)
D D io1 /D

foru e H(D), 2 < q <2(d — 1+~%/(d — 1 —~").

(ii) Assume the absence of outward cusp boundary point :Ic = (). Then the
above statement is valid for 2 < q < 2d /(d—2)incased > 3 andfor2 < g < oo
in case d = 2.

We denote the norm of the Sobolev space H '(E) by || - || (). For an open
set E C D, let us consider the following spaces :

CE) = {ueCYE): |ullyig < o0, u=0on IEND}, (3.6)
H(E) = the completion of C(E) with respect to the norm || - |1z (3.7)

Note that ﬁ(E) coincides with Hol (E) if E C D. When E = C(p), Qf(p) or
B (r), we can derive the following Sobolev inequalities from Proposition 3.1
([14; Proposition 3.3]).

Proposition 3.3 (i) For any 6 € (0, 1), there is a positive constant Cs5 = Cs(6)
such that

1/q d 1/2
/ |u|? dx < Cs Z/ |Biul>dx | (3.8)
Cr(p) i-1 YC ()

Joru e HICH(p), 0< p<ép*, 2<q <2d—1+3)/(d—1—), k €lc.
(ii) Forany 6 € (0,1) and forany2 < q <2d/(d —2) 2 < g < x ifd =2),
there is a positive constant C¢ = C¢(6, q) such that

1/q 4 1/2
/ |ul? dx < Cg Z/ |0;u|* dx , 3.9
07 (p) = Jorw

foru € H(Q{(p)), 0 < p<6p*, k €1p.
(i) Lt 0 < p<p*,0<é6<land2<q<2d/d-2)2<q< xif
d =2). Then there is a positive constant C7 = C7(p, 6, q) satisfying
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1/q d 1/2
/ u| dx <G / |0ju|* dx , (3.10)
B (r) i=1 B (r)

foru € HB}(r)), 0 <r < 6r,, a € dD!.

We now turn to the Dirichlet form (¢, H'(D)) given by (1.1) and (1.2). We
also consider the following form (%E, H (£ )) for an open set E C D.

d
Ee(u,v) = Z/@iu(x)ajv(x)aij(x)dx, u, v EI-AI(E), (3.11)
E

ij=1

with a;;, 1 <i,j < d satisfying (1.1). Since (%E,ITI(E)) is a Dirichlet form on

L*(E), we have the associated Markovian resolvent {Gg x, A > 0} on L*(E).
Let T be a functional defined by

d
(T, ¢) =/ﬁJ@dx+Z/fi8i@dx» ¢ € H'(D), (3.12)
D o /D

for f, € L>(D), i =0,1,---,d. Since T is a continuous linear functional on
H'(D), there is for each A > 0 a unique element u € H'(D) such that

D, 9)=(T,9), @eH D). (3.13)

Here &\(,) = &€(, )+ A(, )i2pp)- We denote this function u by GA\T. If T is
defined by (3.12) with D and H'(D) replaced by E and H (E) respectively and
if every f; belongs to L*(E), then we have for each A > 0 a unique u € H (E)
denoted by Gg AT such that

Zea,9)=(T,p), @€ HE), (3.14)

where &g \(, )= Zp(, )+ A0, )

Obviously GAT [resp. Gg 2T] coincides with Gyf [resp. Gg »f] in the case
where (T, ¢) = (f, ) for f € L*(D) [resp. f € L*(E)]. If E = C*(p), O;(p) or
B (r), then the norm || - ||z is equivalent to || - |5 ., = Zk(, )72 in view
of Proposition 3.3. Therefore there exists Gg 0T € H (E) satisfying (3.14) with
A=0.

Using Sobolev inequalities (3.5), (3.8), (3.9), (3.10) and following a standard
argument as in [18; Theorem 4.1] (see also [10]), we can get the following L”-
estimates.

Theorem 3.1 (i) Letp > (d —1)/v*+1 and X > 0. Then it holds that, for some
CS = CS(P7 )\) > 0’

d
IGAT ||y < Cs Y (Il + i lr ) (3.15)
i=0

384



532 M. Fukushima, M. Tomisaki

where T is given by (3.12) with f, € L*(D)NLP(D), i =0,1,---,d.
(ii)) Letk € Ic, p > (d —1)/v+1and 0 < § < 1. Then there is a positive
constant Co = Co(p, 6) such that

d
V(g _d=t
IGEAT [|Lo) < Cop? (r-1-57) > Willra), (3.16)
=0

where E = C;(p), 0 < p < 6p*, A >0, and T is a continuous linear functional
given by (3.12) with f; € LP(E) and ¢ € I?(E).

(iii)) Letp > d and 0 < 6 < 1. Then there is a positive constant Ciy = Cio(p, 0)
such that

d
|GE AT o) < Crop®~D7P Z fillr &) (3.17)
i=0
where E = QF(p), k € Ip, 0 < p < é6p*, A >0, and T is a continuous linear
functional given by (3.12) with f; € [P(E) and ¢ € H(E).
(iv) Let0O < p < p*, p >dand0 < 6 < 1. Then there is a positive constant
Ci = Cll(p,6) such that

d
IGEAT [y < Cour® 7Y lfillvey, (3.18)
i=0
for A>0, E=B;(r), 0<r <érp, ac aDﬁ, and for T defined by (3.12) with
E, ﬁ(E), fi € IP(E) instead of D, H'(D), f; € L7(D) respectively.

We are next concerned with local estimates for subsolutions of the equations
associated with &z. A function u € H'(E) is called a subsolution if

Ze,0) <0, >0, p€ HE). (3.19)

In the same way as in [18; Theorem 5.1] or in [17; Theorem 1], we obtain the
following local estimates from Proposition 3.3 or (3.2) ([14; Theorem 3.2]).

Theorem 3.2 (i) Let 0 < p < 6p* for some 6 € (0,1) and E = C;(p) with
k € Ic. Then every nonnegative subsolution u € H'(E) of (3.19) satisfies

1/2
d—1+~
esssup u < Cpp(p—s) n . / u® dx , 0<s <p, (3.20)
Crs) Ci(p)

for some Ci5 = C12(6) > 0.
(il) Let0 < p < 6p* for some 6 € (0,1) and E = Q;(p) with k € Ip. Then every
nonnegative subsolution u € H'(E) of (3.19) satisfies

1/2
esssup u < Cy3(p — s)~4? / u? dx . 0<s<p, (3.21)
0 ) 07 (p)

k
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for some Ci3 = Cy3(6) > 0.
(iii) LetO <p<p*, 0<6<1,0<r <6br, aecdD}andE =B (r). Then
every nonnegative subsolution u € H'(E) of (3.19) satisfies

1/2
esssup u < Ciq(r — s)"4/? / u? dx , 0<s<r, (3.22)
B (s) Br(n)

for some Ci4 = C14(p, 6) > 0.

If u € H'(E) satisfies
e, 0)=0, e HE), (3.23)

for some A\ > 0, then u V 0 and (—u) V O are both nonnegative subsolutions
of (3.19). Therefore as an immediate consequence of Theorem 3.2 we get the
following result.

Corollary 3.1 (i) Let 0 < p < 6p* for some 6 € (0,1) and E = C;*(p) with
k € I¢c [ resp. QF (p) with k € Iy ] Then every solution u € H'(E) of (3.23)
satisfies (3.20) [ resp. (3.21) 1 with u being replaced by |u].

(i) LetO<p<p*, 0<6<1,0<r<ér, acdD}andE =B;(r). Then
every solution u € H'(E) of (3.23) satisfies (3.22) with u being replaced by |u]|.

Finally, by means of Proposition 3.1 and Theorem 3.2, we can get the fol-
lowing Harnack inequality for solutions u € H'(E) of the equation (3.23) with
A =0 ([14; Theorem 3.3]).

Theorem 3.3 (i) Letk € Ic [resp. k € 1p |, 0 < p < p*, 0 < Kk < 1
and E = C[(p) [resp. 0r(p) ] If u € HY(E) is a nonnegative solution of
(3.23) with X = 0 and satisfies [{x :u(x) > 1} NCl(p/2)] > K|Ci(p/2)
[resp. {x :uCx) > 1} N Qf(p/2)| > k|0F(p/2) ] then there is a positive con-
stant Cy5 = C5(k) such that

essinf u > Cys resp. essinf u > Cys | . (3.24)
Cr(p/4 OF(p/¥

(i) Let 0 < p < p*,0<r <ry,acdD 0<kr<1andsetE =
By(r). Ifu € HY(E) is a nonnegative solution of (3.23) with A = 0 and satisfies
H{x :u(x) > 1} NBi(r/2)| > k|B}(r)|, then there is a positive constant Cy¢ =
Ci6(p, k) such that

essinf u > Cyg. (3.25)
BX(r/4)
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4 Strong Feller resolvent

In this section, we will show that the resolvent {G) } associated with the Dirichlet
form (?5 SH 1(D)) has the same properties as those of Theorem 2.1 under con-
dition (A). At the end of this section, we will show that condition (H) reduces
to (A) and hence Theorem 2.1 follows.

Theorem 4.1 Under condition (A), Gy satisfies the same properties as in Theo-
rem 2.1. Namely,

(i) GA(LAD)NnL(D)) cC(D), p>1+d—1/y.

(i) Gy (COO (5)) is a dense subspace of Cyo (5)

(iii) There is a function Gx(x,y) continuous on D x D off diagonal such that

Gaf (x) = LGA(x,y)f@)dy7 x €D, feCu(D). @.1)
D

Theorem 4.1 is obtained essentially by the same argument as in [14; Sect. 4]
but we give the proof here for completeness.
Theorem 4.1 (i) is an immediate consequence of the following theorem.

Theorem 4.2 Assume condition (A). Let p > (d — 1)/v* + 1, T be a functional
given by (3.12) with f; € L*(D)NLP(D), i =0,1,2,---,d, and X\ > 0. Then
G\T is uniformly continuous in D and accordingly G T can be extended to a
continuous function on D.

Proof Putu = G\T.Fix ak € Ic andan s € (0, p* /2] arbitrarily. Set E = C(s).
Let v = Ggo(T — Au) € H(E) be the solution of the equation (3.14) with A =0
and T =T — Au. We see by means of Theorem 3.1 (i), (ii),

A

d
(p_g_d=1
[Vl < Colp, 1/2)Sp(p %) {Hfo — Nty + Y |lfi||U<E)}

i=1

IN

d
1 (p_1_d=1
€18’ (1 1 ”*) E {|W\L2(D)+|lﬁ||lﬁ(D)}» 4.2)
i=0

for some positive c¢; independent of s and k. Since w = u — v belongs to H'(E)
and satisfies (3.23) with A = 0, following the same argument as in [17] we get
by means of Theorem 3.3 (i)

Osc (w; C¢ (s /4))

IA

<1 - ;C15(1/2)> Osc (w: C/(s))
20sc (w; CE(s))

A

for ¢; € (0, 1) independent of s and k. Here Osc(g; F') denotes the oscillation of
a function g over a set F' : Osc(g; F') = ess suppg — ess infrg. Hence
Osc (u; Ci (s /4)) < Osc (v; Cf(s/4)) + Osc (w; C (s /4))
< 2||v]| ooy + €208 (w; CE(s)) < 4|vl|r) + c20s¢ (u; CE(s)) -
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Combining this with (4.2) and using [18; Lemma 7.3], we get

Osc (u; Cf'(s)) < e3s*, 0<s<p*/4 kel 4.3)
for some constants ¢3 > 0 and &; € (0, 1). In the same way we also get

Osc (u; 07 (s)) < cus®,  0<s<p*/4, k ely, (4.4)

for some constants ¢; > 0 and & € (0,1). Recall r, and 8D§ appearing in
Lemma 3.1. Similarly, for any p € (0, p*/2], there then exist a ¢s > 0 and a
& € (0, 1) such that

Osc (u; B} (5)) < ¢s55°, 0<s<r,/4, a€dD). 4.5)

The estimate for oscillations on open balls with closures contained in D, which
is due to Stampacchia [18], asserts that

Osc (u;B(a, s)) < ces™, 0<s<n/4, aeD\D,. (4.6)

Here 7 is a positive number fixed arbitrarily, D, = {x € D : dist(x,0D) < n},
and constants ¢ > 0 and & € (0,1) depend on 7 but are independent of a €
D\ D,,.
For an ¢ > 0 fixed arbitrarily, we see by virtue of (4.3) and (4.4) that there
exists an s; = s1(¢) € (0, p* /4] such that
Osc (u;Ck*(sl)) < g, kelc, 4.7
Osc (u; Q,f(sl)) < e, kelp. 4.8)

By means of (4.5), we further find an s, = s2(¢, 51) € (0, ry, /4] such that
Osc (u;B; (52)) < &, a € 0D!. (4.9
In view of Lemma 3.1, we can find an 7, > 0 such that
every pair x, y € D, with |x —y| <, is
simultaneously contained in one of sets

C{ (s1) with some k € I, Q) (s1) with some k € I,
B;(s>) with some a € OD! . (4.10)

(4.6) with this 7, leads us to
Osc(u;B(a,s3)) < ¢, a €D\ D, , (4.11)

for some s3 = s3(¢,1,) € (0,1,/8].

We now set § = (1,/2) As3. Let x, y € D with |[x —y| < 6. If x or y
belongs to D, />, then lu(x) —u(y)| < e by (4.10), (4.7), (4.8), (4.9). Otherwise,
lu(x) —u(y)| < e by (4.11). |

Employing Corollary 3.1 in place of Theorem 3.1 (i) in getting (4.2), we
obtain the following in the same way as above:

388



536 M. Fukushima, M. Tomisaki

Theorem 4.3 Let W be an open set of RY and E = W N D. Every solution
u € HY(E) of (3.23) for some X > 0 is uniformly continuous in W; N D for every
open set Wy satisfying W; C W.

We next give

Proof of Theorem 4.1 (ii) We first follow an argument in [20; Proposition 5.1]
to show

G (COO (5)) C Cx (5) (4.12)
Since Cy (5) is dense in C (5) it suffices to show that

Gx (Co(D)) C Cx (D) (4.13)

in the case where D is unbounded.
Let g € Co( ) and € > 0. Choose an R; > 0 such that

Supplg] C B(R))N D, cillGagllz\sryy < € 4.14)

c1 being a positive constant specified later. We next take an R, > R; satisfying
the following :

Ci(p*) C D\ B(R)) for k € Ic with a; € OD \ B(R,),
Qi (p*) C D\ B(R)) for k € Ip with @ € OD \ B(Ry),
B (r*) C D \ B(R)) for a € OD}. \ B(Ry).

WesetJc ={k €Ic :a, € OD \ B(Ry)}, Jo ={k €Iy : ax € ID\B(R,)}, and
A= GDP /2 \B(R5). Then, on account of (3.1), there is a constant € (0, R, —R;)
depending on p* but not on R;, R, such that

D2y \B(R) C | ¢; ( ) U o () s (r,, ).

keJc keJg acA

We consider the set K = [UkeJCUJQ {ax }} UAU [D\ Dy, \ B(Ry)] and, for
each a € K, we define a constant s and a set E,(s) as follows :

Cy(s), s =p*, if a=a, k €Jc,
S(s), =p*, if a=a, kelp,
o) GO s=ph i aza, kel
B} (s), S =Ty, if a €A,
B(a,s), s=mn, if aeD\Dy\BR).
Note that
D\ B[Ry C | Eu(s/2) C | Ea(s) C D\ B(RY), (4.15)
ack a€K

and
CEA GG, ) = (g,0) =0, © € H (Ey(s)).
By virtue of Corollary 3.1, we then have
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GGl oe (2,65 /20) < €1l Gagllze, iy (4.16)

where we used a local estimate due to Stampacchia [18] or Moser [17] in the
case that a € D \Dzn \ B(R,). It should be noted that ¢, is a positive constant
independent of a, R; and R,. By (4.14), (4.15) and (4.16), we find that

||G>\g||L°°(D\B(R2)) <c HG>\9HL2(D\B(R])) <g, 4.17)

which along with Theorem 4.2 proves (4.13).

We next adopt Kunita’s argument [15]. Let denote by Cy* (5) the space of
the restrictions to D of all infinitely continuously differentiable functions on R?
with compact support. For each u € C5° ( ) we define a functional Lu by

(Lu, @) = Z/ (Zaw?u) djpdx, e H'D).

Then T = Au — Lu satisfies the condition of Theorem 3.1 (i) and u = G, T for
each A > 0. By virtue of Theorem 3.1 (i), there is for any € > 0 a g € C§° (f))
such that

4 — Gagll=m) <e.

Since C¢® (D) is dense in Cs (D), we thus obtain the denseness of G (Cs (D))
in Co ( ) a

Proof of Theorem 4.1 (iii) Since G, is Markovian, there exists a function
G (x,y) satisfying (4.1) by virtue of Theorem 3.1 (i) and Theorem 4.2. Hence it
is enough to show that

G (x,-) belongs to H'(U) and is continuous on U, (4.18)

for any open set U with U C D \ {x}, where x € D and X > 0.
Let us denote the dual space of H!(E) by (H WE ))/. There exists for each
A>0and T € (HI(D))/ a unique element # € H'(D) such that

D, o) =(T,9), @eHD).

We denote this function u by G\T. (We already used this notation for 7' given by
(3.12) which is actually a general expression of T € (HI(D))/ (cf. [16;1.1.14]).)

For a while we fix an x € D arbitrarily. We define a set E,(s) according as
three different cases.

(Case 1) x is a cusp point, that is, x = a; for some k € I. In this case we take
an s € (0, p*].

(Case2) x is aboundary point but not a cusp point, that is, x € 0D\, ¢, {ax }-
Choose p € (0, p*] such that x € OD \ |, ¢; @k (B(p)). Then for an r, given
in Lemma 3.1 we take an s € (0,r,].

(Case 3) x is an interior point of D. In this case we take an s € (0,d, /2],
where d, = dist(x, 9D).
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Let us put
Cy(s) if k € Ic, in Case 1,
07 (s) if k €1y, in Case 1,
Ex(s) = * :
Bi(s) in Case 2,
B(x,s) in Case 3.

Then there exists a unique element gg"’\ € H'(D) such that

(g, 9) e dy, ¢€H'D). (4.19)

- |Ex(s)] Ex(s)
Here we note the following lemma which is obtained by the same method as
in [14;Lemma 4.3].

Lemma 4.1 Let U be an open set such that U C D \ {x}. Then Gy(x,")|y
€ H'(U) and g*y converges to Gy(x,-)|y weakly in H'(U) as s | 0.

Take an open set V of R? such that U C V and x ¢ V and set E =V N D.
On account of Lemma 4.1, Gy(x, )|z € H'(E) and g**g — Gx(x, )|z weakly
in H'(E) as s | 0. Take any ¢ € E(E) and extend it to D by putting ¢ =0 on
D\ E. Then

ZeAGAE, i, 9) = 1im (675, )

=1lim &, (¢", ) =lim ——— dy =0.
510 A (gs (‘0) 510 [Ex($)| JEs) v()dy
This implies that Gy (x, )| € H'(E) is a solution of (3.23) and hence, in view
of Theorem 4.3, G(x, -) is continuous in U. O
We finally note the following proposition which along with Theorem 4.1

implies Theorem 2.1.

Proposition 4.1  Condition (H) reduces to condition (A).

Proof For each j € J, a Holder function F; in (H) (i) is given by
Fi(x") = o |7 + fi(x"),

where v <7 <1, ¢y =0o0r 1/A <o <Aor —A < oj < —1/A according
toj€JoporjeJoorjeJ_,andf; is a Lipschitz continuous function defined
on the d — 1-dimensional closed ball {x’ € R?~": |x’| < r;} with £;(0) =0 and
Lip(fj) < M. Then

uinD={(c”.") e By F (¢V) < '}

for some Cartesian coordinate system (V) = (CU)/, Cg)) = ( DD g)).
Letus put I =J,UJ_. For k € I, a; is the point of D corresponding to the

origin in (®-coordinate system. = = {a; : k € I} is then the totality of cusp
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boundary points. For each k € I, the neighbourhood Uy of a; contains no cusp
boundary point other than ay, and hence |ay —a;| > 6, k #1, k, 1 € 1.

For each k € I, we define a mapping & from E, = {(x',xy) : |x'| < ri, x4 €
R} into (W-space by

Ik
@k(—xlvxd) = (C(k) 7<§ )) )
/ k
(O =x, (= Jowlxa +fix).

We then have Lip(®x) < 1+A+M and Lip(®;') < 1+A+AM. Put p* =
6/20+A+ M), Vi = & (B(p*)) and M;" = (1 + A)(1 + M). Then we see from
(3.1) that {V }res satisfies (A) (i) with v* = v and M* = M;*. In particular,
Vi ND =& (Cy(p) if oy > 0, = D (0, (p")) if ax < 0.

We next show (A) (ii). Let &, be the positive solution of the equation £27+¢2 =
(p,,)2 for p, = p* A 1. We then take a constant R > 1 satisfying

{1+M+A<RI;1§O> }%<6

and put r* = ¢,/R. This r* will play the role of r* in (A) (ii).
Let us fix a p € 9D \ |, Vi arbitrarily. By means of (H)(ii), there is a

j € J such that p € U; 5. Denote the ¢?)-coordinate of p by (p®’, pY”). We shall
define a mapping ¥, and a neighbourhood W, in two cases j € I and j & I
separately.

In the case that j € I, (p',pY) belongs to ®;(E;). Putting (',ps) =
! (pm’,pg’)), we have that (3.ps) € E \ B(p*) and py = +[p'|” in
accordance to the sign of a;. We then define a mapping ¥, from the set

G, = {(x',xq) : |x' +p'| <71}, x4 € R} into (V-space as follows:
N/ .
g/p(x/7xd) = (C(/) agt(jl)) )
W =x
V= ¥ +p'|" +xa+f (x"+p").
Notice that, on the region {x € G, : |x'| < &,/S} for § > 1, Lip(¥,) < 1+M +

A (¥£o)w—l. Since the distance of p = ¥,(0) from 0 (Wp(Gp)) is greater than
6, we can conclude from (3.1) that B(r*) C G, for the above chosen r* =¢,/R.
In the case that j & I, we define a mapping ¥, from the set G, = {(x',x4) :

' +p9'| < rj, x4 € R} into (V-space by
Wp(xl7xd) = <C(i)/7 Cg)) )
In both cases, B(r*) C G,. Accordingly we put W, = U,(B(r*)). It is easy
to see that 1S one-to-one, =p, L(r = N D, an 1p <
hat ¥, i ¥,(0) U,(B.(r*)) = W, N D, and Lip(¥,)
My, Lip(#, ') < My where My = 1+M +A (8:1¢,)"™"
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Thus (H) reduces to (A) with I, v*, p*, r* as above and M* = M vV M;".
O

5 Decomposition of the sample path and additive functionals

This section is devoted to the proof of Theorem 2.3 and Theorem 2.4. To this end,
we first prepare an extended version of a general theorem [13; Theorem 5.5.5]
to characterize the second term in the decomposition (1.6).

Let X be a locally compact separable metric space, m be a positive Radon
measure on X with full support and (¢, .7 ) be a strongly local regular Dirichlet
form on L*(X;m). We assume that there exists a conservative diffusion process
M = (X,, P,) on X associated with the form & whose transition function p;(x, -)
is absolutely continuous with respect to m for any t+ > 0 and x € X.

Then the resolvent of M admits a symmetric density Gy (x,y) with respect
to m which is A-excessive in two variables x, y. The potential of a measure p
is denoted by G u(x) = fx Gy (x,y) u(dy). The integral of a function f against a
measure y is denoted by (u,f) or (f, ). A positive Radon measure p on X is
said to be of finite energy integral if there exists a constant Cy7 such that

/ (o)) < Cin/ B, ), v € 7, 5.1)
X

for some special standard core & of ¢ . The totality of such measures is denoted
by So. It is known that p € Sy if and only if (u, Gap) is finite and that, in this
case, Gyp is a A-excessive and quasi-continuous version of the potential Uy p
considered in [13; Sect. 2.2]. We further introduce two classes of positive Radon
measures on X by

Soo = {p: p(X) < 00, sup Gru(x) < oo}
xeXx

So1 ={p:p €Sy, Grux)<ooVxeX}.

Obviously Sgo C So1 C So. In our later application, the family Sy; turns out to
be more useful than Sy.

An increasing sequence {E;} of finely open sets is said to be an exhaustive
sequence if | J,2, E¢ = X. A positive Borel measure 4 on X is called smooth in the
strict sense if there exists an exhaustive sequence {Ey} of finely open sets such
that Ig,-pt € S0, ¢=1,2,---. Let S; be the totality of smooth measures in the
strict sense. S| is known to be in one to one correspondence with the (equivalence
classes of) positive continuous additive functionals (PCAF’s in abbreviation) in
the strict sense of M under the Revuz correspondence ([13; Theorem 5.1.7]).

Lemma 5.1 p € S if and only if there exists an exhaustive sequence {E;} of
finely open sets such that Ig, i1 € So1, £=1,2,---.
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Proof Tt suffices to show that any p € Sp; admits an exhaustive sequence {E,}
of finely open sets such that Ig,-p € Spo, ¢ =1,2,---. We may choose E, as
follows:

Eg={x€0g:G)\,u(x)<€}, (=1,2,---,

where {O,} is an exhaustive sequence of relatively compact open sets. Then,
(g, - 1)(X) = p(Ey) is finite, and further G\(Ig, - p)(x) < ¢ for m-a.e. x € X by
the maximum principle ([13; Lemma 2.2.4]) and hence for every x € X by the
absolute continuity of the transition function. a

We denote by fi(,y the energy measure of u € .7,,.. The Dirichlet form ¢ is
expressible as

1
((g(l/t,’l}) = E,U'(u,v)(x)v u,v € T

by using the co-energy measure fi(, ,). The second assertion of the next propo-
sition replaces Spo in [13; Theorem 5.5.5] by Sy;.

Proposition 5.1 (i) Suppose that a function u satisfies the following conditions:
1. u is finite valued, finely continuous and u € F,..
2. Iy € Soo for any relatively compact open set G.

Then we have the unique decomposition

u(X,) — u(Xo) =M" + N vt >0 P, —ae VxeX, (5.2)

where M is a CAF in the strict sense such that, for any relatively compact open
set G,

Ec (ML) =0, Ec((M3,)") =Ec (Biaw), vx€G,  (53)

B being the PCAF in the strict sense with Revuz measure i, and T being the
first leaving time from G. N,[”] is a CAF in the strict sense locally of zero energy.
(ii) Assume further the following property of u:

v =vWD — P with I- vV, 1P € Sy for any relatively compact

open set G and

& w,v) = (v,v), Yve &, (5.4)
for some special standard core €& of & .
Then
NI = —AD L A@ P —_as. Vx €X, (5.5)

where AV and A® are PCAF’s in the strict sense with Revuz measures vV and
v® respectively.

Proof The first assertion is a consequence of [11; Theorem 2]. Since vV, @
in (ii) are in the class S| by the preceding lemma, we can see the validity of
identity (5.5) on account of [12; Theorem 3.3, Corollary 3.1]. O
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We are in a position to prove Theorem 2.3. We fix a domain D C R?
possessing the property (H) and a data a;; satisfying (1.1). We now apply the
general theory prepared above to the specific Dirichlet form (1.2) on L*(D;m),
the resolvent G, of Theorem 2.1 and the conservative diffusion M of Theorem
2.2. Here m denotes the d —dimensional Lebesgue measure. M will be called the
reflecting diffusion on D (associated with a;;). Accordingly G, will be called the
resolvent of the reflecting diffusion on D.

Notice that, under the condition (H) for the domain D, the surface measure
o on 0D is well defined with a local expression

o(E) = /E 1+ |VFi(CHPd¢, E C U NaD, (5.6)

where E, = {¢’ : ({/,F;({")) € E}. Further, with the unit inward normal vector
n(¢) = (m (), - - -, ng(¢)) making sense o-a.e. on D according as

n(¢) = (=VF;(()), 1)/ 1+ |VF(HI*, ¢eU;naD,

we have the divergence theorem

0 _
wdmz—/ wn;do, 1<i<d, we Cy°(D).
p Ox; oD

This formula extends to a wider class of functions w and in particular the con-
dition (1.9) for a;; guarantees the identity

/ O;(ay - v)ydm = —/ vagnjdo, ve Cye(D). (5.7)
D oD

Denote by ¢; the coordinate functions: ¢;(x) = x;, 1 <i < d. Then, ¢; €
H,}.(D), and the co-energy measures Hig;,4;) With respect to the Dirichlet form
(1.2) are given by (cf. [13; Example 5.2.1])

M<d7i1¢_/) =2a,-j-m, 1 Sl,‘] Sd (58)
Let us denote by B an arbitrary ball in R?. Since a; are bounded, we have

Igep - Ky € Soo-

The PCAF in the strict sense with Revuz measure m is just a constant functional
t. Therefore Proposition 5.1 (i) implies the decomposition (1.6) where M, 1 <
i <d, are CAF’s in the strict sense satisfying (1.7) with ¢ being replaced by
t A Tynp- Owing to the boundedness of a; however, we can let B T R to get
(1.7), proving Theorem 2.3 (i).

Turning to the proof of Theorem 2.3 (ii), we have under the condition (1.9)

d d
?bf(qﬁi,v):/iv(x)u(dx) with v==> (Gay)m—> ajn-0, (59
b j=1 j=1
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holding for any v € C°(D), because

g(gbl ) U)

d
Z/ a;;(x)0;v(x) m(dx)
j=1 7P

d d
—Z/8ja,j-vdm+2/8j(a,-j-v)dm,
j=1 7P j=1 7P

which equals to the right hand side of (5.9) by virtue of (5.7).
Suppose that the surface measure o satisfies

Ignop-0 € So1 for any ball B C R?. (5.10)

We then have from the boundedness of a;; and condition (1.9)
IBOE"I/‘ € S()].

Hence (5.9) and Proposition 5.1 (ii) lead us to the expression (2.3) in terms of
a PCAF L in the strict sense with Revuz measure being the surface measure o,
proving Theorem 2.3 (ii).

It only remains to show (5.10) for the proof of Theorem 2.3.

Theorem 5.1 If (2.2) holds, namely, each outward cusp boundary point is of
Holder exponent greater than é, then the surface measure o on 0D satisfies con-
dition (5.10).

For any ball B, the compact set B N OD can be covered by finite number
of open sets U; s appearing in the condition (H) (ii) for the domain D. Besides
G (x,y) is jointly continuous off diagonal by Theorem 2.1 (iii). For the proof
of (5.10), it is therefore sufficient to show

Ir-c€8 and Gylp-ox)<oo, x €l (5.11)

where
I'={¢=("¢):[¢| < p, Ca=F;j(¢N} CUNOD

for each fixed j € J and p < r;. Exp(F;) will be denoted by v;. c¢y,c,--- will
denote some positive constants. We further let

Lo={¢ (( Fi () e IR {¢ [T < ph).
Lemma 5.2 LetjeJ,UJ_.
(i) Ip-o €Sy whenever d > 3. When d =2, this is true if v; > é

(i) Ip, -0 €Sy forany § >0 where I's = {(: 6 <|(|}.
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Proof (i) In view of (1.1) and (5.1), it suffices to prove the inequality

/ (', F(CD|o(dC) < c1y/Dlu,u) + )2y, u € C°(D),  (5.12)
I

where D(u, u) denotes the Dirichlet integral of # on D. On account of (5.6), the
surface measure o has a density o(¢") with respect to d¢’ satisfying

o) < e ('[P (5.13)

Hence the square of the left hand side of (5.12) is dominated by
c3 / u(¢', Fi(¢*d¢’ / (SRl (5.14)
I. I¢’I<p

The second factor equals fop r2i*d=4qr which is finite under the stated condition.
Consider a function ¢ € Cy°(U) taking value 1 on the set I'. Then from the
expression

VAR 4

u(C, Fy () = — /F 56 WG GG, ¢ e T,

(¢
we see that the first factor of (5.14) is dominated by

e / @ + |Vud¢
unbD

arriving at (5.12).
(i) Since o(¢’) is bounded on s, = {¢' : (', F;({") € Is}, (5.12) with I,
being replaced by I . holds for any ¢ > 0. |

In order to complete the proof of (5.11), we prepare a lemma on a comparison
of resolvent densities.

Lemma 5.3 Let K be a compact subset of D and U be a bounded domain
containing K such that the domain Dy = D N U possesses the property (H).
Denote by G)(x,y), x,y € Dy, the resolvent density of the reflecting diffusion on
D,. Then,

GA(x,y) < G\(x,»)+Cis,  x,y €K, x #, (5.15)

for some positive constant Cg depending on the set K.

Proof Consider the set F = D N U and the resolvent density G?\(x, y), x,y € F,
of the part My of M on the set F. Mr is obtained from M by killing the sample
paths upon leaving the set F. Then by Dynkin’s formula

Ga(x,y) = GYx,y) +E, (e ¥ Gr(X;,y)), x,y €F,

where 7 denotes the leaving time from the set F'. Take an open set W such that
K C W C W C U. The second term of the right side of the above identity with
y being restricted to D N W is dominated by
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Cis=  sup  Ga(x,)
x€EDNOU, yeDNW
which is finite owing to the off diagonal continuity Theorem 2.1 (iii).
Let M; be the reflecting diffusion on D; and M}r be its part on the set
F(C D;). On account of [13; Theorem 4.4.3], My and M}E share a common
Dirichlet form & on L?>(F) given by

Sr(u,v) = Ew,v),  u,v € L%
IN&k] = HDy),

where H (Dy) is defined by (3.7). Therefore we have the inequality
G3(x,y) < GA(x,y)

holding for m x m-a.e. (x,y) € F x F. In view of the continuity of G and G;\,
we get (5.15) for every x € F and every y e DN W. ]

We return to the set I" C U; N @D specified before Lemma 5.2.

Lemma 5.4  Following inequalities hold for x, y € I', x # y and a positive
constant Cy9 depending on the set U; N D :
(i) IfjeJ.andd > 2, then

Ga(x,y) < Crolx —ylfdil%. (5.16)

) IfjeJoUJ_andd > 3, then
Ga(x,y) < Crolx — y|~4*2. (5.17)

(i) Ifj € JoUJ_ and d =2, then
Gr(x,y) < Cpolx —y|~° for any € > 0. (5.18)

Proof (i) Notice that the Sobolev inequality in the statement of Proposi-
tion 3.2 (i) holds with D and v* being replaced by D; = U; N D and -; respec-
tively. Since the domain D; is bounded, we can invoke Carlen-Kusuoka-Stroock
[5] to conclude in the same way as in [3; Sect.2] that the resolvent density
Gi(x,y) of the reflecting diffusion on D; admits the estimate

Gi(x,y) <cilx =y, x,yeD, (5.19)

for 5 =4/(g —2). In particular, by taking ¢ =2(d — 1 +~;)/(d — 1 — ;) we see
that (5.19) is valid for 5 =(d — 1 —7;)/;. We can then use Lemma 5.3 to get
(5.16).

(i), (ii1) In these cases, Proposition 3.2 (ii) is applicable to the domain D; =
U; N'D and we see the validity of (5.19) for 8 =d — 2 [resp. 3 =¢ > 0] by
taking ¢ = 2d /(d —2) [resp. ¢ = 4/e+2]. We again use Lemma 5.3 to get (5.17)
[resp. (5.18)]. O
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1

Lemma 5.5 Letj € J, UJ_. Assume that y; > , in case j € J,. Then G\Ir -

o) <oo, (el
Proof Keeping the expression

Gulr 0O = [ Gr(G 0 F ot
and the bound (5.13) of ¢ in mind, we first prove the finiteness of the potential
for ¢ =0 in case that j € J; and ; > ; From (5.16), we have the bound

d-1- -1
Gl - (0) < ¢ / {(|n’|2+|F<n'>|2) i |n’|”f} dn'.  (5.20)

I

Since

d—1-7; ]

(wPelpadR) =7 = () 7 e <

for some 6 > 0, where a; = HOI(F;), we obtain

d—1-~;

6 P
Grlp-o(0) < C2/ pdu 3@ gy 0367 / rd*=3 dr < 0.
0 &

In the case that j € J_, we get the finiteness of GyIp - 0(0) from (5.17) and
(5.18) in a similar manner to the above.

Next take a ( € I', ( #0. We can choose a neighbourhood V' of ¢ such that
0¢V,V CU and D, = VND is a Lipschitz domain. Let I" = 'V . Then the
same reasoning as the proof of Lemma 5.3 works to see that Gx((,n), n € I,
is dominated by c4|¢ — 1|~%*? in case that d > 3 and by ¢s|¢ —n|~%, € >0, in
case that d = 2. Since o(n) is bounded on I", we see the finiteness of Gl -0(C)
and hence of GyIr - o((). O

Proof of Theorem 5.1 We divide the situation into four cases :
O jed, v>1/2 a jedJ_,d=>3
am jeJ_,d=2 av) jed

In view of Lemma 5.2 and Lemma 5.5, we see that (5.11) holds in cases (I) and
(II). Hence it remains to prove (5.11) in cases (III) and (IV). We can instead
prove a stronger property
sup Gyl - o(x) < o0 (5.21)
xel’
in these cases.
Indeed, when j € J_ and d = 2, we have the bound (5.18) of G (x,y) for any
€ > 0, and we can proceed in a similar manner to the proof of Theorem 6.1 in
our preceding paper [14] in getting (5.21) by choosing € smaller than ;. When
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j € Jo, then we have the bound (5.17) or (5.18) of G (x,y) which, together with
the uniform boundedness on I" of the density function ¢ of the surface measure,
readily leads us to (5.21). O

Proof of Theorem 2.4 Take any function f as is stated in the theorem and denote
by W a neighbourhood of =, on which f is constant. Then

Ign@p\w) - 0 € So1  for any ball B C RY. (5.22)
To see this, it suffices to show
Imw -0 €8 and Gilp\y -o(x) < oo, x €1 (5.23)

for the set I" C U;NOD appearing in (5.11) and exclusively for j € J,. Since I"\
W C I for some § > 0, the first assertion in (5.23) follows from Lemma 5.2 (ii).
The second one for x = 0 [resp. for x # 0] is immediate from the continuity of
G (0,y) [resp. from Lemma 5.5].

Now just as computations made in (5.8) and (5.9), we have

d
pep =2 D ay-0f - Of | -m (5.24)
ij=1
and
&(f,v) = Lv(x)u(dx), veCye (D),
D
with
d d
v=—> 0 (a;0f)-m—>_ 0f -aynlop\w - 0. (5.25)
ij=1 ij=1

Ipp\w can be inserted in the last expression because 0;f vanishes on W.
In view of (2.4), (5.22), (5.24) and (5.25), Proposition 5.1 applies and we get

X)) —fX) =M+ N pras, x €D, (5.26)

where MU is a MAF in the strict sense with

t d
(MU, = 2/ > ay oif - 0f | (X,)ds (5.27)
0

ij=1

and

t d t d
1\/}“:/0 > 0i(ay 0f) (Xs)ds+/ > of -agn; | (X)dL,. (5.28)

ij=1 0 iy=1

Here Z, is a PCAF in the strict sense with Revuz measure Igp\w - 0. (5.27) and
(5.28) are valid P,-a.e. for every x € D. Under the condition (2.5) for f, the
second functional in the right hand side of (5.28) is a PCAF in the strict sense.
Therefore the desired conclusion follows from (5.26) and (5.28). a
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6 Sobolev inequality of Moser type

In this section we will show Proposition 3.1. Throughout this section we assume
condition (A).

Proposition 3.1 is immediate from the following two propositions.

Proposition 6.1 Forany s € (0, 1] there is a positive constant Cyy = Cyo(k, 7",
p*, M*,d) such that

d
/ lu* dx < Cy /|u|2dx+p22/ |O;ul*dx 3, (6.1)
E(p) N D)

for Ef(p) = C;(p) [ resp. QF (p) ], ucH! (Ek*(p)) , N being a Borel subset of
Ef(p) with [IN| > KIEF(p), 0 < p < p* and k € I¢ [resp. kel ]

Proposition 6.2 (i) Letk € Ic and 1 < p < (d — 1 +Ww)/%. Take a ¢
satisfying p < q < p(d =1+ %) /(d = 1+5% —wp) if p < (d — 1 +%)/%,
orp < q <ooifp=(d—1+)/v-. Then there is a positive constant Cyy =
Cu(p,q,v*, p*,M*,d) such that

1/q
d71+'yk(171)
|u|? dx < Cyp % \ae
(0]

d 1/p
X / lulP dx + p” / |Ou|P dx ,
{ e ; N0

foru c H' (Ck*(p)) , 0< p<ph.

(ii)) Let1 <p <d and take a q satisfyingp < q <pd/(d—p)ifp <d,orp <
q < oo if p =d. Then there is a positive constant Cy = Co(p,q,v*,p*,M*,d)
such that

d 1/p
X / lulP dx + p” / |Oju P dx ,
{ 07 (p) ; 0 ()

foruEHl(Q,:‘(p)), 0<p<p kelp.

The part (i) of Proposition 6.2 is obtained by the same method as in [1; pp.128—
135] if we employ a transformation ¥, (x) defined below in place of the trans-
formation r¢(x) in [1;p.130]. The part (ii) is also obtained following argument
in [1; pp.103-104]. So we omit the proof of Proposition 6.2.

In order to show Proposition 6.1 with E(p) = C;’(p), we make use of a
mapping ¥, (x) from a cusp C,(p) onto a direct product set X'(p). We begin with

the definition of ¥,,. Let RY = {(x',x4) € R? : x4 > 0} and =, be the following
product space:
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= _JH{r,H:0<r <oo, —00 <t <00} if d =2,
=d {(r,1,0):0<r <00, 0<1 <00, €6y} ifd >3,

where @,_; = {(91,927"'79d—2) 0L 9]' <m(G=1,---,d—=3), 0<6,_», <
27}. Given v € (0, 1), we define the mapping ¥, : R¢ — =, as follows:
When d = 2, we set for x = (x;,x;) € R?
W)= (1), r=lx|(>0), t=xx, /7 (€R);
When d > 3, we set for x = (x’,x;) € R?
v, (x) = (r,t,0),
r=lx| >0), t=']x; """ 0,

e={<0,---,0) (€ Ou2) if [¢'| =0,
0 (€ O4_,) satisfying (gbl(ﬂ), e 925,1—1(9)) =x'/|x'| if |x’| > 0.

Here (¢1(9), e ¢d,1(9)) is the spherical polar coordinate of S92, that is, for
0= (91, o ',edfz) € B4,

¢1(8) = cosb,
¢2(0) = sinf cosb,,

Pa—2(0)

¢d—1(9) = sin€1 sin92 s sin9d_3 sin9d_2.

sinf; sinf, --- sinf;_3 cosb,_,,

For each r > 0, we identify the points (r,0,0), § € ©4_, by regarding them as
a same point. Under this identification, ¥, is one to one from R¢ onto =, and
the inverse mapping W;l is as follows: For (r,t) € =5, let & = £(r, ) be the
(unique) positive solution of the equation

12647 + 2 =2, (6.2)

Then
ol r ) = (e, x), xi =t (ER), x=¢(>0). (6.3)

For (r,t,0) € =4 with d > 3, let £ = &(r,t) be the positive solution of the
equation (6.2). Then

W'y_l(ratae) = (x17x23 e ,.Xd),

5 =180 € R), i=12d—1, x=£c0. OV
We next note that
v, : Cy(p) — X(p) one to one, onto
where 3'(p) is a subset of =, given by
_JA{,n:0<r<p, —1<t <1} ifd =2,
2 )_{ {r,t,0):0<r<p, 0<t<1,0€6,,} ifd > 3. 6.5)
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For the sake of convenience, we write (r,t,0) € X(p) in case d = 2 too, and use
(6.4) with the convention that ¢;(f) = 1. Since £ = £(r, t) is the solution of the

equation (6.2), (x1,---,xq) = !P; I(r,t,0) satisfies the following relations :
axd r
ol - 6.6
o T ermegni ©©
&2/
Oxa . —t&0 ©6.7)
o e+ (/R
8xd
— =0 (G=1,2,---,d-2 6.8
5 (G=1.2,.d -2, (6.8)
and fori =1,2,---,d — 1,
Ox; 1 /y—10x4
= —1 T = i [% s 6.9
o 5 3 o ¢:i(0) (6.9)
Ox; TRy _10xy
= + —t&T 2 ) i (6), 6.10
o <€ 5 3 o ¢i(0) (6.10)
Ox; 1/, 00i(0) .
— =1 RSt =12"’d72. 6~11
oy, = 1€ g U=L20d D) (6.11)
In the following, A, Aj, - -- denote positive constants depending only on vy*, p*

andd.Lety* <7 <1,0<p<p*and (x1, X, -, x) =¥ ' (r,1,0), (r,1,0) €
X(p). Then we get the following estimates by means of (6.2), (6.3), (6.4), (6.6),
6.7):

Air <x4 <r, (6.12)

ay < P <y, 6.13)
or

% < Agr. (6.14)

Further we see that the Jacobian determinant is given by

Oxr, -+, Xq)
8(r7t:917'”79d72)

J(r,t,0) = = (71)d+1x‘§,d71)/7% t1725.0),  (6.15)
r

where
1 ifd =2,

Sa) = { sin’=2 6, sin’ "6 sinb,_3  ifd >3, (6.16)

for 6 = (01, cee 9472) € ©,4_,. By means of (6.12)—(6.16), we readily get

J(r,1,0)] < Az =D/, (6.17)

Asp“=DIE < ey () =/E( )|J(r,t,9)\drdtd9§A6p(d_l)/7+l. (6.18)
P

We next note the following fact:
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Lemma 6.1 Lery* <~ <1, 0<p<pandx? e Cyp),i=0,1, xO+#
xM. Ser (r® 1D 60) =@, (xD), 69 = (95’), o ,92’)_2), i=0,1.For0<s <
1, put

FO = 1O 45 (rD O,

19 = 1O 4 g (1D — (O,
9= (0, 00),
0 =0 +5(0" —0), j=1,2,--.d—2.
Then (r(s),t(s),H(s)) belongs to X(p) for 0 < s < 1. Moreover the following
estimate holds :
T (r©,1© 9O J (5O D ph)
J (r(s), 1), Q(S))

(6.19)

< Ag pld=V/ (6.20)

for 0<s<1 if d=2, and
d—3

for 0<s<1 if d=3 and (1O +1D) ] (sin6” +sin6{") #£0.
j=1

Proof In view of (6.5) it is obvious that (r®, 1™ 6®)) € X(p), 0 <s < 1.We
now assume that (t(o) + t“)) Hj:ﬁ (sin 91(.0) +sin 91(.1)) #0incased > 3. Let 0 <
s<lincased =2,and 0 < s < 1 in case d > 3. Then ‘J(r“%t“”,@‘”)‘ >0
by virtue of (6.12), (6.13), (6.15) and (6.16). Moreover

J(r® 1@ 9O) J (r® 1 )
J (r(S)7 1), 9(5))

- RO <‘H>/VAj 1O\ 72 5, (00 8, (6D)
— A r® Ay 1) Sy (9(&))

Note that
r® > rO A M and hence r(O)r(l)/r(s) <p,

and if d > 3, then
19 >t ArD and hence O /1 <1,
and forj =1,2,---,d — 3,

)

sing it [0 — /2| = |00 —x/2

sin 9]@ >
sing" it ‘9}‘” —n/z‘ < ‘9}“ — /2,
consequently
S, (6O M
0< M <1.
Sa (9(“'))
We thus get (6.20). O
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For an open set E C RY, denote by C'(E) the restrictions to E of all
continuously differentiable functions on R?. ¢|, c,, etc. appearing in what follows
denote positive constants depending only on v*, p* and d.

Lemma 6.2 For any k € (0,1], there is a positive constant Cy;z =
Cos(k, p*,v*,d) such that

/ lu)? dx < Cy; /|u\2dx+pzz/ |Oul*dx o, (6.21)
Cy(p) ()

foru e C! (C,Y(p)), a Borel subset N C C.,(p) with [N | > k|Cy(p)], v* <y <1
and 0 < p < p*.

Proof Let v* <~y < land 0 < p < p*. For u € C'(C,(p)), we set

x=Wrlr,1,0) € Cy(p),
w(rt,0) =u oW (r,1,0) = ux),
Ou

. d
’8u(r,t,9)‘ = ; 3

By virtue of (6.8)—(6.11),

-1
1 1 Ou . Ou Oxy
{,y X4 2 o, x) ¢i(0) + o (x) o

dii iy Ou
E(r7ta9) - xd ;8)6,'

d—1
I 141 Ou 4 Ou Oxy
{ Y I P ox; &)+ Oxy )

5¢,

e

ou
E(rvh 9)

1)

ou )
ng(r7tag) (6)7 ]_1527"'7d_2'

Combining these with (6.12), (6.13), (6.14), we find that

% 1,0)| < As|oucrr, (6.22)
or

o —

E(r,t,ﬂ) < Agr )1, (6.23)

i — _

’aew,e) < Awrt |Guen0), j=1.2d =2 (624)
J

Let0 < k < 1, N C C,(p) with [N| > k|C,(p)|, x@ € C,(p) and xV € N.
Put @ = (r®,1® 60) = (x@D), i =0, 1. Then
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)

u(x(o)) — u(xm) = ﬁ(a(o)) — ﬁ(a(l)) = —/ —17(0(5)) ds,

085

where o = (r®,1®) %)), and r'®, 1), ) are those given by (6.19). Inte-
grating over x'! € N, we find that

0 -
—u

1
IN| Ju(x?)] S/ |u|dx+/ 17 (a™)] do(l)/
N e (p) 0o |0

Here do') denotes the product measure drVdtdf® for each i = 1,2. From
this

NP / e dx
()

2
<2/C, ()] ( / |u|dx>
N

ds.

(@)

S

2

d

" / J(c®)] do® / ‘ﬁ(a(s)) 17 (0)| do®ds
s TN Sz o |
=2( +1). (6.25)
Obviously,

1< |C7(p)|2/ |u|? dx. (6.26)

N

On account of Lemma 6.1 and (6.17),

[, a0
- (0]
sy gl

2

Q50| 17(6®) 7 (6®)] do®ds

~
N

) )
X M da(l)ds
aMes(p) J (0(5))
0<s<1
8~ 2
< AsAgpHd=D/ o 7,4(0@)) |J(O<s>)‘da<0>da<1>ds
aeX(p) | Os
Ve X(p)
0<s<1
X doWds
oVe(p)
0<s<1
B : .
_ 2(d—1)/y+1 ~( (5) () © 4 (1
Y /a«»ez(p) 55 E (@) [ (0)] doa®doVds. (6.27)
a'VeX(p)
0<s<1

On the other hand, we get from (6.22)—(6.24)
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0~/ o, o,
au(g( ))‘ < 6r( ()) V(o) (1>‘+ 8t( ()) ‘t<o> e
22 oo
1
2| Qu ©)
< Czpz ao% Yo (6.28)

ou
Denoting 8— o W ! by v; and substituting (6.28) into (6.27), we arrive at
X;

~
IN

o3 - I)MHZ/“’)ex(p) 0 (69)2 7 (69)] do®dods

aeX(p)
0<s<1

d
c3 P27V N "I (p). (6.29)

i=1

By fixing 0@ = (r©@,1© 69) € X(p) and 0 < s < 1, we make use
of the transformation o = (r® 1M D) — o = (r& 1 ). Putting
o=(r,1,0) = (r,1,69), we find that the Jacobian determinant is given by
90V /9o = s7¢. Moreover o = (r,1,s) exhausts a set X (0'©,s) specified by

A=sr® <r< ps+(1—s)rQ,
ag+(1 —)t0 <r< s+ -5,
1=5)0" <6 < ays+(1 =90, j=1,2,--,d -2,

where a; = —1ifd =2,=0ifd > 3,andaj =7 (G =1,2,---,d—3), ay_r = 2.
So we get, foreach i =1,2,---,d,

: - ©) (N2 () ()
ﬂz(ﬂ) - /0(0)62(/7) dods /cr(”EE(p)Ul (G ) |‘](U )’ do

0<s<1

dcr(o)ds/ vi(@)? [ J ()| s ¢ do.
/0(0"62(/7) o3 (00 ,s) (@) ‘ ( )‘

0<s<1

By exchanging the order of integration,

_ r r— ps
ﬂl(p) = /UGE() UI(O')2|J(O')|S d (1_s /\p_ 1_ps \/0>
0<x<f
d—2
t t—s 0; 0 —a;s
X Al ! Naj—2L—"Vv0)dod
<l—s I—s >g<l—s & 1—s oa
<

2 pd =2 / v;(0)*|J ()| do.
2(p)
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Combining this with (6.29) and (6.18), we have

d
I < C4p2(d_1)/7+42/2 vi(0)*J (0)|do
i=1 (p)

d
< esp |Gy / |Oul dx. (6.30)
i=1 C'y(P)
Since |N| > &|C(p)]|, (6.25), (6.26) and (6.30) lead us to (6.21). m|

Lemma 6.3 Let 0 < p < p* and E(p) be the following subset of R? with d > 2.

E(p) ={(x',x4) € B(p) : x4 > g(x")},

where g is a continuous function on {x' € R4~ : |x'| < p*} such that g(0) = 0
and g(x") <0, |x'| < p*. Then the statement of Lemma 6.2 with C.(p) replaced
by E(p) above holds.

Proof Let u € C'(E(p)) and N (C E(p)) be a Borel subset satisfying [N| >
K|E(p)|. For x = (x',x4) € E(p), we set ¥ = (x’,|x4]). We also use the polar
coordinate with center ¥ : y =¥ +rw, r = |y —X|, w=(y —¥)/r € S47!. The
following inequality is obvious:

IN||ux)] < /|u(y)|dy+|1v\ |u(x) —u(x)|
N
—u(y)| d x) —u(y)| dy,
o [ fu0) =) s+ [ Ju() = u()|

from which we obtain

IV (o) ?

2 x4 2
§c1{</ |udy> +|N|? ( 8du(x’,s)ds>
N Xd
Ival :
v @ [ o' ) ds
YEE(p),ya<0 Yd

d

r 2
+ dy/ Oju (X + sw ds) },
Z_: <[€E(p),y=x+ru 0 ! ( )|

i=1

|X¢1\
< cl{|E<p>| [k ass2E0p [ ot o as
N

Xd

+2|E(p)|p2/ |Bu|” dy
E(p)

d
|Ou(z)?
“EGY [ 1Ow@IE L
; ceE@ >0 [X — 2|
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where we used the following estimate for the last term.

r 2
</ dy/ 8,-u(x+sw)|ds>
YEE(p),y=x+rw 0

§4|E(p)|p/ d?/ |0u (X + sw)|* ds
VeE(py=t+rw  JO
=4|E(p)|p/ rd_ldrdw/ |0 (X + sw)|* ds
YEE(p),y=x+rw 0
du(z)?
<4E@l [ OuF_

ZE€E(p),za>0 |7‘ - Z|017l .

Therefore we have

|N|2/ |u(x)|2dx
E(p)

gcz{w(mﬁ / w2 dy + |EQ)2 / Ogu? d
N E(p)

d
dx
+HE@)p™ / |0 (2)|* dz / dl}
im1 J2€E(p),2>0 B X —z]

<C3{|E<p>|2 / w2 dy + |EQ)2 / Bau P d
N E(p)

d
+|E(p)\pd+2Z/ |8,»u|2dx}.
= JEw

Noting that c4p? < |E(p)| < csp?, we get the conclusion. 0
Proposition 6.1 now follows from Lemmas 6.3 and 6.4.

Proof of Proposition 6.1 Letk € Ic, 0 < p < p*, and N be a Borel subset
of C(p) satisfying |[N| > &|C/*(p)|. In view of [16; Theorem 1.1.7], u o &; €
H'(C,,(p)) provided u € H'(C(p)). By means of [1:Theorem 3.18], u o &
is approximated by functions belonging to C' (C,Yk (p)) in H'-norm. Noting that
Q);l(N) is a Borel subset of C., (p) and satisfies |45,:1(N)| > k' |C,,(p)| for some
k' € (0, 1], we obtain (6.1) with E;*(p) = C;*(p) from Lemma 6.3. Similarly (6.1)
with E[(p) = Q) (p) follows from Lemma 6.4. O
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1 Introduction

We consider a Hausdorff topological space X and a o-finite positive Borel measure m on X. Let
(€, F) be a (symmetric) Dirichlet form on L?(X;m), namely, £ is a Markovian closed symmetric
form with domain F linear dense in L?(X;m). In this paper, we follow exclusively [MR 92] for
the definition of £-quasi notions. For a closed set F' C X, we set

Fr={ueF:u=0m—-ae on X\ F} Fp=FprNL>®X;m).

An increasing family {F,} of closed sets is called an £-nest if the space US2, Fp, is £1-dense in
F. Aset N C X is said to be E-exceptional if N C NS F¢ for some E-nest {F),}. ‘E-quasi-
everywhere’ or ‘€-q.e.’ will mean ‘except for an £-exceptional set’. A function defined £-q.e.
on X is said to be E-quasicontinuous if there exists an E-nest {F,} such that the restriction of
u to each set F), is continuous there. When the Dirichlet form is quasi-regular in the sense of
[MR 92], any u € F admits an -quasicontinuous version which will be denoted by u*.

We consider a quasi-regular Dirichlet form (£,F) and an associated standard process M =
(Xt, P;) on X. A purpose of the present paper is to prove that, for u € F, the additive
functional(AF in abbreviation)

AM = (X)) - u*(Xo) (1)

of the process M is a semimartingale ,namely, a sum of a martingale and a process of bounded
variation, if and only if there exists an E-nest {F},} and positive constants Cp,, n =1,2,--- such
that u satisfies

|E(u,v)] < Cy |V)looy, Vv EFpp,, n=1,2--, (2)

where ||v|oo denotes the m-essential sup norm of v € L®(X;m).

The existence of a special standard process associated with a quasi-regular Dirichlet form is
well known [MR 92]. In the present paper, we give another construction of an associated tight
special standard process as an image by a quasi-homeomorphism of a Hunt modification of a
Ray process. The importance of the notion of quasi-regularity of a Dirichlet form is in that it
is not only sufficient but also necessary for the existence of an associated right process which is
m-special standard and m-tight ([AM 91],[MR 92]). For instance, given simply an m-symmetric
right process M on a Lusin topological space X, M automatically becomes m-tight and m-special
standard, and consequently the associated Dirichlet form € on L2(X;m) becomes quasi-regular
and M can be modified outside some £-exceptional set to be a tight special standard process
(MR 92], [Fi 97]).

We note here that, when the Dirichlet space is regular in the sense of [FOT 94|, the &-quasi
notions of [MR 92] defined above can be identified with those classical quasi notions introduced
for instance in [FOT 94] in terms of the (&;-)capacity. Indeed, an increasing sequence of closed
sets is an E-nest iff it is a generalized nest in the sense of [FOT 94], a set is E-exceptional iff it
is of zero capacity, and a function is £-quasicontinuous iff it is quasi continuous in the sense of
[FOT 94] (see Lemma 2.1). We shall take those identifications for granted for the moment.

When the Dirichlet space is regular and M is an associated Hunt process, the following facts
are already known ([F 80], [FOT 94, Theorem 5.4.2]): the AF Al for u € F can be uniquely
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decomposed as
Al = prlel 4 Nlel (3)

where M™ is a martingale AF of finite energy and N is a continuous AF of zero energy. N
needs not be of bounded variation. It is of bounded variation if and only if there exists a set
function v on X and an E-nest {F,} such that v|p, is a finite signed measure for each n and v
charges no &-exceptional set (such a set function v is called a smooth signed measure with an
attached E-nest {F,,}) and further

E(u,v) = — / v*(z)dv(z), Yo e Uyl Fo - (4)
JX
In this case moreover, expressing v as a difference v! — 2 of two positive smooth measures and

denoting by A* the positive continuous AF associated with v* by the Revuz correspondence,
k = 1,2, it holds that

NI = A — A2, (5)

The above mentioned facts for a regular Dirichlet form and an associated Hunt pro-
cess will be systematically extended in §5 to a general quasi-regular Dirichlet space
and an associated standard process. Here we will make use of a regular representa-
tion and an associated quasi-homeomorphism of the underlying spaces as will be formu-
lated in §2 following [F 7la], [F 71b], [FOT 94], [CMR 94]. Such a method was already
adopted in [MR 92] in their specific context of a (local) compactification where a quasi-
homeomorphism is realized by an embedding, and they called it a transfer method. But we
would like to use this term in the present more general context. A Dirichlet space is called
strongly regular if the associated resolvent admits a version possessing a Ray property (see §2
for precise definition). In §4, we crucially need a refined transfer method involving a strongly
regular representation.

Thus we basically need to show for u € F the equivalence between the inequality (2) and the
existence of a signed smooth measure v satisfying equation (4). This will be done in §3 and
§4. While the inequality (2) follows readily from the equation (4), the proof of the converse
implication, especially the derivation of the smoothness of a signed measure is a very delicate
matter. It has been known however that a kind of strong Feller property of the resolvent of
the associated Markov process M yields the desired smoothness( [CFW 93], [FOT 94, Theorem
5.4.3], [F 97a]). In §3, we shall work with a strongly regular Dirichlet space to show that this
requirement can be weakened to a Ray property of the resolvent of the associated process. We
shall then employ in §4 a transfer method involving a strongly regular representation of the
Dirichlet space prepared in §2 to complete the proof of the desired equivalence.

The condition (2) is accordingly more easily verifiable than the existence of a signed smooth
measure satisfying equation (4). Actually it is enough to require inequality (2) holding for v in
a more tractable dense subspace of F f,. For instance, consider the simple case that the nest is
trivial: F,, = X,n =1,2,--- . Then (2) is reduced to the condition that, for u € F, there exists
a positive constant C' such that the inequality

1€(u,v)] < C [[v]loo, (6)
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holds for any v in the space
Fp=FNL¥(X;m).

As will be seen in §6, the above condition is equivalent to the one obtained by replacing the
space F;, with its subspace £ satisfying

(L) L is an & -dense linear subspace of Fy, and, for any € > 0, there exists a real function ¢.(t)
such that

| (2)]
0

l+e teR ¢ut)=t, te[-1,1];
e(t) — pe(s) <t—s, s<t, s,t €R,

and ¢.(L) C L.

We shall further see in §6 that inequality (6) holding for v € £ is not only sufficient but also
necessary for the AF Nt[u] to be of bounded variation with an additional property that

1 t
lim - B, (/ |ng“1|) < o0, (7)
tlo t 0

where the integral inside the braces denotes the total variation of N on the interval [0,#]. The
property (7) says that this PCAF has a finite Revuz measure.

When X is an infinite dimensional vector space and £ is obtained by closing a pre-Dirichlet form
defined for smooth cylindrical functions on X, we may take as £ the set of all smooth cylindrical
functions to check inequality (6).

When the Dirichlet space is regular, a natural choice of £ is a dense subspace of Cy(X) satifying
the condition (£). In this case, inequality (6) for £ is evidently equivalent to the existence of a
unique finite signed measure v satisfying the equation (4) for all v € £. Our general theorem
in §4 assures that this v is automatically smooth, namely, it charges no set of zero £;-capacity.
When the Dirichlet space is not only regular but also strongly local, we shall extend in §6 the
last statement to a function u € Fj,. satisfying equation (4) for a signed Radon measure v and

for all v belonging to a more specific subspace £ of FNCy(X). We will see that this property of

u is equivalent to the condition that Nt[u]

set K,

is of bounded variation and satisfies, for any compact

1 t
im - [u]
ltlfél tEm (/0 Tk (X5)|dN |> < o0. (8)

In §7 we will apply the last theorem of §6 to the energy forms £ and the associated distorted
Brownian motions M living on closed subsets of R%. In particular, we shall improve those
results obtained in [F 97a],[F 97b] to complete stochastic characterizations of BV functions and
Caccioppoli sets.

Finally we mention a celebrated paper [CJPS 80], in which it was already proved that, given a
general Markov process M = (X, P,) on a general state space X, a function w on X produces
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a semimartingale u(X;) under P, for every z € X if and only if there exist finely open sets E,
with

U B, =X, P,(lim 75, =c0) =1 Vz e X
n—oo
such that u is a difference of two excessive functions on each set F,. In the present paper, we
restrict ourselves to the case that M is symmetric and the semimartingale property of u(X;) is
required to hold only for £-q.e. starting point x € X. As is clear from the above explanations,

our necessary and sufficient conditions of the type (2) are more easily verifiable in many cases
where X are of higher dimensions.

2 Representation and quasi-homeomorphism

We say that a quadruplet (X, m, &, F) is a Dirichlet space if X is a Hausdorff topological space
with a countable base, m is a o-finite positive Borel measure on X and £ with domain F is a
Markovian closed symmetric form on L?(X;m). The inner product in L*(X;m) is denoted by
(+,-)x and we let

Sa(',') :5('7')+0¢(‘7‘)X a > 0.

We note that the space F, = F N L®(X;m) is an algebra.

Given two Dirichlet spaces
(X,m,E,F),  (X,m,EF),

we call them equivalent if there is an algebraic isomorphism ® from F onto F, preserving three
kinds of metrics: for u € F

lulloo = 1Pulloo, (u,u)x = (Pu, ®u) g, €(u,u) = E(Pu, Pu).

One of the two equivalent Dirichlet spaces is called a representation of the other.

The underlying spaces X, X are said to be quasi-homeomorphic if there exist E-nest {F.},
E-nest {F,} and a one to one mapping ¢ from Xy = U2 F), onto Xy = US2, F,, such that its
restricition to each F), is homeomorphic to F),.

We say that the equivalence as above is induced by a quasi-homeomorphism if there exists a
mapping ¢ as above such that

du(z) =ulg (%)) i€ Xo.

Then 77 is the image measure of m by ¢ and (£, F) is the image of (£, F) by ¢. Furthermore ¢
is quasi-notion preserving ([CMR 94, Cor.3.6]):

1. Let {E,} be an increasing sequence of closed subsets of X. It is an £-nest if and only if
{q(F,NE,)} is an E-nest.

2. N C X is E-exceptional if and only if ¢(Xo N N) is E-exceptional.
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3. A function f, &-qee. defined on X, is E-quasicontinuous if and only if f o ¢! is &-
quasicontinuous.

Let us now recall three kinds of regularity of Dirichlet spaces. We call a Dirichlet space
(X,m,E,F) quasi-regular if there exists an E-nest consisting of compact sets, each element
in a certain &£ dense subspace of F admits its £-quasicontinuous version and there exists an
E-nest {F,} such that the points of U2, F,, are separated by a certain coutable familiy of &-
quasicontinuous functions belonging to F. Every element of F then admits a quasicontinuous
version.

When X is locally compact, we denote by Cy(X) (resp. C(X)) the space of continuous
functions on X with compact support (resp. vanishing at infinity). We call a Dirichlet space
(X,m,E,F) regular if X is a locally compact separable metric space, m is a positive Radon
measure on X with full support and the space F N Cy(X) is £;-dense in F and uniformly dense
in CO (X )

A submarkovian resolvent kernel R, (x, B) is said to be a Ray resolvent if
Ra(Coo(X)) C Coo(X) >0

and there is a countable family C of non-negative function in Coo(X) separating points of Xa
such that

aRoptiu<u uwelC; a>0.

Such a family Cy is said to be attached to the Ray resolvent R (x, B).

A Dirichlet space (X, m,E,F) is called a strongly reqular if X is a locally compact separable
metric space, m is a positive Radon measure on X with full support and the associated L2-
resolvent is generated by a Ray resolvent and a set C attached to this Ray resolvent is contained
in the space F N Coo(X). Any strongly regular Dirichlet space is regular (cf.[F 71b, Remark 2.2]
and [FOT 94, Lemma 1.4.2]).

We shall prove the following two theorems by combining those results in [F 71a], [F 71b],
[FOT 94] and [CMR 94].

Theorem 2.1 Any Dirichlet space admits its strongly reqular representation.

Theorem 2.2 A Dirichlet space is quasi-reqular if and only if some (and
equivalently — any)  of its  regular  representations s  induced by a  quasi-
homeomorphism.

We prepare a lemma about identifications of quasi-notions in the regular case. Suppose
(X,m,E,F) is a regular Dirichlet space. The associated capacity Cap is defined for any open
set A C X by

Cap(A) = inf{& (u,u) :ue F, u>1y} inf¢p=o00
and for any set B C X by

Cap(B) = inf{Cap(A) : B C A open }.
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In [FOT 94], ‘q.e.” means ‘except for a set of zero capacity’. A family {F,} of increasing closed
subsets of X is then said in [FOT 94] to be a nest if

lim Cap(X \ F,) =0

n—oo
and to be a generalized nest if for any compact set K C X
lim Cap(K \ F,) =0.

n—oo

A function u defined ‘q.e.” on X is said in [FOT 94] to be quasicontinuous if for any € > 0 there
exists an open set A with Cap(A) < € such that u|x_4 is continuous.

Lemma 2.1 Suppose (X, m,E,F) is reqular, then

(1) a family of increasing closed sets is an E-nest iff it is a generalized nest in the sense of
[FOT 94],

(ii) N C X is E-exceptional iff Cap(N) = 0,

(iil) a function on X is E-quasicontinuous iff it is quasicontinuous in the sense of [FOT 94].

Proof. Let M = (Xy, P;) be a Hunt process on X which is associated with the form & in the
sense that the transition semigroup p;f of the process M is a version of the L? semigroup T} f
associated with £ for any non-negative Borel function f € L*(X;m).

(i) Denote by og the hitting time of a set E:
op =inf{t >0: X; € E} (inf¢ = o0).

In view of Lemma 5.1.6 of [FOT 94], we know that an increasing sequence {F,} of closed sets
is a generalized nest iff

Pz(nlLH;ogX_F" <()=0 gezelX, 9)

where ¢ denotes the life time of M.
If (9) is true, then, for any bounded Borel ¢ € L?(X;m), the function

OX—Fn
RV y(x) = E, (/ e_tso(Xt)dt) Lz EX, (10)
0
belongs to the space Fp, and converges as n — oo to the l-resolvent Rjp of M m-a.e. and in

E1-metric as well. Here we set the value of ¢ at the cemetery A to be zero. Since the family
Rip is dense in F, {F,} is an E-nest.

If conversely {F,} is an E-nest, then, for o = lim, .o, 0x_F,, the function

w(z) = B, ( /a ié_ e*tgo(xt)dt) (11)

must vanish m-a.e. because v € F is &1-orthogonal to Us2 ; Fr, . Since u is quasicontinuous, it
vanishes g.e. Choosing ¢ in (11) to be strictly positive on X, we arrive at the property (9).
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(ii) If N is E-exceptional, then
N ML (X - F) (12)

for some generalized nest {F,} by virtue of (i). Then Cap(K N N) = 0 for any compact set K
and hence Cap(N) = 0. Conversely, any set N of zero capacity satisfies the inclusion (12) for a
certain nest {F,} in the sense of [FOT 94] ,which is an £-nest by (i). Hence N is £-exceptional.
To see the equivalence (iii), let u be £-quasicontinuous with associated E-nest {F),}. Since {F,}
is a generalized nest by (i), u is quasicontinuous in the sense of [FOT 94] on each relatively
compact open subset of X, which in turn readily implies that it is quasicontinuous on X in the
sense of [FOT 94]. The converse implication is trivial as in the proof of (ii). a

For a regular Dirichlet space, the notion ‘q.e.” now becomes a synomym for ‘£-q.e.” Further the
condition (9) with ‘q.e.” being replaced by ‘€-q.e.” becomes a stochastic characterization of an
E-nest.

Proof of Theorem 2.1 Given a general Dirichlet space (X, m,&,F), a subalgebra L of
L>(X;m) is said to satisfy condition (L) if

(L.1) L is a countably generated closed subalgebra of L>®(X;m),

(L.2) FN L is dense both in (F,&;) and in (L, || - ||o),

(L.3) LY(X;m) N L is dense in (L, || - ||oo)-

Denote by L3°(X;m) the closure of L2 L™ in L and by G,, the extension of the L? resolvent
operator G, associated with & from L2NL> to L. A closed subalgebra L of L§°(X;m) is said
to satisfy condition (R) if

(R.1) Go(L) C L for any o > 0,

(R.2) L is generated by a countable subset Lo of F N L such that each u € Ly is non-negative
and satisfies

aGaHu <wu, a>0.

Let L be a closed subalgebra of L>(X;m) satisfying condition (L) and X be its character space.
By virtue of [FOT 94, Th.A.4.1], there exists then a regular Dirichlet space with underlying
space X which is equivalent to the given Dirichlet space. Such a regular Dirichlet space is called
a regular representation with respect to L. [F 71a, Th.3] went further asserting that there exists
a subalgebra L satisfying not only (L) but also (R), and the regular representation with respect
to this L becomes strongly regular.

[FOT 94, Th.A.4.1] is a reformulation of [F 71a, Th.2] just by removing the irrelevent assumption

that X is locally compact and m is Radon. In the same way, [F 71a, Th.3] can be reformulated.
O

Proof of Theorem 2.2 In view of [F 71b, Th.2.1] (c.f. [FOT 94, Th.A.4.2]), we see that,
whenever two regular Dirichlet spaces are equivalent, then the equivalence is induced by a
quasi-homeomorphism. Here, the quasi-homeomorphism was formulated by the nest defined
by the associated capacities, but it is a quasi-homeomorphism in the present sense because of
Lemma 2.1 (i).
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On the other hand, [CMR 94, Th.3.7] shows that a Dirichlet space is quasi-regular if and only if
it is equivalent to some regular Dirichlet space by means of a quasi-homeomorphism. We arrive
at Theorem 2.2 by combining those two facts. m|

Corollary 2.1 If two quasi-regular Dirichlet spaces are equivalent, then the equivalence is in-
duced by a quasi-homeomorphism.

Corollary 2.2 Any quasi-regular Dirichlet space is equivalent to a strongly regular Dirichlet
space by means of a quasi-homeomorphsim.

3 Smoothness of signed measures for a strongly regular Dirich-
let spaces

In  this section, we work with a fixed strongly regular Dirichlet space
(X,m,E,F). For the associated Ray resolvent R,(z,B), there exists a substochastic ker-
nel pu(x, B) such that

lim R, f(2) = /X )z, dy) Vf € Coo(X).

A point x € X is called a branching point if the measure u(z,-) is not concentrated on {z}. The
set X of all branching points is called the branch set. One can then construct a Markov process
M = (X, P,) on X called a Ray process with resolvent R, (x, B), which is known to enjoy the
following specific properties ([R 59], [KW 67]). We denote by Xa the one point compactification
of X and put {(w) =inf{t > 0: X;(w) = A}.

(M.1) Py(Xo=2)=1 z€X— X,

(M.2) The sample path X; = X;(w) is cadlag; X;(w) € X is right continuous for all ¢ > 0, and
have the left limit X;_(w) € Xa for all t > 0. X;(w) = A for any ¢t > ((w).

(M.3) Py(X; € Xa— Xp) =1 VzeX, Vt>0.
(M.4) M is strong Markov.

(ML.5) (quasi-left continuity in a restricted sense)
If stopping times o, increase to o, then, for any = € X,

P, ( lim X,, = X,|o < 00, lim X,, € Xa — X,,) —1.
n—oo n—oo
A non-negative universally measurable function f on X is said to be 1-supermedian if
Rasif(2) < fz) a>0, ¢ X,
and to be 1-excessive if

aRop1 f(z) T f(2) a— o0, xeX.

For a 1-supermedian function f, f denotes its 1-excessive regularization :

f(x)= lim aRay1f(2).
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Actually f is then l-excessive and f (z) < f(z) x € X. We shall use the following description
of the branch set(cf. [KW 67]). For the family C1(C F N Cx(X)) of 1-supermedian functions
attached to the Ray resolvent, we set

Ci={f Ac: f e, cpositive rational }.
Then

Xp=|J{reX:g(@)>g(x)} (13)
geCy

For a Borel set B C X, we let
op(w)=inf{t >0: X; € B} ¢(w)=inf{t >0:X, € B},
with the convention that inf ¢ = oo and we further let
pp(z) = E, (6703) pp(z) = E, (67&3) .

When B is open, pgp = pp and it is a 1-excessive Borel measurable function.

The facts stated in the next lemma are taken from [F 71b] but we shall present alternative
elementary proof of them.

Lemma 3.1 (i) Cap(X;) = 0.

(ii) Let A be an open set with Cap(A) < oo and eq € F be its (1-)equilibrium potential. Then
pa(x) is a Borel 1-excessive version of e4.

Proof. (i) Take any g € C]. Since aR,+19 is E1-convergent to g € F, § is an -quasicontinuous
version of g. But ¢ is continuous and hence g = § £-q.e., namely, Cap(g > §) = 0. By (13) and
the countable subadditivity of the capacity, we arrive at (i).

(i) Since pa(z) =1 for all z € A — X}, and consequently m-a.e. on A by (M.6), the proof of
[FOT 94, Lemma 4.2.1] (where pa(z) = 1 Vo € A) works without any change in proving that
p4 is a version of e4.

O

We now proceed to the proof of a proposition which is an intermidiate but crucial step in
establishing the equivalence of the inequality (2) and the exisitence of a smooth signed measure
satisfying (4).

Proposition 3.1 Let u € F and w € Fy,. Suppose there exists a finite signed measure v = vy
on X such that

E(u,vw) = —/ vdv Yv € FNCx(X). (14)
X
Then v is smooth, namely, v charges no set of zero capacity. Moreover it holds that
E(u,vw) = —/ v'dry Vv € Fp, (15)
b'e

where v* is any E-quasicontinuous version of v.
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Lemma 3.2 Assume the condition of Proposition 3.1.

(i) Suppose vy, satisfies the equation (14), E(vp,vyn) s bounded, vy, () is uniformly bounded and
vp converges to a function v € F pointwise and in L*(X;m). Then v satisfies (14).

(ii) The equation (14) holds for the product v = vy - va for any vi € F N Cx(X) and for any
bounded Borel 1-excessive function vy € F.

Proof. (i) w - v, then E-weakly convergent to w - v(cf.[FOT 94, Th.1.4.2]).
(ii) Fix an arbitrary non-negative v; € F N Cxo(X) and « > 0 and let
H={f € L%(X;m): bounded Borel, (14) holds for v = vy - Ro f}.

Since Ry (Co(X)) C FNCoo(X), Co(X) C H. If f1, fo € H,c1 f1 + cafo > 0 for some constants
c1,co, then clearly C1f1 4+ cofs € H. If f, € H increases to a bounded function f € LQ(X; m),
then vy - Ry fr is £-bounded, uniformly bounded, and convergent to v; - Ry f pointwise and in
L% Hence f € H by virtue of (i). By the monotone lemma, we see that equation (14) holds for
v = vy - Rof for any nonnegative bounded Borel f € L.

Next take any bounded Borel 1-excessive function vy € F. Since aR,4+1v2 is £1-convergent to
v s a — 00, V1 - aRy41v2 is E-bounded, uniformly bounded and convergent to v; - vy pointwise
and in L2. Hence (14) holds for v = v1 - v3 by (i) again. m

Lemma 3.3 Assume the condition of Proposition 3.1 and denote by v the total variation of
the finite signed measure v.

(1) #(Xy) = 0.
(i)

Proof. (i) We use the description (13) of the branch set. Take g € C{. For any h € F N Coo(X),
hg € F N Co(X) and

E(u, whg) = f/ hgdv.
X

On the other hand, § is a bounded Borel 1-excessive function and defines the same element of
F as g because aRq419 is E1-convergent to g € F. Therefore, by Lemma 3.2 (i),

E(u,whg) = —/ hgdv,
X
and consequently
/ hg—g)dv =0 Vhe FNCu(X),
X

which implies that 7({z € X : g(z) > g(z)}) = 0.
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(ii) Because of lemma 3.1 (i), there exists an decresing open sets A, including X} such that
limy, .o Cap(A;) = 0. Due to Lemma 3.1 (ii) and Lemma 3.2 (ii), we then have

S(u,whpAn):—/ hpa,dv Vh € FNCx(X). (17)
X

In view of

Cap(An) = Sl(pAn7pAn) > (pAnvan)LQa

pa, is E-bounded, uniformly bounded and L2?-convergent to zero. Therefore, from (17) and
Lemma 3.2 (i), we have for

px) = lim pa, (2)
the identity
/ h(@)p(@)dv(z) = 0 Vh € FN Ca(X),
X
which implies that
0=v{z e X :p(x)>0}) = Py(A),
where
A={w: lim o4, (w) < co}.

Since the w-set in the braces of the left hand side of (16) is contained in the measurable w-set
A, we get to (16).
O

Proof of Porposition 3.1 Take any compact set K with Cap(K) = 0. For the first assertion
of the proposition, it suffices to show that

v(K)=0. (18)
Choose a sequence {A,} of relatively compact open sets such that

Aps1 DA DK ﬂA,,,:K.

n=1

Since Cap is a Choquet capacity,
lim Cap(A,) = lim Cap(A,) = Cap(K) = 0.
n—oo

n—o0

On the other hand, M is quasi-left continuous under P, by virtue of (M.5) and Lemma 3.3 (ii):
for any stopping times o, increasing to o,

Py ( lim X, =X,, 0< oo) = Py(0 < ).
n—oo
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Hence
P, ( lim 04, # dK> -0,
n—oo
and accordingly

lim pya,(z) =pr(z) forv—ae zeX.

n—o0

We now have the equation (17) for pa, by Lemma 3.1 (i) and Lemma 3.2 (ii). In the same way
as in the proof of the preceding lemma, we see that the left hand side of this equation tends to
zero and consequently

/ hz)pk (z)dv(z) =0 VYhe FNCx(X),
X
which means that
o(pr > 0) = 0.
But px(z) =1 for z € K — X; and hence 7(K — X}) = 0, which combined with Lemma 3.1 (i)

proves the desired (18).

For the second assertion, take any v € F and let ||v|l o = M. We can then find a sequence of
functions v, € F N Cs(X) E-convergent to v such that sup,cx |vp(x)] < M and further v,
converges £-q.e. to an E-quasicontinuous version v* of v. As lemma 3.2 (i), the desired identity
(15) now follows from (14) for v,. O

We are now in a position to prove the main theorem of this section.

Theorem 3.1 For u € F, the next two conditions are equaivalent:

(i) There exists an E-nest {F,} for which the inequality (2) is valid for some positive constants
C,.

(if) There exists a signed smooth measure v with some attached E-nest {F,} for which the
equation (4) is valid.

Proof of the implication (ii) = (i). Suppose (ii) is fulfilled. Take any v € F r, and let
M = ||v||oo- Then v* < M & — q.e. and further v* = 0 £ — gq.e. on X \ F,,. Therefore the absolute
value of the right hand side of (4) is domonated by C,, - M with C), being the total variation of
v on the set F,.

O

The converse implication (i) = (ii) will be proved in the following more specific form.

Proposition 3.2 Suppose, for u € F, the inequality (1) is valid for some E-nest {F,}. Then
there exists a smooth signed measure v with an attached E-nest {F),} with F), C F,,, n=1,2,--- ,
for which the equation (4) is valid.
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In the rest of this section, we assume that u € F satisfies (1) for an E-nest {F,}. We shall
construct v and {F},} of Proposition 3.2 by a series of lemmas.

First fix an arbitrary w belonging to the space Fr, ; for some n. Then v - w € Fp,; for any
v € Fyp,

1€, v - w)] < Cpllv - wlloo < Crllwlloo - [[V]lcos v € Fp-

Since this inequality holds for any v in the space FNCy(X) which is uniformly dense in Coo (X),
there exists a unique finite signed measure v = v, for which the equation (14) is valid. In virtue
of Proposition 3.1, v, charges no set of zero capacity and

E(u, v-w)=— /X v*(x)dvy () Y € Fy. (19)

Lemma 3.4

widvy, = wadvy, w1, wa € Uy 1 Fr, p.
Proof. For any v € Fy,

E(u, vwjws) = —/ v widyy, = —/ VWAV, .
X X

O

This lemma says that, roughly speaking, (w*)~'dv,, is independent of w and a candidate of the
measure ¥ we want to construct. To make a rigorous construction, we need to consider a Hunt
process associated with the given strongly regular Dirichlet space in order to use a general theory
in [FOT 94]. Such a process can be immediately constructed from the Ray process M = (X, Py)
already being considered . In fact, Lemma 3.1 (ii) readily implies the following ([F 71b, Th.3.9]):
for any set B C X with Cap(B) = 0, there exists a Borel set N D B with Cap(N) = 0 such
that X — N is M-invariant in the sense that

PuX,€XaA—N, X ,€Xa—-NVt>0)=1.Vz € X —N.

Since Cap(Xp) = 0 by Lemma 3.1 (i), the branch set is included in a set N of the above type. On
account of the properties (M.1) ~ (M.5) of the Ray process M, we can get a Hunt process on
X still associated with the form & first by restricting the state space of M to XA — N and then
by making each point of N to be a trap( see [FOT 94, Th.A.2.8,A.2.9] for those procedures).
We may call the resulting Hunt process a Hunt modification of the Ray process M.

In what follows in this section, M = (X, P,) denotes a Hunt process on X associated with the
form £. For a strictly positive bounded Borel function ¢ on X with ¢ € L?(X;m), we put

pu(r) = Rgn)@(w)’ z e X,

where the right hand side is defined by (10). Here, we set ¢(A) = 0. By [FOT 94, Th.4.4.1], we
know that p, is an £-quasicontinuous Borel function in Fr, ;. We then introduce the sets

1
En:{xeX:pn(x)zg}, n=12---, No=X-—- (UL E,). (20)
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E, is a quasi-closed Borel set, increasing in n and E,, C F,,, n=1,2,--- . Since Ng = {z € X :
limy,—,00 pn(z) = 0}, we see that

Cap(No) =0 (21)
owing to the stochastic charcterization (9) of the E-nest {F,}.

We define v by

v(dz) = Vp,(dz) on Ep, n=1,2,---, v(Ng) =0. (22)

1
pn(2)
For m > n, we have from Lemma 3.4

1
—V
:L‘) Pm

P (dx) =

1
——v, (dz) on E,
Pn(m) Pn( )

which means that the above definition makes sense. v|g, is then a finite signed measure for each
n and v charges no set of zero capacity. Moreover

E(u, v-w) = —/ v'w'r(de) veF, weU Fr (23)
X
In fact, the above definition of v and Lemma 3.4 imply that
vy(de) = wiv(de) we Uyl Fp,

and we are led to (23) from (19).

In order to construct an appropriate E-nest from {E,, }, we prepare a lemma.

Lemma 3.5 Suppose I'y,, n=1,2,--- , are quasi-closed, decreasing in n and
Cap (N5Z,I'y,) = 0.
Then
lim Cap(T',, NK) =0 for any compact set K.
n—oo
Proof. In view of the definition of the quasi-closed set ([FOT 94, pp68]), we can find, for any

€ > 0, an open set w with Cap(w) < € such that I, — w are closed for all n. For any compact
K, (T, — w) N K are decreasing compact sets. Since Cap is a Choquet capacity,

lim Cap((T)y, —w)NK) = Cap(Nyy (T, —w) N K) < Cap(Ng,Ty,) = 0.

n—oo
We then get lim,, .o.Cap(T,, N K) < ¢ from

Cap(T', NK) < Cap((T'y, — w) N K) 4+ Cap(w).
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Proof of Proposition 3.2 Take a sequence ¢, | 0. Since the sets E,, defined by (20) are quasi-
closed, we can find decresing open sets w; with Cap(wy) < € and E,, — wy are closed for all n
and /.

Let us define increasing closed sets F), by

Fl=E,—w, n=1,2,--- (24)

and prove that

nan;o Cap(K — F)) =0 for any compact K. (25)
Since

K—F, =(KNE)U(KNwy),
we have
Cap(K — F!) < Cap(K 1 ES) + %

We let

1
Ly ={pn < E} -
I',, are then quasi-closed and
Epclp nply B =0t T = No
because ES = {p, < 1}. On account of the preceding Lemma and (21), we conclude that
Cap(KNE;) <Cap(KNT,;) —0 n— oo.
(25) is proven and {F,} is an E-nest by Lemma 2.1. Moreover
F/ CE,CF,n=12--.

For the measure v defined by (22), v|p; is therefore a finite signed measure for each n. Since v
charges no set of zero capacity, it becomes a smooth measure for which the present E-nest {F}}
is attached.

Finally take any w belonging to the space Fp j for some n. Let v = (np,) A1l. Then v = 1 on
E,(D F]) and v - w = w. Thus the equation (23) leads us to

no

E(u,w) = /X w*(z)v(dz) Yw € US Frr b, (26)

completing the proof of Proposition 3.2. m]

Theorem 3.1 is proved. Here we add a theorem corresponding to a special case of Theorem 3.1
where the £-nests are trivial.
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Theorem 3.2 For u € F, the next two conditions are equivalent:
(i) The inequality (6) holds for some constant C > 0.

(ii) There exists a finite signed measure v charging no &-exceptional set such that the equation
(4) holds for any v € F.

Proof. The proof of the implication (i) = (ii) is the same as the corresponding proof of Theorem
3.1. The converse can be viewed as a special case of Proposition 3.1 (the case where w =1). O

4 Transfers of analytic theorems to a quasi-regular Dirichlet
space

First, we transfer Theorem 3.1 from a strongly regular Dirichlet space to a quasi-regular Dirichlet
space.

Theorem 4.1 Let (X,m,E,F) be a quasi-regular Dirichlet space. For u € F, the next two
conditions are equivalent:

(i) There exists an E-nest {E,} for which the inequality (2) is valid for some positive constants
Ch.

(if) There exists a signed smooth measure v with some attached E-nest {E,} for which the
equation (4) is valid.

Proof. By Corollary 2.2, the quasi-regular Dirichlet space (X,m,E,F) is equaivalent to a
certain strongly regular Dirichlet space (X m,E,F ) by a quasi- homeomprphism q7 there exist
E-nest {F,}, E-nest {Fn}, q is a one to one mapping from Xy = U;2 F, onto Xy = Fn, its
restriction to each F,, is homeomprphic to Fj,, and the map from F, to F defined by

satisfies

e

[t]lco = PU|oo, (u,u)x = (Pu, <I>u))-(7 E(u,u) = E(Pu, Pu).

q is £-quasi notions preserving as is explained in §2.
Suppose that the condition (i) is fulfilled. Let

a=0w)(eF), E,=qE,NF)n=12,---
Then, {E,} is an £-nest and
E(@,0)| < Culldlleo, VO EF, 5, n=12-

for the same constant C,, as in (i).
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By virtue of Theorem 3.1, there exists a smooth signed measure # on X with an attached £-nest
{E!} for which the equation

E(a,v) = 7/~ o (2)di(F), Vo e UL F, 5
< B
holds. Let
V(B) :D(Q(BmXU))v E:‘l:q_l(E’;LmFIL) n= 1727

Then we can easily see that {E],} is an E-nest, v is a smooth signed measure on X with the
attached E-nest {E/,}. By rewiting the above equation and noting that v*(z) = 9*(gz) gives an
E-quasicontinuous version of v = ®~1(7), we arrive at the equation (4) holding for u,v, {E/},
getting the conclusion (ii).

The converse implication (ii) = (i) can be directly shown as the corresponding proof of Theorem
3.1. m|

In exactly the same way, Theorem 3.2 can be transfered from a strongly regular Dirichlet space
to a quasi-regular Dirichlet space.

Theorem 4.2 Let (X, m,E,F) be a quasi-reqular Dirichlet space. For u € F, the next two
conditions are equivalent:

(i) The inequality (6) holds for some constant C' > 0.

(ii) There exists a finite signed measure v charging no &-exceptional set such that the equation
(4) holds for any v € Fy,.

For later convenience, we also transfer Proposition 3.1 in the following manner:

Proposition 4.1 Let (X,m,E,F) be a quasi-regular Dirichlet space. Let u € F and w € Fy.
Suppose there exists a positive constant C = Cy 4y, such that

I€(u,vw)| < Cv])|lw Vv € Fp.
Then there exists uniquely a finite signed smooth measure v for which the equation (15) is valid.
Proof. In the same way as in the proof of Theorem 4.1, the above inequality is honestly inherited
to a strongly regular representation, where we can use Proposition 3.1 to obtain the conclusion

as above which can be transfer back to the quasi-regular Dirichlet space also in the same way
as in the proof of Theorem 4.1. O

5 Transfers of stochastic contents to a quasi-regular Dirichlet
space
This section is devoted to transfers of probabilistic notions and theorems from a regular Dirichlet

space to a quasi-regular Dirichlet space. In particular, we formulate the stochastic significance
of the condition (ii) in Theorem 4.1 more precisely than what was mentioned in §1.
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To this end, let us first consider a regular Dirichlet space (X, m,&, F) and an associated Hunt
process M = (X;, P;) on X. In this context, we start with mentioning some probabilistic
characterizations of £-exceptional sets in a convenient way for later use.

A set N C X is called M-exceptional if N is contained in a nearly Borel set N such that
Pp(og < 00) = 0. A set N is said to be (M-)properly exceptional if it is a nearly Borel
measurable m-negligible set and its complement X — N is M-invariant. We call N (M-)properly
exceptional in the standard sense if, in the above definition of the proper exceptionality, the
M-invarance of X — N is weakened to the M-invariance up to the life time in the following
sense:

Pu(X;, X, eX—NVte[0,¢)=1, Vo € X — N.

Remark 5.1 The last notion of the exceptionality makes sense not only for the present Hunt
process but also for a standard process, and we shall later utilize it for a standard process
associated with a quasi-regular Dirichlet space.

Lemma 5.1 The following conditions for a set N C X are equivalent each other:
(i) N is E-exceptional.

(if) N is M-ezceptional.

(iii) N is contained in a properly exceptional set.

(iv) N is contained in a properly exceptional set in the standard sense.

Proof. The equivalence of the first three conditions are proven in [FOT 94]. The implication
(iii)=(iv)=-(ii) is also obvious. O

Remark 5.2 (i) In studying a Hunt process M associated with a regular Dirichlet space
(X,m,E,F), the state space of M needs not to be the entire space X. Indeed, we may well
consider a Borel subset Ny of X with m(Ng) = 0 and a Hunt process M with state space
X — Ny such that it is associated with a Dirichlet form £ on L?(X;m) in the sense that its
transition function on X — Ny generates the L?-semigroup corresponding to £. Then the set
Ny becomes automatically £-exceptional, because it is properly exceptional with respect to the
trivial extension M’ of M to X (M’ is obtained from M by joining every point of Ny as a trap,
see [FOT 94, Th.A.2.9]). M’ is still associated with £ and hence Lemma 5.1 applies.

(ii) Given a Hunt process M on X — Ny as above, we call a set N M-properly exceptional (resp.
M-properly exceptional in the standard sense) if N D Ny, N is nearly Borel, m(N) = 0 and
X — N(C X — Ny) is M-invariant (resp. M-invariant up to the life time). With this slight
modification of the notion of proper exceptionality, not only Lemma 5.1 but also what will be
stated below about additive functionals remain valid for a Hunt process M on X — Ny as above.
(iii) We can and we shall allow an analogous freedom of choice of the state space about a
standard process associated with a quasi-regular Dirichlet space, accompanyed by an analogous
modification of the proper exceptionality in the standard sense.

We quote from [FOT 94] those basic notions and theorems concerning additive functionals of
the Hunt process M on X. By convention, any numerical function f on X is extended to the
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one-point compactification XA by setting f(A) = 0. Let Q, {Fi }1e[0,00; ¢, 0 be the sample space,
the minimum completed admissible filtration, the life time and the shift operator respectively
attached to the Hunt process M. An extended real valued function A¢(w) of ¢ > 0 and w € Q is
called an additive functional (AF in abbreviation) if it is {F;}-adapted and there exist A € Fi
with 6;A C A, V¢ > 0 and a properly exceptional set N C X with P,(A) =1, Vo € X — N, such
that, for each w € Q, Ag(w) =0, A;(w) is cadlag and finite on [0, ((w)), Ai(w) = A¢)(w), t >
¢(w), and

Ars(w) = As(w) + At (Osw), s, >0.

A (resp. N) in the above definition is called a defining (resp. exceptional) set for the AF A. We
regard two AF’s to be equivalent if

P¢<A§1)=A£2)>=1, t>0, &—qe xzeX.

Then we can find a common defining set A and a common properly exceptional set N of A1)
and A® such that Agl) (w) = Al(t?) (w), Vt >0, Yw € A. Here we have to use Lemma 4.1 together
with the fact that the w-set

F:{wGQ:Xt(w), Xt_(w) EXA—NVtZO}

is Foo-measurable.

An AF A;(w) is said to be finite, cadlag and continuous respectively if it satisfies the respective
property at every ¢ € [0, 00) for each w in its defining set. A [0, co]-valued continuous AF is called
a posiitve continuous AF (PCAF in abbreviation). We denote by A} the set of all PCAF’s. We
shall call an AF A;(w) of bounded variation if it is of bounded variation in ¢ on each compact
subinterval of [0, ((w)) for every fixed w in a defining set of A.

A positive Borel measure p is called a smooth measure if p charges no £-exceptional set and
there is an E-nest {F,} such that p(F),) is finite for each n. The totality of smooth measures
is denoted by S. There is a one to one correspondence between (the equivalence classes of) AT
and S by the Revuz correspondence:

1 ot
lim ~ Epm (/ f(Xt)dAt) :/ h-fdu, AeAr, pes, 27)
tl0 t 0 X

holding for any non-negative Borel function f and ~v-excessive function h, v > 0. The smooth
measure corresponding to a PCAF A in the above way is said to be the Revuz measure of A.

For any u € F, there exists a unique finite smooth measure p,) on X, which satisfies the
following equation in the case that u € Fy:

/X (@) (dr) = 26(u- fou) — E(.f) V€ F. (28)

My is called the energy measure of u € F.
The energy e(A) of an AF A is defined by

o1 2
e(A) = ltll%l %Em(At)'
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For u € F, AL“] defined by (1) is (up to the equivalence specified above) a finite cadlag AF of
finite energy. The families of martingale AF’s of finite energy and CAF’s of zero energy are
defined respectively by

/\O/l: {M : finite cadlag AF E,(M?) < 00, E,(M;) = 0 q.e. and e(M) < oo},

N, ={N : CAF E,(]N;]) < 00 q.e. and e(N) = 0}.

For any u € F, the AF Al admits a decomposition (3) uniquely up to the equivalence specified

above, where M E/\O/l and N e N, ([FOT 94, Th.5.2.2]). The energy measure Py of u
coincides with the Revuz measure of the quadratic variation (M) € A} of the AF M
([FOT 94, Th. 5.2]). Furthermore [FOT 94, Th.5.4.2] asserts the following: the CAF N is
of bounded variation if and only if the condition (i) of Theorem 4.1 is valid for some signed
smooth measure v. In this case moreover, NI admits an expression (5) for some PCAF’s A*

corresponding to smooth measures v*, k = 1,2, by the Revuz correspondence and it holds that

l/=I/1*I/2.

Now we turn to a general quasi-regular Dirichlet space (X, m,&,F). Let (X,Th, 5‘,]}) be its
regular representation and

M = (Q {ﬁi}tE[O,oo]a Xm C: 15@)

be a Hunt process on X associated with the latter (one may take for instance a strongly regular
representation and a Hunt modification of the associated Ray process). By Theorem 2.2, the
two Dirichlet spaces are related each other just as in the first paragraph of the proof of Theorem
4.1. We shall use the notations {F,}, Xo,{F,}, Xo, ¢, ®, appearing in that paragraph without
repeating the explanation. We are ready to construct a standard process on X associated with
£ as an image of M by ¢~! in a similar way to [F 71b].

Applying the stochastic characterization (9) to the E-nest {F},}, we can find an M-properly
exceptional Borel set N; including X — X such that

Isw(nli_{& o5 p <) =0 VieX-Ny. (29)
In other words, we have
Puh) =1 VieX- N
for the set A; = Ay N Ajp where

Allz{LDGQZXt7 Xt,EXA*vatEO}
Ap={0ecQ: Jimog p o> (@)}

Adjoin a point A to X as an extra point (as a point at infinity if X is locally compact) and
extend ¢ to a one to one mapping from XoU A onto XoU A by setting ¢(A) = A. We define an
E-exceptional Borel set N1 C X by

X =N =q¢ ' (X-N). (30)
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We let
Q=A  F=FnNAtec0,o). (31)

The element of Q (resp. {F;}) is denoted by w (resp. A) instead of & (resp. A). Finally let us
define X3, ¢, Py by

X(w)=¢ "X (w) we, t>0, ((w)=C_(w), we, (32)

P.(A) = Pp(A) € XUA— Ny, A€ Fu. (33)
With these definitions of elements, we put

M, = (Q7{Fi}t€[0,oo]7)~(t757 Pi)7

Ml = (Q7 {]:i}te[(),oo]u Xf7 <7 PI)

M, is a Hunt process on X — N; which is associated with the regular Dirichlet form £. We shall
call M; the image of the Hunt process M by the quasi-homeomorphism ¢ 1.

Theorem 5.1 M; defined by (30)~(33) is a standard process on X — Ni associated with the
quasi-reqular Dirichlet form E. Further M is special and tight.

Proof. The first assertion can be proved in the same way as in [F 71b, §4] where
(X,m,E,F), ()?,Th.,é,]}) and M were a regular Dirichlet space, its strongly regular repre-
sentation, and a Hunt modification of the Ray process associated with the latter respectively,
and the process M, defined by (30)~(33) was shown to be a Hunt process on X — N;. The
only defference from the present situation was in that {F,}, {F,} were nests in the sense of
[FOT 94] rather than &-nest and E-nest, and accordingly we had the following stronger property
than (29):

Py(lim oy 7 <o00)=0 VieX-Ni. (34)

n—o0 n
In the present case, we can also see as in [ 71b] that {F; };[0,oc] defined by (31) is the minimum
completed admissible filtration for X; defined by (32). Thus M; is special, namely, {73} is quasi-
left continuous because so is {F;}. Let K, be compact sets increasing to X such that K, is

included in the interior of K, and put K,, = ¢~ (K, N F,). Then {K,} are increasing compact
subsets of X — N; and we get obviously the tightness of Mj:

Pz(nlLH;OUX,Kn <()=0 VreX-N.

]

The state space of M; can be enlarged to X if necessary by an trivial extension (namely, by
making each point of N; to be a trap.) [MR 92, Th. 3.5] has given another construction of an
m-tight special standard process associated with a quasi-regular Dirichlet space.
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Remark 5.3 According to [MR 92, Th. 5.1, Th.6.4] however, two standard processes associ-
ated with the same quasi-regular Dirichlet space admit a common properly exceptional set in the
standard sense such that their restrictions to the complement of this set share a common tran-
sition function. Therefore, in dealing with a standard process associated with a quasi-regular
Dirichlet space, we may assume without loss of generality that it is an image of a Hunt process
by a quasi-homeomorphism. This viewpoint is very convenient in utilizing the transfer method.

Thus, in the rest of this section, we continue to work with a quasi-regular Dirichlet space
(X,m,&,F) and an associated standard process My = (Q,{F}, Xy, ¢, P;) on X — N; defined
by (30)~(33). We can transfer Lemma 5.1 as follows:

Lemma 5.2 The following conditions for a set N C X are equivalent each other:
(i) N is & -exceptional.

(if) N is M -ezceptional.

(iii) N is contained in a properly exceptional set in the standard sense.

Remark 5.4 Since the state space of M; is X — N1, any M;j-properly exceptional set in the
standard sense is required to contain the set N; (see Remark 5.2).

Proof. For simplicity, let N be a Borel subset of X — Ny and put N = ¢(N)(C X — Np). Of
course, N is E-exceptional iff N is E-exceptional. By our construction of M, we see that the
M; -exceptionality of N (resp. M;j- -proper exceptionality in the standard sense of N U Nyp) is

equivalent to the Mj-exceptionality of N (resp. M, -proper exceptionality of N U Nl) But, in
view of Lemma 5.1 and Remark 5.1, three conditions of the present lemma are equivalent for
N, the regular Dirichlet form & and the Hunt process M,. O

Remark 5.5 In relation to the w-set involved in a properly exceptional set in the standard
sense, we make the following remark : for a Borel set A C X, the w-set

F={we: Xi(w), Xi-(w) € AVt €[0,((w))}
is Foo-measurable, because, for B = X — A, and each T > 0, the w-set
{w: X e BU{A} Tt € [0, T A¢(w))}
is contained in
{w: X exists and is in BU{A} 3t € [0,T]},

and by [BG 68, Prop.10.20] we can see that Q\T' € Fu.

The notion of the additive functional A;(w) of the present standard process My on X — Ny is
defined exactly in the same way as for an Hunt process except that we now adopt a properly
exceptional set in the standard sense (instead of a properly exceptional set) as an exceptional
set N (N] C N C X) of the additive functional A. The equivalence of two AF’s A1 A®) of
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M, is defined in the same way as for an Hunt process. On account of Lemma 5.2 and Remark
5.4, we can then find a common defining set A € F, and a common exceptional set N(D Nj)
such that

AD (W) = AP (W), V£ >0, Yw € A.

We can easily observe that, if A;(w) is an AF of M; with a defining set A and an exceptional
set N(D Nip), then Ay(w) is an AF of M; with some defining set contained in A and some
exceptional set containing ¢(N)(D Ny). Conversely any AF of M, with a defining set A and
an exceptional set N(D Ny) can be viewed as an AF of M; with the same defining set and

the exceptional set ¢~1((IV)). Two AF’s are equivalent with respect to M iff so they are with
respect to M.

Various classes of AF’s of M; are defined in the same way as for an Hunt process. In particlur,

o
we have the classes A} of PCAF’s, M of margingale AF’s of finite energy and N, of continuous
AF’s of zero energy for the process M. For u € F and its £-quasicontinuous version u*, we put

W (&) =u* (¢ HE) TeX N
Then @* is an E-quasicontinuous version of & = ®u and
(X (@) — 0 (Xo(w) = @ (Ri(w) — i (Ko(w) we Q.
Hence AM (the left hand side) is (up to the equivalence) a finite cadlag AF and uniquely

expressible as (3) for M because so is Al (the right hand side) for M;.

For the present quasi-regular Dirichlet form &, the class S of smooth measures and the notion
of the energy measure p, of u € Fp are defined also in the same way as for a regular Dirichlet
form. ¢ preserves the notion of the smoothness of positive measures. p is the Revuz measure of
a PCAF A of M, if qu is the Revuz measure of A as a PCAF of M;. The energy measure of
u € Fy characterized by the equation (28) can be constructed as the image by ¢~! of the energy
measure of du € Fy, with respect to the regular Dirichlet form €.

Summing up what has been mentioned, we get

Theorem 5.2 (i) The equivalence classes of PCAF’s AT of My and the smooth measures S
of £ are in one to one (Revuz) correspondence by (27).

(i) Any v € F admits a unique finite smooth measure pi,,) satisfying the equation (28) in the
case that u € Fy.

(iii) For any w € F, the AF (1) admits the decomposition (3) uniquely up to the equivalence

where MM E/()/l, Nl e M. MM qdmits its quadratic variation in Ai whose Revuz measure is
the energy measure of u.

Finally we transfer Theorem 5.4.2 of [FOT 94]. Recall that an AF A;(w) is said to be of bounded
variation if it is of bounded variation in ¢ on each compact interval of [0, ((w)) for every fixed w
in its defining set.
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Theorem 5.3 The following conditions are equivalent for u € F:

(i) The AF Al defined by (1) is a semimartingale in the sense that the CAF N in its decom-
position (3) is of bounded variation.

(ii) There exists a signed smooth measure v with some attached E-nest {E,} for which the
equation (4) holds.

If condition (i) holds, then N™ admits an expression (5) for A¥ € AT with Revuz measure
VB k=1,2, where

v=uvt-1? (35)

is the Jordan decomposition of the smooth signed measure v ( hence vk k= 1,2, are au-
tomatically smooth). If condition (i) holds, then N admits an expression (5) by some
AF € AF k=1,2, and condition (ii) is fulfilled for the signed smooth measure v of (35) defined
by the Revuz measure v* of A¥, k=1,2.

6 Semimartigale characterizations of AF’s

Let (X, m, &, F) be a quasi-regular Dirichlet space and M; = (X;, P;) be an associated standard
process specified in Theorem 5.1 as an image of a Hunt process by a quasi-homeomorphism. By
Theorem 4.1 and Theorem 5.3, we have

Theorem 6.1 The following two conditions are equivalent for u € F:

(i) There exists an E-nest {E,} for which the inequality (2) is valid for some positive constant
Ch.

(i) The AF Al defined by (1) is a semimartingale in the sense that the CAF N in its
decomposition (3) is of bounded variation.

When one of these conditions is satisfied, there exists a signed smooth measure v with some
attached E-nest {E,} for which the equation (4) holds. Further N admits an expression (5)
for A* € At with Revuz measure v*, k = 1,2, which are related to v by (35).

We now study a simple case that the £-nest appearing in the inequality (2) is trivial. Then (2)
is simplified to the condition that, for u € F, there exists a positive constant C for which the
inequality (6) holds for any v in the space Fy. Let £ be a subspace of F, satisfying condition
(L) described in §1.

Lemma 6.1 If, for u € F, the inequality (6) holds for any v in the space L, then (6) holds for
any v in Fyp.

Proof. Take any v € F, and set M = ||v||. For any € > 0, we can find a real function (t)
such that

()] < M +¢ (t) =t, =M <t < M; 0<3p(t) —(s) <t —s,
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and (L) C L. Choose v, € L which are E-convergent to v. Then (v,) € L, ¥(vy,) is &-

convergent to ¢(v) = v. From the validity of (6) for functions in £, we get

E(u,p(vy)) < [[v(vn)]loo < M +e.

It suffices to let n — oo and then € | 0. m]

Theorem 6.2 For u € F, the following conditions are equivalent:

(i) The inequality (6) holds for any v in the space L satisfying condition (L).

(ii) There exists a unique finite signed smooth measure v for which the equation (4) is valid for
any v € Fp.

(iii) The continuous AF Nt[u] in the decomposition (3) of the AF (1) is of bounded variation and
satisfies the property (7).

In this case, N admits an expression (5) by PCAF’s A* k = 1,2, whose Revuz measures
V¥ k=1,2, are finite smooth measures related to the signed measure v of (ii) by (35).

Proof. The first two conditions are equivalent by virtue of Theorem 4.2 and Lemma 6.1.
Assume (ii) and let (35) be the Jordan decomposition of . Then v*, k = 1,2, are finite smooth
measures and, on account of Thorem 5.3, N[ is expressible by the PCAF’s A with Revuz
measure ¥, k = 1,2. Denote by { N[}, the total variation of NI on [0,¢]. It is known to be an
element of A} Since it is dominated by A} + A2, we get from the Revuz correspondence (27)

1 1
im — [N Y < lim = 1 2y _ 1 2
ltll%l tEm({N ) < ltll%l tEm(At +AD) =v (X)+v(X) < o0,

arriving at (iii).

Conversely, assume (iii) and let

1 ] 1 u u
A} = SUNMY 4 NP, A7 = SNy - N,
On account of Theorem 5.3, condition (ii) holds for the signed smooth measure (35) where v/*

is defined to be the Revuz measure of A*, k = 1,2. Then v is finite, because by condition (7)
1 1
1 2 i & 1 2y _ Jim & [u]
vi(X)+rvi(X) ltllIgtEm(At + A7) ltlf})ltEm({N }) < oo.
O

Remark 6.1 Property (7) says that the Revuz measure of the PCAF { N}, has a finite total
mass. By [FOT 94, Th.5.3.1], any PCAF A and its Revuz measure p are related by

t t
E, (/ f(Xs)dAs) =/ (f -pslyp)ds, feB.
0 o
Hence, property (7) implies the P,,-integrability
En({NM}) <00, t>0. (36)

If the process is conservative in the sense that ps1 = 1, s > 0, then the integrability (36) implies
property (7).
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In the rest of this section, we assume that (X, m,&,F) is a regular Dirichlet space and M =
(Xi, P;) is any associated Hunt process. Of course, the preceding two theorems remain valid
under the present assumption. Let us further assume that £ is strongly local: if u,v € F are of
compact support and v is constant on a neighbourhood of the support of u, then &(u,v) = 0.

Then the associated Hunt process M can be taken to be a diffusion (namely, of continuous
sample paths on [0,¢)) with no killing inside. A function u is said to be locally in F (u € Fioc
in notation) if for any relatively compact open set G there is a function w € F such that
u = w m — a.e. on G. Let u € Fjpe. u admits an E-quasicontinuous version u*. The energy
measure fir,y of u is still well defined. The AF Al defined by (1) admits a decomposition (3)

where M €M, and NI € Nioe. The decomposition is unique up to the equivalence of
local AF’s. The quadratic variation (M) € A} of M has as its Revuz measure the energy
measure fi(,) of u. See [FOT 94, §5.5] for details of the above notions, notations and statements.

As for the semimartingale characterization of N e Nejoe for w € Fioe, all statements in
Theorem 5.3 remain true except that the E-nest {E,} appearing in the condition (ii) there is
now required to consist of compact subsets of X ([FOT 94, th.5.5.4]).

The next condition for a subset C of Cy(X) is taken from [FOT 94] (condition (C.2) of [FOT 94]).

(C) C is a dense subalgebra of Cy(X). For any compact set K and relatively compact open set
G with K C G, C admits an element u such that u >0, u=1on K and u =0o0on X — G.

Let C be a subset of F N Cy(X) satisfying both conditions £ and C. Such a subset is similar to
a special standard core in the sense of [FOT 94], and the only difference lies in the definition of
a real function ¢.(t) appearing in condition £. For any open set G C X, we put

Fo={ueF:vw"=0E&—gqge on X -G},
Cq ={ueC: Supplu] C G}.
C¢ is uniformly dense in Cy(G) and &;-dense in Fg ([FOT 94, Lem.2.3.4]).

Theorem 6.3 The next conditions are equivalent for u € Fioe:

(i) For any relatively compact open set G C X, there is a positive constant Cg such that

I€(u,v)] < Callv]lo Vv € Caq. (37)
(ii) There exists a signed Radon measure v on X charging no set of zero capacity such that

E(u,v) = —/Xv(l’)lf(dx) Vv € C. (38)

(iii) Nt[u] is of bounded variation and satisfies property (8).

In this case, N admits an expression (5) by PCAF’s A¥ k= 1,2, whose Revus measures
V¥, k =1,2, are smooth Radon measures related to the signed measure v of (i) by (35).
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Proof. The implication (ii) = (i) is trivial. Conversely, suppose condition (i) is fulfilled. Then
there exists a unique signed Radon measure on X for which the equation (38) holds. We have
to show that v charges no set of zero capacity.

To this end, fix w € C and choose a relatively compact open set G containing the support of w.
Take u; € F satisfying u = u; on G, then

E(u,wv) = E(ur,wv), v €C
and we have from (i),

|E(u1,w-v)| < C'v]lee Vv €C, (39)

where C' = Cg - ||w||0o- Since C is an algebra satisfying condition (£), we can extend inequality
(39) from C to Fp. In fact, keeping the notations in the proof of Lemma 6.1, we can show that
w - Y(vy) is E-weakly convergent to w - v.

By virtue of Proposition 4.1, the inequality (39) holding for uw; and for any v € F, implies
that the equation (15) is valid for u; and for a finite signed measure v, charging no set of zero
capacity. A comparison with (38) yields

Vy =WV

and we conclude that v charges no set of zero capacity because w is an arbitrary element of C.
The proof of the equivalece of (i) and (ii) is complete.

Consider relatively compact open sets {G}} such that
G C Grt1, UR,Gr=X.

Just as in the proof of [FOT 94, Cor.5.4.1], we can see that condition (ii) is equivalent to the
validity of Theorem 5.3 (ii) for u € Fj,., a signed Radon measure v charging no set of zero
capacity and the £-nest {G,,}, which in turn can been seen to be equivalent to the probabilistic
condition (iii) in the same way as the corresponding proof of Theorem 6.2, because Theorem 5.3
is applicable to the present situation in view of the remark made in the parpagraph preceding
the introducition of the space C.

O

Remark 6.2 Property (8) says that the Revuz measure of the PCAF {N[}, is a Radon
measure. (8) implies the integrability

t
Epn ( / IK(XS)d{N[“]}S> < oo, VK compact, ¥t > 0. (40)
0

Conversely (40) implies (8) if the process is conservative.
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7 Stochastic characterizations of BV functions and Caccioppoli
sets

Let R? be the d-dimensional Euclidean space and mg be the Lebesgue measure on it. We consider
a non-negative locally integrable function p on R? and the associated energy form defined by

EP(u,v) = %/Rd Vu(z) - Vo(z) p(z) mo(dz), u,v € CH(RY). (41)

Throughout this section, let us assume the Hamza type condition on p :

(H p=0 m—ae. onS(p),
where

S() = {rerts [ P I moldy) = o0 YU@)

the singular set of p.

The complement R(p) is called the regular set of p. Under (H), the support of the measure pdm,
equals R(p). Further the form &7 is closable on L?(R% p - mg) and the closure (£, F°) is a

strongly local regular Dirichlet form on L2(R(p); p - mg) ([RW 85], [F 97b]).

The associated diffusion M? = (X!, Pf) on R(p) is called a distorted Brownian motion. The
reason of this naming is in that, if we apply the decomposition (3) to coordinate functions

Yi(x) =z € F ., 1<i<d,
then we get the expression of the sample path
X — X =B+ N/ (42)

where B; is a d-dimensional Brownian motion and

NP =(NY - NS, Ni=NMD e Moo, 1<i < d

Condition (H) is fulfilled in the following two important cases:
(I) p is non-negative continuous mg-a.e. on R
(I1) p(z) = Ip(x), = € RY, for an open set D C RY.

In the second case, R(p) = D and the distorted Brownian motion M? reduces to the modified
reflecting Brownian motion on D associated with the strongly local regular Dirichlet form

ED (u,v) = %/DVu(x) -Vu(x) mo(dz), F'? = HY(D)

on L2(D; Ip-mo)(= L*(D;my)) studied in [F 97a]. Here H'(D) denotes the closure of the space
CA(RY)|p in the Sobolev space H(D). The term ‘modified’ is added because H*(D) could be a
proper subset of H'(D).
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A function p € L}, (R?) is called BV (denoted by p € BVj,,) if for any bounded open set V' C RY,

loc
there exists a positive constant Cy such that

| / (div v)pmo(dz)| < Cvllvlle Vo € CH(V: RY). (43)
14

Theorem 7.1 Suppose a non-negative function p € L}Oc(Rd) satisfies the condition (H). Then
the following conditions are equivalent:

(i) p € BVige-

(i) The distorted Brownian path X[ is a semimartingale in the sense that each component
Ni, (1 <i <d), in the decomposition (42) is of bounded variation and additionally it satisfies
that

1 t ;
tin £ Ef g (/0 IK(X§)|dN;\) <o 1<i<d, (44)

for every compact set K C R(p).

Proof. We apply Theorem 6.3 to the strongly local, regular Dirichlet form (€7, F?) on L?(X;m)
and an associated diffusion M? = (X/, P{) on X, where

X =R(p) m=p-my.
We take
€= Ci(RYx,

which obviously has the properties (£) and (C). Taking as u the coodinate function ¢; € F.,
the condition (i) of Theorem 6.3 reads as follows: for any relatively compact open set G C RY,
there is a positive constant C such that

|/ dw(z)p(z)mo(de)| < Cq sup |v(z)], Vv e CHG).
R(p) z€R(p)

It is easy to see that p € BV, if and only if the above condition is satisfied for each i =
1,2,--- ,d. Thus, we get Theorem 7.1 from Theorem 6.3. O

A measurable set E C R? is called Caccioppoli if Iz € BVjy.. We know ([EG 92]) that E is
Caccioppoli if and only if there exists a positive Radon measure ¢ on 0F and a o-measurable
vector

nE:8EHRd

with |ng| = 1 o-a.e. such that
/ div v mg(dz) = —/ v-ngdo Yve CiRY RY). (45)
E OE

By specifying Theorem 7.1 to p = Ip, we get
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Theorem 7.2 The following conditions are equivalent for an open set D C R%:
(i) D is Caccioppoli.

(ii) The modified reflecting Brownian path (X, Py) = (X{?, PIP) on D is a semimartingale in
the sense that each component N} of the second term NP in its decomposition (42) is of bounded
variation and satisfies the additional property that

1 t )
ltll%l ;Elpmo (/0 IK(XS)\dNQ) < 00

In this case, the modified reflecting Brownian motion admits an expession of Skorohod type:
t
Xy —Xo=DBy +/ n(X;)dLg (46)
0

for a PCAF L; with Revuz measure o.
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Abstract
We will give a complete characterization of all regular Dirichlet subspaces of
H'(1) for a finite open interval I by a certain family of scale functions. Each asso-
ciated diffusion will be constructed from a reflecting Brownian motion on a closed
interval by a time change and a transformation of the state space.

1. Introduction

Throughout this paper let I be a finite open interval (a, b) or the real line R. De-
note by L%(I) the space of square integrable functions on / and we let

HY(I)={u e L*(I): u is absolutely continuous and u’ € LX)},

D(u,v):/u’~v’dx u,ve H'\).
/

(H'(I),(1/2)D) can be considered as a regular local recurrent Dirichlet form on L*(7),
where T denotes [a, b] (resp. R) for I = (a, b) (resp. I = R). The associated diffusion
process on I is the reflecting Brownian motion (resp. the Brownian motion).

We call (F, E) a Dirichlet subspace of (H'(I),(1/2)D) if

1
(1.1) FcHY), Eu,v)= ED(u, v), u,verF,

and (F, ) is a Dirichlet form on L2(I). It is called regular on L>(I) (= L%*(I)) if
FNCo(I) is dense both in F and Co(I), where Co(I) denotes the space of continuous
functions on / with compact support. It is called recurrent if its extended Dirichlet
space F, contains the constant function 1. When [/ is finite, any regular Dirichlet sub-
space of (H'(I),(1/2)D) is automatically recurrent.

In this paper, we shall prove that the Sobolev space (H'(1), (1/2)D) admits as its
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28 X. FANG, M. FUKUSHIMA AND J. YING

regular Dirichlet subspaces the following family of spaces (F®), £®)) q:

(1.2) F = { u € L*(I): u is absolutely continuous

2
with respect to ds(x), f <d—u(x)> ds(x) < oo}
7 ds

| [dud
(1.3) £, vy =~ | LY

——ds, ,v € F©),
2 J;dsds v

for s belonging to the space of functions

(1.4) S ={s: s(x) is absolutely continuous, strictly increasing in x € [

and s'(x)=0or 1 for ae. x € I, s(n)=0)},

where n denotes either a or 0 according as [ is (a, b) or R.
We shall further consider the subfamily

(1.5) A={S when I =(a, b),

{s €8 :s(+o0) =+oc} when I =R,

of § and prove that all recurrent regular Dirichlet subspaces of (H(I),(1/2)D) are
exhausted by the family of spaces (F®), £®)__q.

For s € §, we let Eg = {x € I: s'(x) = 0} and denote by |- | the Lebesgue
measure. Denote by ¢ the linear function ¢(x) = x, x € I. Clearly, ¢ € F© (ﬁosc)
when I = R) if and only if |Es| = 0, or equivalently, the inverse function of s is

absolutely continuous. In this case, s(x) equals either ¢(x) —a or ¢(x) according as [
is (a,b) or R, and F® = H'(I) of course. A typical example of an element s € S
for I =(0, 2) with |Eg| > 0 is provided by

(1.6) s=t7 ) i=cx)+x, xe(01),

where ¢ is the standard Cantor function on (0, 1).

In this connection, we would like to mention that the second and the third
authors have considered in [3] a slightly more general regular Dirichlet form than
(HY(I),(1/2)D) for I = (0, 1) and studied its regular Dirichlet subspace. Unfortunately,
there is a flaw in the proof of Theorem 2 in [3]. As is corrected in [4], it should be
replaced by the following weaker assertion for which the proof ‘given in [3] works: Let
F be a subspace of F such that (F,€) is a regular Dirichlet space on L*(1, pdx).
Assume that a scale function s of the diffusion process on I associated with (F,E)
admits an absolutely continuous inverse t. Then F = F.

The organization of the present paper is as follows. The next two sections are
devoted to the proof of the above mentioned assertions. In particular, we shall show
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REGULAR DIRICHLET SUBSPACES AND LINEAR DIFFUSIONS 29

in §2 that any recurrent regular Dirichlet subspace of (H'(1), (1/2)D) has a scale func-
tion belonging to the class S.

In §3, we shall construct a recurrent diffusion process on [a, b] (resp. R) asso-
ciated with the space (F®),£®)) for s € § from the reflecting Brownian motion on
a closed interval (resp. the Brownian motion on R) by a time change and a state space
transformation. Since the infinitesimal generator of this diffusion is (d/2dx)(d/ds) in
Feller’s canonical form, such .a construction is well known in principle (cf. [6]), but
we shall formulate it in relation to the transformations of Dirichlet forms in order to
ensure the recurrence of the resulting diffusion and Dirichlet form.

In the last section, we shall state some useful descriptions of the space S and
give examples of s € S\ S corresponding to transient regular Dirichlet subspaces of
(H'(R), (1/2)D).

2. Regular Dirichlet subspaces and scale functions

We recall (cf. [2, p.55]) that the extended Dirichlet space H'(I) of H'(I) is given
by

2.1 Hel(l) = {u : u is absolutely continuous on I and u’ € L*(1)}.

In particular, 1 € Hel(l) and the Dirichlet form (H'(I), (1/2)D) is recurrent. Hel(l) is
continuously imbedded into C(I) and in fact the following elementary inequality holds
for any x,y € I:

(2.2) lu(y) —u@)> < |y — xID(u,u), ue HND.

When [ is finite, H!(I) = H'(I).

Let (F, &) be a regular Dirichlet subspace of (H'(1),(1/2)D). Since (F,E) is
strongly local, there exists a diffusion process M = (X,, P,) on I associated with it.
Denote by oy the hitting time of the one point set {y}, y € I, for M. The next lemma
about the existence of the scale function (a strictly increasing continuous function sat-
isfying (2.3)) is well known for a more general one-dimensional diffusion process ([5])
but we give a self contained proof of it based on the inequality (2.2) in the present
special situation.

Lemma 2.1. There exists a strictly increasing function s on I uniquely up to
a linear transformation such that

s&) — s(c) <x<d, cdel

(2.3) P.og <o.)= m, c<x <

s is absolutely continuous on I.
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30 X. FANG, M. FUKUSHIMA AND J. YING

Proof. Let J be a connected open subset of 7. We denote by 7, the leaving time
from J of the diffusion M. We also consider the part M; of M on J the diffusion
killed upon the leaving time 7,. M, is then associated with the subspace F; of (F, &)
defined by

Fr={ueF:ux)=0, x eI\ J}.

(2.2) implies that each singléton of J has a positive capacity with respect to
the Dirichlet form (F,, £). Consequently, the connectedness of the state space J is a
synonym for its quasi-connectedness for (F,, ) and hence (F;, &) is irreducible ([2,
p-172)). This implies, by virtue of [2, Theorem 4.6.6], that

2.4) Poy <15)>0 Vx,yel

For any ¢,d € I, —00 < ¢ < d < 00, we make the following choice of the in-
tervals J c I: when I =[a, b] (resp. I =R), we take [a,d) and (c, b] (resp. (—o0, d)
and (¢, 00)). We then get from (2.4)

Po. <og) >0, Plog<o,)>0, Vxe(,d).
We also note here that
2.5) P(o, <oy)=1 Pylog <o) =1

because the positivity of the capacity of a point implies the M-regularity of the point
for itself.

On the other hand, for the finite open interval J = (¢, d) C I, the space (F;, &)
admits a O-order potential operator G® by virtue of (2.2) again: for any f € L*(J),

G'f € ;. (G f, v)=/fvdx, Vv e Fj.
J

Therefore

Ei(oc Aog)=Gl;(x) <00, x €(c,d),
and

P (o, <oy)+ Pilog <o.)=1, x e(cd).

In particular, the function p.4(x) = P (og4 < 0.), X € 1, is not only strictly pos-
itive but also strictly increasing in x € (¢, d) because the sample path continuity and
the strong Markov property of M implies

(2.6) Ped(X) = pey(X)pea(y) < pea(y), c<x<y<d.
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REGULAR DIRICHLET SUBSPACES AND LINEAR DIFFUSIONS 31
In the same way, we have, for ¢’ <c <d <d’, ¢/,d" €1, that

2.7 pea(x)

pc.d(x)pc/,d/(d) + (1 - Pc.d(x))Pc/,d/(C)
(pea(d) — poa(CNpea(x)+ pegc) ¢ <x <d.

When [ = (a, b), we let
s(x) = paplx) xel.

Then s is strictly increasing and its property (2.3) follows from (2.7) with ¢’ = g,
d' =b. When I =R, we put, for any ¢ <d suchthat c <x <dand c <0, 1 <d,

s(x)=apeqax)+ B,
and determines constants «, 8 by
s(0)=0, s(I)=1.

Then, s(x) is independent of such a choice of (¢, d) because, for any interval
(c/,d") D (c,d), peq is a hinear function of py 4 on [c,d] in view of (2.4). Further s
satisfles (2.3) because p.4(c) =0, pcq(d)=1.

Finally, in order to show the absolute continuity of s, we take any finite interval
(c,d) C 1. It suffices to prove that the function p(x) = p.q(x), x € I, is absolutely
continuous since s is a linear function of p on (c, d).

When [ = (a,b), p(x) is known to be the O-order equilibrium potential of {d}
with respect to the Dirichlet space

Fer ={ueF ulx)y=0, Vx <c},
and p(x) is characterized by
(2.8) p € Fen pd=1, E(p,v) >0, VYve Fep, vd) =0.

In particular, p is absolutely continuous.
When / = R, we consider the space

Feoy=fueF ux)=0, Vx <c}.

By virtue of (2.2), we see that the Dirichlet space (Fc.,), &) is transient and the func-
tion p(x) is the associated 0-order equilibrium potential of {d} characterized by

2.9) P € Feoyes pldy=1, Ep,v)=0, Yve Feoe vd) >0,

where F; x0).(C He1 (R)) is the extended Dirichlet space of Fi. . Hence p is abso-
lutely continuous. 0
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32 X. FANG, M. FUKUSHIMA AND J. YING

We call the function s in Lemma 2.1 the scale function associated with the regu-
lar Dirichlet subspace (F, &) of (H'(I), (1/2)D).

We continue to consider a finite open interval J = (c¢,d) C I and the correspond-
ing function p(x) = p.4(x) as in the proof of Lemma 2.1. By virtue of (2.2), the space
(F7,E) admits the reproducing kernel g%x, y), x,y € J characterized by

8¢,y e Fy EGCy)v)=u(y), YveF.
Lemma 2.2. There exists a constant C > 0, such that, for any x,y € J,

) Cpx)(L = p(y)), x =y,

0
g ( I )_
" CA—=pGN)p(y), x=y.

Proof. We consider the function
(2.10) pY(x) = Pi(oc Aoy > 0y), x,y €,

p(;,( - ) is the O-order equilibrium potential of {y} with respect to (F;, £) characterized
by

(2.11) pyeFy, pim=1, Ep).v)=0, YveF;, v(y) =0

The above two characterizations lead us to

g%x. y)
g%y, y)

pg(x) = x,y € J.

On the other hand, we have p(y)(x) = pcy(x), ¢ <x <y, and we get from (2.7)

p(x)
Py’

1 — p(x)
1—p(y)’

ph(x) =
X =y,

for x, y € J. The desired expression of g’(x, y) follows from the above two identities.

|

Lemma 2.3. Any function in F is absolutely continuous with respect to ds.

Proof. For any finite interval J = (c,d) C I, let G° be the O-order potential
operator associated with (Fy, £) as was considered in the proof of Lemma 2.1. Then
it follows from Lemma 2.2 that, for f € L>(J), x € J,

@ﬂﬂ=ﬁf@JV@My
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REGULAR DIRICHLET SUBSPACES AND LINEAR DIFFUSIONS 33

X d
=C(( - p(x))/ PV f(y)dy + Cp(x)/ (I —=pMfdy
d X ry
=Cp(x)/ (L=pOMNf(y»dy — C// f@)dzdp(y),

which means that G°f is absolutely continuous with respect to p, namely, it can be
expressed as fcx @(»)p'(y)dy by some function ¢ € L'(J:dp).

Since GY(L*(J)) is dense in F;, there exist, for any u € F,, f, € L?(J) such that
u, = Gf, = fd o(y)P'(¥)dy is &£ convergent to u. Hence, for any B C J on which
p'(x)=0 ae.,

/ u'(x) dx = /(u’(x) - wn(x)p'(x))zdx <&u—u,u—u,) —0, n— oo
B B

which implies u'(x) = 0 a.e. on B, namely, u is absolutely continuous with respect
to dp.
Finally, any u € F can be expressed as

(2.12) u(x) = u(c) + (u(d) — u(c))p(x) + [(u(x) — u(c)) — (u(d) —u(©)p(x)l, xeJ,

the last term being a member of F;. Therefore u is absolutely continuous on J with
respect to dp and hence with respect to ds. 0

Suppose that (F, £) 1s recurrent. Then, by [2, Theorem 4.6.6], the property (2.4)
for J =T is strengthened to

(2.13) P.(o, <o0)=1 Vx,ye€ I.

Note that, when I = (a, b), (F, £) is automatically recurrent because, owing to the reg-
ularity, F contains a continuous function v greater than 1 on [a, b] and hence the con-
stant function 1 A v as well.

For the scale function s associated with (F, £), we let

h) —
(2.14) Es={er: limsups(x+—lis(-{2=0}.
h—0

Lemma 2.4. Suppose (F, ) is recurrent.
(1) s’ is constant a.e. on I\ E..
(1) s(£o0) = Loc.

Proof. (1) Again we fix an arbitrary interval (¢,d) C I and denote by p(x),
x € I, the function p.4(x) in the proof of Lemma 2.1. We know that p is absolutely
continuous on I, strictly increasing on (¢, d) and p((c, d)) = (0, 1). Denote by ¢ the in-
verse function of pl. 4.
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34 X. FANG, M. FUKUSHIMA AND J. YING

We have then

(2.15) Ip(A)] = / p'(x)dx, for any Borel set A C (¢, d).
A

This is clear for a disjoint union of finite number of subintervals of (¢, d), and
the monotone class lemma (cf. [1]) then applies.
We next let

E = [x € (c,d): limsupw =0}
h0 h

and F = p(E). Then |F] = 0 by (2.15). (2.15) further means that, if A C (¢, d)\ E
and |A] > 0, then |p(A)] > 0. Hence ¢ is absolutely continuous on (0, 1)\ F.

On the other hand, for any ¢ € C(()])((O, 1), ¢(p) € Fen (resp. Fieoo)e) When
I = (a, b) (resp. R.) Further ¢(p(x)) =0, x > d, x € I, because p(x) = 1, x > d,
x € I, on account of (2.13) and (2.5) . Hence, in view of (2.8) and (2.9),

1 d
/0 P(qe)¢'(x)dx = / P'(0)¢' (plx)p'(x) dx = 2E(p, ¢(p)) = 0.
It follows that p’(g(x)) is constant a.e. on (0, 1). Therefore p’ is constant a.e. on
(c,d)\ E. Since s is a linear function of p on (c,d), s’ is constant a.e. on (¢, d)\ Eg
as was to be proved.

(i1) Since the recurrence assumption implies the conservativeness of the process M
([2]), it is easy to see that

Px< lim m,:oo):l xel,
y—>+oo

and we can get s(—o0) = —oo by noting (2.11) and letting ¢ — —oc in (2.3). Simi-
larly we get s(00) = o0. O

We are now in a position to state a main theorem of this paper. Let S be the class
of functions s defined by (1.4) and S be its subclass defined by (1.5). For s € S, we
introduce the space (F®), £©)) by (1.2) and (1.3).

Theorem 2.1. (i) For any s € S, the space (F®,E%)) is a regular Dirichlet
subspace of (H'(I),(1/2)D). The scale function associated with (F, )Y equals s
up to a linear transform.

(ii) Ler (F, &) be a regular recurrent Dirichlet subspace of (H'(I),(1/2)D) and s be
the associated scale function. Then, by making a linear modification of s if necessary,
s belongs to the class S and

F=F9, Eu,v)=E9u,v), uveF.
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REGULAR DIRICHLET SUBSPACES AND LINEAR DIFFUSIONS 35

Remark. The converse to (i) (the recurrence of the space (F&), ) for s e S)
will be shown in the next section.

Proof. (i) Suppose s € S and u,v € F®. Then u, v are absolutely continuous
with respect to dx and

1 [ dudv 1 du dv
——d J— T s 2d
3 ) a2 ) asas s

1 du dv
=— | ——ds, , 2
2/,dsds s, u,veF

(2.16)

Hence F® ¢ H'(I) and E®(u, v) = (1/2)D(u, v), u, v € F&.
Since u(d) — u(c) = ff(du/ds)ds, we see that:

u(d) — u())? <2id — cl€¥u,u) (c.dyc I, ueF®,

and any Efs)-Cauchy sequence is uniformly convergent on any compact interval of /.
Hence (F'®), £®)) is a closed symmetric form on L>(1). Clearly it is Markovian.

The regularity is also verifiable. Indeed, when I is a finite interval, 7 contains
s and constant functions and hence an algebra generated by them, which separates
points of 1. Consequently F©) is dense in C(I) by the Weierstrass theorem. Since the
above inequality implies that 7' ¢ C(I), we see that (F*¢), £®)) is a regular Dirich-
let form on L2(1).

When I =R, we consider the space

C={p(s): ¢ € CLR)}.

Then C C F'®). Since C is an algebra separating points of /, it is dense in Co(R).
Suppose u € F©) is & -orthogonal to C: & (1, v) =0 Yv € C. Then u is a solution of
the equation

1 d du

2dxds

It i1s known that the solutions of this equation form a 2-dimensional vector space
spanned by a positive increasing function u#'" and a positive decreaing function
u® ([6]). Obviously, neither " nor «® is in L?(R) and ¥ must vanish. Hence C is
dense in F®, Therefore (F'®, £)) is a regular Dirichlet subspace of (H'(I), (1/2)D).

In order to prove the second assertion in (i), we consider any finite interval J =
(c,d) C R, take any d; € J and put

( s(x) — s(c) >+ < s(d) — s(x) )+
r(x)= A , xeR.
s(d1) — s(c) s(d) — s(dy)
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36 X. FANG, M. FUKUSHIMA AND J. YING

We readily see that r € ﬁs), r(d)) =1 and, for any v € ﬁs),
J

dy d
e [ [,
2sdn—s@) ). a5 2@ —s@y ), as
1
= — v — vd)).
25t =@ VT 2s@ —s@y "

Hence r satisfies the condition (2.11) for (F®,£®)) and r(x) coincides with the
function pgl(x) defined by (2.10) on J for the diffusion (X,, P,) associated with
(F®, £9)y and in particular

r(x) = P(oy <o) x€{c,d).

Since

rx) = s(x) — s(c)

=——— - c¢c<x<d,
s(di) — s(c)

we have shown that s is a scale function for the space (F&, £)),
(ii) The scale function s associated with a given regular recurrent Dirichlet subspace
(F.,E) of (H'(I),(1/2)D) belongs to S (after an appropriate linear transform) by virtue
of Lemma 2.1 and Lemma 2.4. We further see from Lemma 2.3 and identity (2.16)
for u,v e F that F C F® and E(u, v) = ES(u,v), u,v € F.

Take an interval J = (¢, d) C I. Consider any function u € F© with u(x) =0 for
x ¢ J and assume that u is £)-orthogonal to the space F:

E&u,v)=0, VYve Fy.

By the function p = p. 4 for (F, &) as in the proof of Lemma 2.1, we may write
s) = cop() + 1, uGx) = [ p©dp(e), e <x=d

Choosing as v the Green function g%V(x) = g%x,y) € F; of Lemma 2.2 for each

fixed y € J, we are led to

! du dg®

0 dS ds
y d

- cip" [ o = pondpn - ;' [ otpodpeo

y

E®u, g% = ds

y d
- ce;! / () dp(x) — Ce' p(y) / () dp(x) = Ccguly),

and u = 0. Hence any function in F% with compact support belongs to the space F.
Since we have seen in (i) that (F®,£®)) is regular, we have the desired inclusion
F& CF. 0
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REGULAR DIRICHLET SUBSPACES AND LINEAR DIFFUSIONS 37

3. Constructions by time change and state space transform

If the scale function of the diffusion associated with the regular Dirichlet subspace
is s, then we know intuitively that, after a state space transformation s: I — s(I),
the diffusion becomes another diffusion with hitting distributions identical with that
of Brownian motion and that this new diffusion differs from the Brownian motion by
a time change. This suggests a way of constructing the original diffusion and Dirichlet
subspace from the Brownian motion and Sobolev space.

In this section, we construct a recurrent diffusion process X associated with
the Dirichlet form (1.2), (1.3) on L%(I) for s € S from the reflecting Brownian motion
on s(I) when [ is finite and the Brownian motion on R when I =R by a time change
and a transformation of the state space. We also notice that X is the one-dimensional
diffusion on I with infinitesimal generator (1/2)(d/dx)(d/ds) in Feller’s sense ([5]).

We prepare a lemma.

Lemma 3.1. Let (E,m) be a o-finite measure space, X = (X,, Py) be an
m-symmetric Markov process on E and (F,E) be the associated Dirichlet space on
LYE;m). Let y be a one-to-one measurable transformation from E onto a space E
and m be the image measure; m(B) = m(y~Y(B)). We put

X, =yX)), P,=P,,, x¢€ E.

Then X = (5( ‘s Px) is an m-symmetric Markov process on E and the associated Dirich-
let space (F,€) on L*(E,m) satisfies

F={uel*E;m):uoy e F)
Eu,v)=Emoy,voy) u,velF.

Proof. It was proved in [1, p. 325] that X is a Markov process on E with tran-
sition function

pfM=p(foy)y ' (») yekE, febB,

where p, is the transition function of X.
The m-symmetry of p, and the above relation of the Dirichlet spaces follow from

féﬁrf-gdm = fimfoy)(y“<y>><goy)(y“(y))dm(y”y)
= prt(foy)(goy)dm,
and

1 1
;f(f—ﬁrf)'gdnﬁ=—f(foy—pt(foy))goydm.
E I JE
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38 X. FANG, M. FUKUSHIMA AND J. YING

That completes the proof. L

The process X = (X, P,),cg in the above lemma is called the process obtained
from X = (X;, P;)rce by the transformation y of the state space from E to E.

Take any s from the class S defined by (1.5) and let t be its inverse function.
Clearly

st(l)z[(o,b—a—wsn, I=(a,b),
R, I=R.

Let (B, Py).cj be the reflecting Brownian motion on J when I = (a,b) and
the Brownian motion on R when 7 = R. It is associated with the regular local re-
current Dirichlet form (H!(J), (1/2)D) on L?(J). The transition function of (B;, Py) is
absolutely continuous with respect to dx. Each one point set has a positive 1-capacity
with respect to this Dirichlet form. Hence the quasi-support of a positive Radon mea-
sure on J coincides with its topological support.

Let A, be the PCAF (positive. continuous additive functional) in the strict sense
(B:, P,) with Revuz measure dt. Since the support of dt is J, the fine support of A,
is also J and A, is strictly increasing in t a.s. Let 7, be the inverse of A, and denote
by X the time change of B; by (%;):

3.1 X, =B,.

Theorem 3.1. (1) Let

(3.2) X,=¢(B,), t=0, Pi=Pyy, xel.

Then (X, P),c7 is a diffusion process on I associated with the regular Dirichlet sub-
space (F,E3Y on L2(I) of (H'(I), (1/2)D).
(i) (F®, £9Y is recurrent.

Proof. (i) By virtue of (6.2.22) in [2], the time changed process (X;, Py) 7 18
dt-symmetric and its Dirichlet space (F7,£”) on L%(J;dt) is given by

i} 1
Fl=H\(J)NLYJ,dt), £, v) = FDe. ), wve F,

for the extended Dirichlet space H!(J) defined by (2.1) for H'(J).

Since X = (X,, P,) is obtained from the time changed process (X;, P,) of (3.1) by
means of the transformation t of the state space from J onto I, we see by Lemma 3.1
that X is symmetric with respect to the image measure by t of dt, which is obviously
the Lebesgue measure dx on I, and the associated Dirichlet space (F, &) on LX) =
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L*(I) is given by

(3.3) F={uel*:uoteFy=uel’(I):uot e H\(J)),

" 1
(3.4) 5(u,v)=§D(uot,vot), u,v e F.
We claim that
(3.5) F=F®, Eu,v)=E9U,v), u,veF

By 3.3), u € F if and only if # € L>(]) and there exists a function ¢ € L*(J) such
that

u(t(x)) = /X od(Mdy+C, xel,
0

for some constant C. In this case,

s(x)

u(x) = ; ¢(y)dy+C‘=/ Pp(s(yNds(N+C, xel

and

1 d“>2d—l (5P ds(o = 5 [ g0 d
(8 e o [

and hence F ¢ F©® and £ = €9 on F x F. Converse inclusion can be shown in
the same way.

(i) We have only to show this for / = R. By virtue of [2, (6.2.23)], the extended
Dirichlet space of (FR ERY coincides with (H;(]R), (1/2)D) and hence contains con-
stant functions. Since the Dirichlet space (F, &) is obtained by (3.3) and (3.4), its ex-
tended Dirichlet space also contains constant functions. U

From the proof, it also follows that (for s € §, u € F® if and only if uot €
H(J). Equivalently F® = {uos:uec H'(J)}.
4. Some descriptions of the class S

We can give more tractable descriptions of the class S of scale functions defined
by (1.4).

Let T be the totality of function t defined on some open interval J C R ex-
pressed as

“.H txX)=cx)+x, x¢€l,

for a non-decreasing singular continuous function c¢(x) on J.
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Let E be the totality of measurable subset E of [ satisfying that, for any x,y € I,
x <y, [U\E)N(x,y)] >0, ie., the complement of E has a positive measure on any
non-empty open subinterval. Two sets in E are regarded to be equivalent if they differ
by a zero-measure set.

The following theorem illustrates the structure of S and shows that any regular
recurrent Dirichlet subspace of (H 1), D) may be obtained in the same way as done
in the example in §1.

Theorem 4.1. Let s be a strictly increasing function on 1.
(1) s €8 if and only if its inverse function belongs to T.
(2) s €8S if and only if there exists a set E € E such that

4.2) s(x) = /X lgc(y)dy, xe€l,
n

where n denotes a when I = (a,b) and O when I = R, The set E is uniquely deter-
mined by s up to the equivalence.

Proof. (1) For s € S, we let t(x) = s7I(x), x € J = s(I). In view of the first
part of the proof of Lemma 2.4 (i), we see that t'(x) =1 a.e. x € J, and accordingly

tx)=cx)+x, x¢€l,

for some nondecreasing singular continuous function c(x). Hence t € T.

Conversely if t € T, then t(x) = c(x)+x is a strictly increasing continuous func-
tion with t" =1 a.e. on J. Further, for any x,y € J, x <y, (y —x) < t(y) — t(x).
It follows that s(x) = t~!(x), x € I = t(J), is absolutely continuous. Clearly s is
differentiable at t(x) if and only if t has a non-zero derivative at x € J and hence

1
"(t = =1, e xel,
s'(t(x)) e a.e x
which implies that s’ = 1 a.e. on I \ E¢ in the same way as in the second part of
the proof Lemma 2.4 (i).
As for (2), for any s € S, Es € E and conversely for E € E, it is easy to check
that s € S as defined in (4.2). O

By this theorem, we can readily conceive functions in S \ S when I = R. For
example, for any non-decreasing singular continuous function ¢(x) on R with ¢(£00) =
+00, we put

(4.3) t(x)=c( >+x, xe(—=1,1)

1~ |x]

456



REGULAR DIRICHLET SUBSPACES AND LINEAR DIFFUSIONS 41

and let s be the inverse function of t.
Another example is provided by

(4.4) s(x):/ lo(y)dy, x €R, for G= | |
0 rm€Q

(v =g+ )
th— ——,tm+—1,
2n+l 2n+l
where Q = {r,} is the set of all rational numbers.
In both cases, s(—o0) and s(oc) are finite and the corresponding spaces
(F®,£®)) are transient Dirichlet subspaces of (H!(R), (1/2)D) by Theorem 2.1.
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Entrance Law, Exit System and
Lévy System of Time Changed Processes
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Abstract

Let (X, X’) be a pair of Borel standard processes on a Lusin space E that are in weak duality
with respect to some o-finite measure m that has full support on E. Let F be a finely closed
subset of E. In this paper, we obtain the characterization of a Lévy system of the time changed
process of X by a positive continuous additive functional (PCAF in abbreviation) of X having
support F', under the assumption that every m-semipolar set of X is m-polar for X. The
characterization of the Lévy system is in terms of Feller measures, which are intrinsic quantities
for the part process of X killed upon leaving E\ F. Along the way, various relations between the
entrance law, exit system, Feller measures and the distribution of the starting and ending point
of excursions of X away from F' are studied. We also show that the time changed process of X
is a special standard process having a weak dual and that the p-semipolar set of Y is p-polar
for Y, where p is the Revuz measure for the PCAF used in the time change.
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1 Introduction

Given a Markov process X on a state space F and a subset F' of £, we may associate the minimal
process X0 on Ey = E\ F and the time changed process Y on F; X° and Y are obtained from
X by killing upon leaving Ey and by the time substitute with the inverse of the local time on F'
respectively. There is yet another associated process that has attracted the interests of researchers
for many years: the excursions of X away from the set F.

Intuitively, the joint distribution of the starting and ending points of excursions should con-
tribute to the jumping measure of Y, as has been verified by explicit computations for the reflecting
Brownian motion on a smooth Euclidean domain by P. Hsu [23]. In §5 of this paper, we shall show
that this is indeed the case in a great generality. One can also naturally guess that the entrance
law governing the excursions ought to be determined uniquely by the dual of the minimal process
X% When F is just a one point set, this is confirmed recently by M. Fukushima and H. Tanaka
[17] for a symmetric diffusion X. In §3 of the present paper, we shall establish this identification
for a more general Markov process X and a general finely closed set F.

The stated results in §3 and §5 of the present paper will lead us in §5 to the characterization
of the jumping and killing measures of Y by means of the Feller measures, which are the intrinsic
quantities for X? and its dual process. The Feller measure was introduced by W. Feller [6] in his
study of boundary theory for Markov chains. Such a characterization has been obtained previously
by Y. LeJan [28] for a Hunt process associated with a non-symmetric Dirichlet form under some
restrictive condition and quite recently by our joint paper [4] for the most general symmetric Markov
processes. The following is a more detailed introduction of the present paper.

Let X = {X;,P,} be a standard process on a Lusin space F that has a weak dual standard
process X = {X;,P,} with respect to a o-finite measure m having full support on E. We assume
for X that

(A.1) every m-semipolar set is m-polar.

Fix a subset F' of E satisfying
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(A.2) F is q.e. finely closed,
(A.3) Py(or < 00) > 0 for mg-a.e. = € Ey,
where Eqg := E'\ F, mg := m|y, and op = inf{t > 0: X; € F'}, the hitting time of F' by X.

There are two important stochastic objects relevant to the set F: Maisonneuve’s exit system
for the homogeneous random set

M(w) :={t € [0,{(w)) : X¢(w) € For X;_(w) € F}U{((w)},

and the trace process Y on F obtained from X by a time change with respect to a positive continuous
additive functional (PCAF in abbreviation) having support F. The aim of the present paper is to
describe some basic characteristics in these two objects in terms of the specific quantities related
to the minimal processes X9 and X 0. which are the subprocesses of X and X , respectively, killed
upon leaving Fjy.

By the specific quantities, we mean an X%-entrance law { u{ , t >0} on Ej that is characterized
by

o0
ﬁf -my = / ll,tfdt for every f € BY(F),
0

the Feller measure U and the supplementary Feller measure V' that are defined by
U(f.g) == LO(HSf - mo,Hg) and V(f):=LOHSf mo,1 —H1)  for f,g € BY(F).
Here for z € Ey,
Hf(2) = By (f(Xo,)iop <00)  and  Hf(n) = By (£(Rop)s00 < 0),

and L is the X%energy functional of an excessive measure and an excessive function for X9,
We emphasize that those quantities are well computable in many examples. The entrance law
{u[, t > 0} can be expressed in terms of the joint distribution of the hitting time and hitting
place of F' of the dual process X. When X is the d-dimensional Brownian motion and F is a
compact smooth hypersurface, concrete expressions of the Feller measures U and V are derived in
[15, Example 2.1] and [4, Example 2.12], respectively.

The exit system (P}, K + J) defined in §3 for the set M(w) will describe the behaviors of
the sample path X;(w) for ¢ belonging to the time set [0,00) \ M (w), which is a disjoint union of
excursion intervals away from the set F. In particular, P} for z € F may be considered as a o-finite

measure on the space of paths continuously entering from z so that
Qi(z,B) = E; (Ip(Xi);it < or)

is an XC-entrance law governing the excursions. In Theorem 3.3, we shall establish an identity
linking Q; (-, B), B € B(Ey), to the above mentioned X-entrance law ,uf(B).

Theorem 3.3 can be regarded as an extension of a part of a recent paper [17], where F is a one-
point set. R. Getoor (through a private communication) has shown a similar formula to Theorem
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3.3 for a general right process X and for any excessive measure m of it with F' being a one-point
set.

Theorem 3.3, which relates the X°-entrance law ,u{ to the exit system and the Lévy system of

X, is a key of the present paper in the sense that all subsequent theorems will be deduced from it.
In Theorem 3.4, the Feller measures U and V' are represented as joint distributions of the starting
and ending points of excursions in terms of the exit system. In Theorem 4.1, the Feller-Neveu
measure ©79(du) is represented by a joint distribution of the starting point, ending point and the
length of excursions. The Feller measure and the Feller-Neveu measure were first introduced by W.
Feller [6] and J. Neveu [32], respectively, for a Markov process on a denumerable state space with
a finite number of ideal boundary points. When F is just a one point set, ©(du) is nothing but the
Lévy measure of the inverse local time at the point ([17]).

As a consequence of Theorem 3.4, the Feller measures are identified in Corollary 3.5 with
(generalized) Revuz measures of certain homogeneous random measures involving the starting and
ending points of excursions. On the other hand, the latter quantities will be identified in Theorem
5.5 of §5 with the jumping and killing measures .J, & of the time changed process Y on F obtained
from X by a PCAF having support F. Combining Corollary 3.5 with Theorem 5.5, we shall get in
Theorem 5.6 the following identifications

J=U+ Jlpyr and =V +klr,

where .JJ and k are the jumping measure and killing measure of X, respectively. To be more
precise, we shall consider in §5 the totality Sg of smooth measures whose quasi support coincide
with F' q.e.. We take an arbitrary but fixed y € Sp and consider the PCAF A having Revuz
measure y. Then the time changed process Y of X by the inverse of A can be seen to be a right
process on F' possessing a weak dual right process with respect to p and still satisfying condition
(A.1). Therefore we can verify that both X and Y are special standard processes and admit their
Lévy systems (under the original topologies) for quasi every starting points. The above mentioned
jumping and killing measures of them are well defined in terms of their Lévy systems. In particular,
the identifications in Theorem 5.6 holds independently of the choice of u € Sp.

Theorem 5.6 is a generalization of the corresponding part of §2 of our recent joint paper [4],
where a general irreducible m-symmetric Markov process X on a Lusin space F and a quasi closed
subset F' of E with positive capacity are considered. The method employed in [4] is to identify the
jumping and killing measure appearing in the Beurling-Deny representation of the quasi-regular
Dirichlet form on L2(F;pu) of the time changed process Y by making full use of the stochastic
calculus on martingale additive functionals of X in the Dirichlet form setting.

Under some extra condition, LeJan has obtained in §3 of [28] the same results as §2 of [4] for a
Hunt process X associated with a non-symmetric sectorial regular Dirichlet form and for a closed
set F. Along with [27], nice potential theoretic methods were systematically utilized in [28] under
the condition that the Dirichlet space is continuously embedded into L2(E;m). This condition
however excludes many interesting examples such as the reflecting Brownian motion on the unit
disk while F' is the unit circle. Our Theorem 5.6 also extends the corresponding part of §3 of [28]
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because the Hunt process associated with a non-symmetric sectorial Dirichlet form is known to
satisfy the present condition (A.1) (cf. [27], [36], [9])-

When X is an m-symmetric conservative diffusion and F' is a closed set, Corollary 3.5 can be
readily obtained by a direct computation as was done in §3 of the paper by M. Fukushima, P.
He and J. Ying [15]. The proof of Theorem 5.5 will be carried out by extending a time change
argument in the proof of [15, Theorem 5.1]. In this sense, the present paper can be viewed as an
extension of [15] and of a part of [17] methodologically.

Here we mention a close relevance of the present work to an article of M. Motoo [31], where
the Lévy system (N, H) of the time changed process Y on a closed set F of a Hunt process X was
studied under some strong analytic conditions on the resolvent of X°. The excursions of X away
from F were studied using jump times of the inverse local time and also a variant ¥ of the Feller
kernel on F' was introduced. It was then shown in [31] that

/th(Ys)stz/tqff(n)ds, t>0, feBT(F),
0 0

with the equality holds if and only if X admits no jump from F to F. See M. Blumenthal [1] for
an interpretation of Motoo’s results by making use of an exit system.

There are many literatures on the subject of excursions and exit systems of Markov processes, [8],
[19], [21], [23], [24], [25], [29] to name a few. For example, [21], [8] and [25] studied the excursion
laws using the exit system, under the strong duality assumption (which assumes the existence
of transition density functions) or classical duality assumption (which assumes he existence of
potential kernels). In contrast, in the present paper we define Feller measures independently of the
exit system, and then relate these measures to the joint distributions of the starting and ending
points of the excursions defined via exit system.

In the next section, we collect some basic facts for standard processes in weak duality from
articles [14], [22], [30], [12], [34] and develop them in a convenient way for later uses. Subsections
§2.2, §2.3 and §2.4 contain some new results proven under the condition (A.1). In §2.2, we show
that the above mentioned homogeneous random set M (w) is actually a closed subset of [0, c0). It
will be shown in §2.3 that the quasi support of a smooth measure coincides with the support of
the associated PCAF, extending the corresponding part of [16] for m-symmetric Markov processes.
Subsection §2.4 deals with the existence of the associated Lévy system under the original topology.

Our study originated in the work of J. L. Doob [5], where the Douglas integral representation
of the Dirichlet integral of a harmonic function on a unit disk was generalized to a general Green
space with Martin boundary using Naim’s kernel. In subsequent works by M. Fukushima [13]
and H. Kunita [26], Naim’s kernel was replaced by a Feller kernel (a density function of a Feller
measure). In these works, what was given a priori is a minimal process X, and what were searched
for were its possible extensions together with their intrinsic boundaries. In a series of papers [15],
[4] and the present one, we assume instead that a process on E and a subset F' of E are given in
advance and the behaviors of X around F' are investigated in relation to Feller measures defined
by the absorbed process X and its dual process.
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2 Markov processes in weak duality

Let E be a Lusin space (i.e., a space that is homeomorphic to a Borel subset of a compact metric
space) and B(E) be the Borel o-algebra on E. Let X = (2, M, M;, Xy, P,, x € E) be a standard
process on F. Here, a standard process on the Lusin space F is a normal, right continuous strong
Markov process which is quasi-left continuous on (0, ¢), where ¢ is the lifetime of the process.
The shift operators {0y, t > 0} satisfy X 0 60; = X1 identically for s,¢ > 0. Adjoined to the state
space F is an extra point 0 ¢ E; the process X retires to d at its “lifetime”

C:=inf{t >0: X; =9}
Denote E U {0} by Ey. The transition semigroup {P;, ¢t > 0} of the process X is defined by

Pif(z) := Eo[f(X0)] = Eo[f(X3): £ < (]

(Here and in the sequel, unless mentioned otherwise, we use the convention that a function defined
on E takes the value 0 at the cemetery point d.)

A standard process is said to be Borel if P, f is Borel measurable for each bounded Borel function
f. The family of all nearly Borel subsets of E with respect to the process X will be denoted by
B"(FE). We shall start with a Borel standard process X. But a right process or a standard process
obtained from X by some transformations such as restriction to an X-invariant set, a killing, a time
change may no longer be Borel; however these processes have the following weaker measurability
that

the semigroup maps bounded nearly Borel functions into nearly Borel functions. (2.1)

Let m be a o-finite measure on (E, B(E)) with supp[m] = E. Throughout this paper except for
§2.1 (vi),(vii) and §2.4, we assume that X is a Borel standard process and there is another Borel
standard process

X =(Q M, My, X;, Py, 2 € E)

that is in weak dual to X with respect to the measure m in the sense that
[ s Ps@mian = [ f@Pg@m).  f.g€BE). (22)
E E
Here ]3,5 is the transition semigroup of X. For a > 0, the a-resolvents of X and X will be denoted

as G, and @a, respectively. The point 0 will play the role of the cemetery for X and X. The
quantities relative to X will be denoted with a hat = and designated by the prefix co-.
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We know (cf. [2, I,(9.15)]) that almost surely the left limit of X; exists in E for ¢t < (. So
without loss of generality, we assume that X;(w) has left limits in E for every ¢ € (0, ((w)) for each
we Q.

Under the weak duality assumption, the measure m is an excessive measure of X, that is, m is
a o-finite Borel measure on B(F) such that mP;, < m for all ¢ > 0. Here mP; denotes the measure
p defined by [, f(z)u(dx) = [ P f(x)m(dz) for any Borel function f > 0 on E. Since X is a
standard process, we have lim;_,g mP; = m setwise.

2.1 Exceptional sets and fine topology

In this subsection, we list some known basic statements about exceptional sets and fine topology
related to X and X which have been presented in [14, §2] and in [22, §6].

The hitting time of B C Ej is defined by o = inf{t > 0,X; € B} with the convention that
inf() = oco.
A subset B C F is said to be m-polar if there exists a nearly Borel set B containing B such
that
Pm((TE < OO) =0.

The set B above can in fact be chosen to be a Borel subset of E. It is known that any m-polar set
is m-negligible. In the sequel, a statement is said to hold quasi-everywhere (g.e. in abbreviation) if
it holds except on an m-polar set.

For two subsets By, By of E, we write By C By q.e. if By \ By is m-polar. Thus By = By q.e.
if their symmetric difference is m-polar, and in this case we call them g¢.e. equivalent. A subset of
E is called q.e. finely open (respectively, g.e. finely closed) if it is q.e. equivalent to a nearly Borel
finely open (respectively, closed) set. A subset of F is called m-semipolar if it is q.e. equivalent to
a semipolar set. An m-semipolar set is therefore a union of a semipolar set and an m-polar set.

A function u defined g.e. on F is called finely continuous g.e. if there exists an m-polar set
N € B™ such that E\ N is finely open and u is nearly Borel measurable and finely continuous on

E\N.
For F € B", we put for f € BY(E), v € E,

P f(x) = By (f(X4);t < or) for t > 0,

Hf(z) =E; (f(X,,);0r <00) and Hyf(z) =E,; (e 7 f(X,,)) for a > 0.

In the following, we will use (u,v) to denote the inner product of w, v in L?(E,m), that is,
(u,v) == [pu(z)v(z)m(dz). For a set A, we use 14 to denote its indicator function, that is,

14(x) 1 ifzeA,
xTr) =
4 0 ifad A

The following facts are known.
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(i) When F is Borel, the following hold for f,g € BT (E):
(FPf.9)=(f Plg)  fort>0, (23)

(ﬁaaaf, 9) = (f, HuGw9) for every a > 0. (2.4)

(i) m-polarity and m-co-polarity are equivalent.

Clearly the identities (2.3) and (2.4) extend to F' € B™. We note here that, although F € B" is
not necessarily co-nearly Borel measurable, there are Borel sets By, B such that By C F' C By and
By \ B; is m-polar and hence m-co-polar, so that the left hand sides of the above identities make
sense.

(iii) If w is finely continuous q.e. on E and u > 0 m-a.e. on a finely open set G € B”, then u > 0
q.e. on G.

A set Ey € B" is called X-invariant if
P, (X, € B, for every t € [0,¢) and X;_ € E; for every t € (0,()) =1 for every z € E}.

The restriction of X to an X-invariant set F is a standard process on F;. We say that a set V is
properly exceptional if N € B", m(N) =0 and E'\ N is X-invariant. A properly exceptional set is
m-inessential in the sense of [22] but the converse is not true.

(iv) A set N is m-polar if and only if N is contained in a properly exceptional set N. The set N
can be taken to be Borel.

A function u is q.e. finely continuous on FE if and only if there exists a Borel properly exceptional
set N such that u is Borel measurable and finely continuous on E '\ N.

The assertions (i), (ii) and (iii) were proved in [14]. The first assertion of (iv) was proved in
[14] and in [22, (6.12)] with N being taken to be an m-inessential set, but the proof of [16, Theorem
4.1.1] works to get the above stronger one by making use of [22, (15.7)].

(v) The following two conditions are equivalent:
every m-semipolar set is m-polar. (2.5)

A function is q.e. finely continuous if and only if it is q.e. co-finely continuous. (2.6)

In [14], condition (2.6) was proved to be equivalent to the condition that every semipolar set is
m-polar, which is obviously equivalent to (2.5).

Finally, for later use in §5 for a time changed process, we add to our list two statements shown
in [22] for a pair of right processes (X, X) in weak duality with respect to m (the standardness is
not needed here).
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(vi) For B € B"(E), B is m-semipolar if and only if
P, (X; € B for uncoutably many ¢) = 0.
If B is m-semipolar, then

P, (X; € B for uncoutably many ¢) = 0 for q.e z € E.

The second assertion in the above is immediate from [2, (I1.3.4)].

(vii) m-semipolarity and m-co-semipolarity are equivalent.

2.2 Closedness of a homogeneous random set

From now on, X and X are two Borel standard processes X, X in weak duality with respect to m
with an additional assumption that for the process X,

(A.1) every m-semipolar set is m-polar.

Remark 2.1 Since m-polar is m-semipolar and m-co-polar is m-co-semipolar, by (vii), the as-
sumption (A.1) amounts to saying that m-polarity, m-semipolarity, m-co-polarity and m-co-

semipolarity are all the same.

In this subsection, we formulate a lemma that is important in the next section. A point x € F
is called regular for a set F € B™ if Py(or = 0) = 1. The set of all regular points for F is denoted
by F".

We consider the random subset M (w) of [0, () defined by

M(w) :=={t € [0,((w)) : X¢(w) € F or X;_(w) € F} U {((w)}, w € 1, (2.7
with the convention that X¢_ (w) = Xo(w).

Lemma 2.2 Let F € B" be q.e. finely closed. Then the random set M(w) defined by (2.7) is a
closed subset of [0,00) Py-a.s. for q.e. x € E.

Proof. Since F" C F qg.e. by assumption and F'\ F" is semipolar and hence m-polar by (A.1), we
can choose a properly exceptional set N containing the symmetric difference of F and F" by (vi).
We then have for F; = F\ N

F =F and P,(op=0p)=1 forze E\N.
Moreover, for z € E\ N, P,-as.,

M(w) = My(w) :={t € [0,¢(w)) : X¢(w) € Fy or X;_(w) € F1} U{¢(w)}.
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In view of the right continuity of the l-excessive function fi(z) = E,[e”?"] along the path X, it
is clear that the set M (w) is righthand closed Pj-a.s. for z € E'\ N.

To show the left hand side closedness, we proceed as follows. Under weak duality condition, it
is shown in Mitro [30, §6] (which is an improved version of a theorem of Weil [38] that is proved
originally under the strong duality assumption) that for every z € F, P -a.s.,

t — f(X;_) is left-continuous for every co-finely continuous f on (0, ().

Define f,(z) = E; [e""F] for x € E. Note that f, is n-excessive for process X and hence it is finely
continuous. According to the assumption (A.1) and (v) of §2.1, f, is gq.e. co-finely continuous on
E. Thus, by (iv), we have for q.e. x € E, P;-a.s.,

t— fn(X¢-) is left-continuous and ¢ — f,(X;) is right continuous having left limit. (2.8)
In particular, we have for q.e. x € E, P -a.s.
liglfn(Xs) = li/{?fn(Xs,) = f(X) for every t € (0,().
S S

Since f,, () decreases to 1p» (x) = 1p(z) asn 1 oo for x € E\N, hence by (2.8) for q.e. z € E\N,P,-
a.s. and for t < (,

limsuplp(Xs—) < lim limsup f,(Xs-)
st n—=0C g4
= g h)
= 1p(X;)

and similarly,
limsup 17 (X;) < 1p(X3-),
stt
for q.e. © € F\ E. Hence for q.e. € E, Py-as., ift, € M(w) and #, 1 ¢t with ¢ < (, then X;_ € F
and so t € M(w). This shows that M(w) N [0,¢(w)) is a closed subset of [0,{(w)) and so M (w) is
closed. a

2.3 Smooth measures and positive continuous additive functionals

We continue to consider a pair of Borel standard processes (X, X ) that are in weak duality with
respect to m under the assumption (A.1).

Let 4 be a Borel measure on E charging no m-polar set. A set F' C F is said to be a quasi-support
of u if the next two conditions are satisfied:

F' is q.e. finely closed and p(E \ F) = 0. (2.9)
if F is another set with property (2.9), then F C F qe. (2.10)
10
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The quasi support of y is unique up to q.e. equivalence. Since a closed set is finely closed, the
quasi-support of p, if exists, is contained in the topological support of i g.e. Analogously to [16,
Theorem 4.6.2], we have the following criterion of the quasi support.

We denote by D the space of all non-negative functions v on E such that u = f; — fo for some
bounded 1-excessive functions f1, fo on E with respect to X.

Proposition 2.3 The following conditions are equivalent to each other for any Borel measure p
on E charging no m-polar set and for any q.e. finely closed set F C E:

(i) F is a quasi support of .

(i1) For every function u in D, w =0 p-a.e. on E if and only if u =0 g.e. on F .

(iii) For any q.e. finely continuous function u, w =0 p-a.e. on E if and only if u=0 g.e. on F.

Proof. (i)—(iii): Suppose condition (i) holds. Then ”if” part of (iii) is trivially ture. Let u be a
q.e. finely continuous function vanishes p-a.e. on E. Then, F := {z € E : u(z) = 0} is q.e finely
closed having u(ﬁ) = 0 and hence F C F q.e.. Therefore u = 0 q.e. on F, proving the "only if”
part of (iii).

(iii)—(ii): This is true trivially.

(if)—(i): Suppose condition (ii) holds so that, Define

/\/'M::{ue'D:/Mdu:O} and Dpe={u€eD:u=0q.e. onF}.
E
Then the condition (ii) can be rephrased as N, = Dpe. Assume this holds and define
oR
vi(z) = E, {/ efslp(Xs)ds] =1-E, [67”/\4] for z € E.
0

Note that vp(z) = Gh1(z) —H1G11(z) is in D and v = 0 q.e. on F; in other words, vp € Dpe. So
vp € N, and hence fE vp(z)p(dr) = 0.Since F€ is g.e. finely open, by the definition of vp, vp > 0
q.e. on F°. Therefore u(E \ F') = 0. Consider another g.e. finely closed set Fy with pu(E\ Fy) = 0.
Since vy, = 0 g.e. on Fy, vg, belongs to N, = Dpe. Since vp, > 0 g.e. on Ff, it follows that
F C Fy q.e. and hence F is a quasi support of p, proving (i). O

Corollary 2.4 Any q.e. finely closed set F' admits a bounded Borel measure charging no m-polar
set whose quasi support equals F q.e.

Proof. Let F be a q.e. finely closed set. Take a strictly positive bounded m-integrable function
f on E and put

u(B) = /Ef(z)Hllg(w)m(dm) = By (7 15(X,,)), B e B(B).

Clearly p is a finite measure charging no m-polar set with u(E \ F) = 0. If u € D vanishes p-a.e.
then

(/. Fyu) = /E u(y)u(dy) =0,

11
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and so Hyu = 0 m-a.e. on E. Since Hju € B and finely continuous, Hyu = 0 q.e. on E by (iii).
In particular, v = Hyu = 0 g.e. on F. Hence p satisfies condition (ii) of Corollary 2.3. |

For a Borel measure charging no m-polar set, its co-quasi support is well defined by replacing
“q.e. finely closed” in (2.8) by “q.e. co-finely closed”.

Corollary 2.5 Let p be a Borel measure on E charging no m-polar set. Then the quasi support
of p and the co-quasi support of p is q.e. equivalent.

Proof. This follows from (v) in §2.1 and Proposition 2.3 (iii). O

We call a functional A = {4;(w), t > 0, w € Q}, a positive continuous additive functional
(PCAF in abbreviation) of X if the following conditions are satisfied:

(1) A is adapted to the minimum completed admissible filtration {F;};
(2) there exist a set A € F, and a properly exceptional set N C F such that
P,(A) =1 forevery z € E\ N, and 0N C A fort >0,

and, moreover, for each w € Q, ¢t — A (w) is non-negative finite continuous on [0, {(w)),
Ap(w) =0, Ap(w) = A¢(w)(w) for every t > ((w), and for every ¢, s > 0,

Apps(w) = Ag(w) + Ay (Osw).
The sets A and N are called the defining set and the ezceptional set of A, respectively. A PCAF

for which N = () is called a PCAF in the strict sense. In short, a PCAF is a PCAF in the strict
sense of the restricted standard process X‘E\N for some properly exceptional set N. Two PCAF’s

A and A are regarded to be equivalent if P, (A; = f’lvf) =1 for q.e. = € E for each ¢ > 0. The latter
is equivalent to
P,(A; = Ay for every t > 0) =1 for q.e. z € E.

We call a positive measure p on E the Revuz measure of a PCAF A of X with respect to the
excessive measure m if

[ tmtan) =t i, | [ s0xaa)] ()

for any Borel f > 0. Here 1 lim;jo means the quantity is increasing as ¢ | 0. Obviously the Revuz
measure is uniquely determined by the equivalent class of PCAFs and charges no m-polar set.

The family of all PCAF’s of X is denoted by Af. For A € A, the associated a-potential U§ f
is defined for @ > 0, f € B(E) by

Uif(z) = B, Uom e*"ff(Xt)dAt} , T€E\N, (2.12)

12
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where N is an exceptional set for A. The next fundamental Revuz formula valid under the present
weak duality setting ([22, (9.3)]) will be utilized in §3 and §5:

(£,US9) = (Gaf.g-n), frg € BY(E), (2.13)
where 1 is the Revuz measure of A.

The support of A € A} is defined by
F={ze E\N:Py(inf{t >0: A;(w) >0} =0) =1}, (2.14)

where N is an exceptional set for A. The support F' is nearly Borel measurable and finely closed
with respect to the process X|p, y; moreover (cf. [2, p215])

t
Ay = / 1:(X,)dA,, Pyas. forz e E\N. (2.15)
J0

The support F' is uniquely determined up to q.e. for equivalent PCAF’s.
Proposition 2.6 The support F of A € AT is a quasi support of the Revuz measure g of A.

Proof. Fis q.e. finely closed as was noted above and p4(E \ F) = 0 in view of (2.11) and (2.15).
Therefore it suffices to verify the condition (iii) of Proposition 2.3: if u is q.e. finely continuous
and vanishes 4-a.e. on E, then u = 0 q.e. on F. But this can be shown in exactly the same way
as the proof of [16, Theorem 5.1.5]. a

When X = X and the associated Dirichlet form on L2(E;m) is regular, the family (of equiva-
lence classes of) A was shown in [16] to be in one to one correspondence with the class of smooth
measures under (2.10). This has been extended by Fitzsimmons-Getoor [12] to a general right
process with respect to its excessive measure m. A Borel measure y on E is called smooth if it
charges no m-polar set and there exists an increasing sequence of finely open sets {E,} such that
u(Ey) < oo for all n and

P, (lim 74, < () =0, (2.16)
n—00

where 7, ;= inf{t > 0: X; ¢ E,}. The class of all smooth measures is denoted by S. In [12], the
smoothness of a measure y is defined as above but with a stronger requirement that m charges no
m-semipolar set, which is equivalent to the above, however, under the present assumption (A.1).

The next proposition is a special case of [12, Theorem 3.11].

Proposition 2.7 The equivalence classes of AT and S are in one to one correspondence by the
Revuz relation (2.11).

By Proposition 2.6 and Proposition 2.7, we conclude that any smooth measure p € S admits a
quasi support which equals the support of the corresponding PCAF A.

An increasing sequence of q.e. finely open subset {E,,n > 1} is called an X -nest if condition
(2.16) is satisfied. An X-nest can be defined analogously. An X-nest {F,,n > 1} appearing in the
above definition of the smooth measure p will be said to be associated with .

13
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Proposition 2.8 (i) {E,,n > 1] is an X-nest if and only if it is an )?—nest,

(ii) A Borel measure p on E is a smooth measure for X if and only if it is a smooth measure for

X.

(iii) Let u € S and let A, A be the PCAFs of X, )?, respectively, having Revuz measure p. Then
for every a > 0, there exists an X-nest {E,} associated with p such that the a-potential and
the co-a-potential Uj 1, ﬁ%nl of Ap :=1g, - A, ;1\,, =1, - A are bounded on F for each n.

Here the PCAFs (1, - A) == [ 15, (X,)dA; and (1p, - A); == [) 15, (X,)dA;.
Proof. (i) Under the condition (A.1), it is known that a set A is q.e. finely open for X if and only
if it is q.e. finely open for X. Take f and g two strictly positive bounded functions on E so that

f,g € LY(E,m). Then alf and G1g are strictly positive on E q.e.. Let {E,, n > 1] be an X-nest.
Define F,, :== E'\ E,,. Then by (2.4),

/ g(z)E, [e Trn élf()?;ﬁn)] m(dz) :/ J(@)Ey [e 7 Ghg(X,,,, )] m(de) for every n > 1.
E E
It follows from {E,, n > 1} being an X-nest that

lim /Eg(z)ﬁz [eiﬁm élf()?gﬂ )] m(dz) = 0.

n—00

Define T := lim,,_,o, 0F,. By the quasi-left continuity of X on 0, E), we have from the above display
and the Fatou lemma by letting n — oc that

[ 9@ [ "G () T < Y mdn) =0

B

Tt follows that P, (T < Z) =0and so {E,,n>1}isan X-nest. Interchange the role of X and X,
we see that every X-nest is an X-nest.

(ii) follows immediately from (i) and the definition of smooth measure.

(iii) First assume that p(E) < oco. Then by (2.13), U31(z), ﬁ%l(r) are finite m-a.e. and hence q.e.
on E. Define, for n > 1,

E,:={x e E:U41(z) <n, ﬁzl(ff) <n}.

Clearly, {E,,n > 1} are q.e. finely open sets increasing to E q.e. and consequently is an X -nest.
Furthermore, we have for each n > 1,
U 1(z) = E, [e @75 Ui U Xop, )] <n for qe. z € E.
Similarly, U'¢ 1 is dominated by n.
For a general smooth measure with an associated X-nest {G/}, the measure y,, = 1¢, - is finite
for each ¢, and admits an X-nest {ET(,[)} possessing the above property for Ay = 1¢,-A, Ay = 1¢,- A.
Then E, = U}_ (G, N EY), n=1,2,---, is a desired X-nest associated with .. O
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2.4 Special standard process and Lévy system

We continue to consider a pair of standard processes X, X in weak duality with respect to m
under the assumption (A.1). But in this subsection, we do not assume that X and X are Borel
and we allow their weaker measurability (2.1). We call X p-special standard if, for any sequence
of stopping times T,, + T, Fh = U(Uflo:]f:’ﬁn), where {F;,t > 0} denotes the filtration generated by
X. X is said to be special standard if it is u-special standard for any initial law pu.

Lemma 2.9 Under the assumption (A.1), X is m-special standard. There exists a properly

exceptional set N such that the restricted process X X\N is special standard. The same is true for

X.

Remark 2.10 This lemma is a consequence of Theorem 16.19 and Theorem 16.21 and remarks
preceding them in [22]. We remark here that this lemma holds more generally for right processes
X and X possessing the left limits in £ up to the life times which are in weak duality with respect
to m and the first part of this lemma holds if every m-semipolar set is m-co-polar while the second
part of this lemma holds if every m-co-semipolar set is m-polar. This remark will be applied in §5

to a time changed processes of X and X.

Any right process is known to admit a Lévy system under the Ray topology ([34, (73.1)]). But
we like to have a Lévy system under the original topology.

Lemma 2.11 Suppose that X is a special standard process on E with lifetime (. For this lemma
only, we use XY and X,_ to denote the left limit under the original topology on E and under the
Ray topology, respectively. Then for any x € E, Pg-a.s. on {( < oo}, XéL exists in E if and only
if Xc— € E. In this case, these two limits are the same.

Proof. It is known that there is an m-polar set N such that E\ N is X-invariant and that X BN
is special standard process on F'\ N. Hence without loss of generality, we may and do assume that
N =0.

By [34, Remark (46.3)], we know that if X, € E exists in the Ray topology, then XEL exists
in F/ and coincides with X¢_.

Note that (see [34, (47.6)]) under the Ray topology, X is a Hunt process. By [34, Theorem
(46.2)], the event {X_ does not exit in E} is predictably meager. So in particular, we have a.s.
on {XéL does not exit in E} that X, = X¢ = 0.

So it remains to show that P,(A) = 0, where

A= {¢ < oo and Xg, exists in £ but differs from X¢_}.
Define
¢, if X, =0dand (< o0,
Cp =

0o, otherwise.
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which is predictable by [34, (44.5)]. So there is an increasing sequence of stopping times {T,,,n > 1}
such that T, < {p and limy,_, Ty, = (. According to [34, Theorem (46.2)], the event

{XQ_ exists in E but differs from X; }
is also predictably meager. So A C [[(p]]. Define h(z) := P;(A). Then h is excessive on F. Define
M, =E, [14]|F],

which is a bounded martingale. From the Markov property of X, we have M; = h(X}) for ¢ < (.
Since X is special standard, the filtration {F;,t > 0} is quasi-left continuous by [34, (47.6)]. As
(p is predictable, M; is continuous at ¢ = (. On the other hand, since X is a Hunt process under
the Ray topology and h is finely continuous of X,

lim Mr, = lim h(Xr,) = h(X¢,-) = 0.
n oo

n—00

This implies that h(z) = E; My = 0. So the lemma is established. O
By virtue of [34, (73.1), (47.10)] and Lemma 2.11, we can conclude as follows:

Lemma 2.12  Any special standard process X on E has a Lévy system (N, H). That is, N(x,dy)
is a kernel on (Ep, B(Ep)) and H is a PCAF H of X in the strict sense with bounded I-potential
such that for any nonnegative Borel function f on E X Ey that vanishes on the diagonal and is

extended to be zero elsewhere,

E; Z f(‘Ys—va) =E; </0 " f(sty)N(‘Ysady)st) (2'17)

s<t

or every © € F and t > 0, where X¢_ is defined by
¢

Xe = {limm( Xy, if the limit limyye Xy exists in E, (2.18)

a, otherwise.

3 Entrance law, exit system and Feller measures

Let E, m be as in §2 and consider two Borel standard processes X = (X3, (,P,) and X = ()?t, Z, f’z)
on F in weak duality with respect to the measure m. We assume for X the condition (A.1) as in
the last three subsections.

We fix a set F' € B" and put Ey:= E\ F, mg:=m|g, (u,v):= / u(z)v(x)mg(dz).
E
We then assume that ’
(A.2) F is q.e. finely closed,

(A.3) Py(oF < o0) > 0, for mp-a.e. z € Ep.
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Let X = (X?,¢% P,),cmo be the subprocess of X killed upon leaving F, that is, with (0 =
< Nop,
XP — Xt lft € [07 CO)',
’ 9, ift>¢0,

where  is an extra point added to Eg. Denote by P2, GO the transition function and the resolvent

of X0. In particular, P2 f(x) = B, (f(X;);t < or), = € Fy, f € B(FEp), and we have from (2.3)

(PYf, 9)o = (f, Plg)o and (G%f, g)o=(f, Go9)0  for f.g € BY(Ep).  (3.1)

The assumptions (A.1) and (A.2) imply that F and F" are q.e. equivalent as was observed in
the proof of Lemma 2.2.

The assumption (A.3) together with (3.1) implies as in [16, Lemma 1.6.5] that G{, f(z) < oo
for some strictly positive f € B,(Ep) m-a.e. on Ej and hence q.e. on Ey by (iii) in §2.1.

Furthermore, by Lemma 2.2, the random set M (w) defined for F' by (2.7) is a closed subset of
[0, 00), and moreover, if ¢, € M(w) increase to t < (, then X;_(w) € F, Py-as. for q.e. z € E.

Therefore, by (iv) in §2.1, there exists a properly exceptional set N C E such that, denoting
E\ N, F\ N, Ey\ N and the restriction X\E\N by E, F, E and X, respectively, again, we can
assume from the beginning that the following properties hold.

(1) F = F".
(IT) XO is transient:

there is a strictly positive f € By(Ep) on Ey such that G8+f(m) < oo for every z € Ej.

(III) M(w) is closed, and furthermore, if ¢, € M(w) increase to t < ¢, then X;_(w) € F, Py -a.s.
for every z € E.

As in §2, we consider, for f € BY(F), a > 0 and x € F,
Hf(z) = E; [f(Xop);0F < o] and H,f(z) =E, [CiaaF (erp)} )

together with the corresponding notations ﬁ, ﬁa to X.
Since
PIAf(r) = B [£(Xo)it < ow| <Hf(2), @€ By, (3.2)
we see from (3.1) that the measure Hf - mg is X%-excessive for any f € B (E).

In accordance with [20, Prop. 3.6] (see also [15, Lemma 2.1]) , the energy functional L (n, u)
of an X -excessive measure 7 on Fy and an X %-excessive function u on Ey (with respect to X°) is
well defined by

1
(0) .=+ lim = (n — nP?°
L™ (n,u) Tlf}jg]lt(n NPy, u).
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We can then define a bimeasure U on E x E by
N 1 ~
U(f &) i= LOES - mo, Hg) =t lim 2(Hf, Hg = PHg)  for f.g € B (E). (3.3)

We call U the Feller measure. Actually U charges on Fx F', where F' denotes the co-fine closure
of F. We also define the supplementary Feller measure V by
V(f) = L(Hf -mo,q)  for f € B/ (E), (34)

where ¢(z) := 1 — H1(z) = P,(6r = 00). The measure V charges on F.

We call a family of o-finite measures {v;, T > 0} on Ey an X% entrance law if
ytpg = Vits for t, s > 0.
The next lemma is an extension of Lemma 2.2 of [17].

Lemma 3.1 (i) For any f € B;(E), there exists a unique X°-entrance law ,u{ such that

o0
Hf -mo :/ pl dt. (3.5)
0

(ii) Denote by pff the Laplace transform of ,u{. Then, for any v € BT(Ey),

[o¢] ~
/ <;¢£,7)>(1’,s = (Hf, Plv)q for every t > 0, (3.6)
t

and ~
(Mffvv> = (Haf,’l))o. (37)

(iil) For any f € B} (E) and X°-excessive function v on Eg, <;¢{,71) is right continuous, decreasing
int>0 and
LOHES - mg,v) =1 li‘Lr[rll(u{, ).
t

In particular,

U(f.0) =t lim{ul HFg)  and  V(f) =1 lim(u  q). (3.8)

Proof. The proof of this lemma is analogous to the proof of Lemma 2.2 of [17]. But we spell out
its proof for completeness.
(i). By (3.1) and (3.2),

lim ((HLf - mo) P, v) = tli)m (PPHf,v)o =0 for v € LY(Ey, my),
o0

t—00

namely ﬁf -my is purely excessive. Since X is transient (see (IT)), the assertion follows from [20,
Th. 5.21] (see also [7]).
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(ii) For v € L'(FEy;mg), we have

/ vyt = / (o)t = / (ud, POo)ds = (FLf - mo, PPv) = (Eif., PPo),
Jt J0 J0

and ;
(Wl v) = ~Z(Hf, PP, aet.

Hence

o0 d /\
(it vy = _/ e*"‘ta(Hf7 Plv)odt
0

_—at(f 0,, 007 Oofat’\ 0,,
e (Hf7 Pt L)O 0 @ € (Hf7 Pt L)Odt
0
= (Hf, v)o — a(Hf, Gl
= (Hf - OéGng, U)U = (Hﬂfav)(]-
(iii) If v is X -excessive, then {4y, v) = (g, P2v) T (us,v) as s | 0.
For v € L'(Fy;my), we get from (i) and (ii) that

N N t
(FLf - — (L - mo)PY,v) = /0 (! o),

which extends to any X%-excessive v and leads us to the desired identity. O

Recall the random set M (w) defined by (2.7) for F. It is a closed subset of [0, 00) almost surely
by (III) of §3. Let I denote the left endpoints for each components of the relatively open set M (w)®
in [0,00). Note that ((w) € I(w) if {(w) < 00. M (w)*N[0,¢) consists of those “excursion intervals”
away from F of the sample path X (w). Clearly M is homogeneous on (0, 00), i.e., for every s > 0,

(M —s)N(0,00) = (M 005)N(0,00),

sois I.

Define
R(w) =inf{s >0: s € M(w)}.

Since X and X is a pair of standard processes in weak duality, we have by [22, Proposition 15.7]
that for q.e. z € E, Pg-almost surely

op = inf{t>0:X; € F}
= ll’lf{t >0: Xy e For X;_ € F’}7 (39)
and so

R=0rpNC P,-as. for qe. z € E.
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By enlarging the properly exceptional set N C E appearing in the paragraph preceding (I)-(III),
we may assume that (3.9) holds Py -a.s. for every z € E. This, combined with the property (I),
implies the identity

F={zeE:Py(R=0)=1}.

Let (P%, K + J) be an exit system in the sense of Maisonneuve [29, (4.11)]. That is, K is a
PCAF of X carried on F', dJ; = 3 cr.x cp\p€s(dt), and P* is a kernel from E to Q2 such that

E,| > ZAob,| =E, U Zs Py (Nd(Ks+ J))|, z€E, (3.10)
se1n[0,¢) 70

for any positive predictable process Z; and positive r.v. A. Here £4(dt) is the unit atomic measure
on R concentrated at the point {s}. Note that, for z € Ey, P is defined to be P,.

Remark 3.2 In Maisonneuve [29], the exit system is constructed for a conservative strong Markov
process X that satisfies the condition that its excessive functions are nearly Borel and right con-
tinuous along the sample paths of X. In our setting, the Borel standard process X may have finite
lifetime. However, the results of Maisonneuve [29] are applicable here since we can regard the
cemetery point d as the absorbing state of X. m|

Denote by Qj(z,-), = € F, the entrance law with respect to P defined by [29, (6.2)]:
Qig(z) = E} [g(X});t < R] fort >0, x € E, g€ BY(E). (3.11)
Note that Qi g(x) = Plg(x) for z € F,.
On account of Lemma 2.9 and Lemma 2.12, X is an m-special standard process and has a Lévy
system (NN, H) in the following sense: N (z, dy) is a kernel on (Ej, B(Ep)) and H is a PCAF H of X

with bounded 1-potential such that for any nonnegative Borel function f on F x Ejy that vanishes
on the diagonal and is extended to be zero elsewhere,

1
B S0 :E</0 Eaf(xs,y)mxs,dy)dgs)

for g.e. z € E and t > 0, where X(_ is defined by (2.18). The Revuz measure of H with respect
to the excessive measure m will be denoted as pp.

Theorem 3.3 For any Borel subset B C Ey and f € By(F),
Wl B) = [ 1@Qiw B + [ PN @ (e, (312
P Fx(E\F)

where g 18 the Revuz measures of PCAF’s K with respect to the measure m.
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Proof. Put ~
Qilx) = /0 CNQig(r)dt, g By(E).

By virtue of the identity (3.8), we have for any v € B,(FE) vanishing on F and for every = € E,

H,Gyv(z) = v(z) — Gou(z)
o(

)
/R e % (Xy) 1 ase (t )dt)

Gav(
= E, (Z /S e e ot (Y,)dt)

sel

(D *‘“/ “oly( X, dz‘o())

sel

/OO B 0 MR —oty(X, )dt] d(K, +Js)>.

0

Therefore we have for any f € B; (E),
1\ HaGat) =B | [ e Qo K, + 1) (3.13)
0
On the other hand, owing to the fundamental Revuz formula (2.13), we obtain
oo -~
P | [ € Quux K. = @ik, G (3.14)
Jo

Furthermore, since Q% (z,-) = G%(x,-) for x € Fy, we have

Efom / e*aso,;u(xs)d.zg}
LSO

= Efp Z e GOu(X,)
| s€1,Xs €E\F

= Efm Zf’*ale Ipyr( ’S)va(Xs)}

— Ejm / e~ 1p(X,) N(Xs,dz)va(z)st}
| /o E\F

= (e[ N(,d2)Gov(2) - pu, Gaf)- (3.15)
E\F

Here in the last equality we used (2.13) again.
Applying the duality relation (2.4), we get from (3.13),(3.14) and (3.15)

(HoGofv) = (Quv- g +1p() [ N(-d2)GA0(2) - pmr, Gaf).
E\F
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Since this identity holds for an arbitrary f € By(E), we obtain for any 8> 0, f € C; (E) N F and
v € L' (Ey,m),

(HoGpf,v) = (Qhv- px + 15(") o N(-,d2)Gov(z) - prr, Gaf). (3.16)

Multiplying 3 on both side of (3.16) with f = 1 and then letting 3 — oo, we have by monotone
convergence theorem,

(Qhv - pr + 1p - N(-,d2)Gv(z) - ppr, 1) = (ﬁal,v) < / v(z)m(dz) < oo
E\F Eq

Now multiplying both side of (3.16) 3 and letting 5 — oo in the above equation, we have by
bounded convergence theorem,

(Hof, v) = (Qav- nx + 1p() N(-,dz)Gou(z) - pa, f)-
E\F

This combined with (3.7) proves the desired identity (3.12) since the above display is nothing but
the Laplace transform of (3.12). O

Theorem 3.3 allows us to make the connection between Feller measures U and V' with the exit
system (P, K + J).

Theorem 3.4 The Feller measure U charges on F X F and
Ul(dz,dy) = ux(dz)Pi(X,, € dy) + pw(dr) \F/ N(z,d2)P,(X,, € dy). (3.17)
The supplementary Feller measure V' charges on F and
Vids) = i (d)P o7 = o) + (o) . | NP o = o). (3.18)
Proof. It follows from (3.8), (3.12) and the definition of Q}(z, dy) that for any f,g € BY(E),

/ F(@)g()U (dz, dy)
JFxF

= lim{/ H
tlfg(ln, g)

tl0

= lim {/ f(2)Hg(y)Q; (z, dy)pk (dz) + / (@) PP Hg(y)N (z, dy)pp (d)
Fx(E\F) Fx(E\F)

=t [ @B Xt < B+ [ BN Gy ()

=t [ T@IBXop) 006t < Rpxta) + [ @GN @y ()

= lgfg/ f(@)E; [9(Xop )it < R] uK(dm)+/FX(E\F)f(w)Hg(y)N(mydy)ﬂH(dz)

/ F (@B [9(Xop )] i (de) + /F oy T OB 00 )| N ) ().
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In the third to the last equality, we used the strong Markov property for the excursion measure P*
(see Theorem 5.1 of [29]). Identity (3.17) now follows.

The proof for (3.18) is similar to that for (3.17). For completeness, we spell out the details.
Note that for = € Ey, g(z) = 1 — H1(z) = P,(0r = 00). Thus by (3.8), for any f € BT(E),

/ f(@)V (da)
JF
= ltiﬁi(/tf . q)

= lim U f(2)a(y) Qi (z, dy) pux (dx) + / f(@)PPq(y)N (z,dy)pp (dr)
Fx(E\F)

40 Fx(E\F)
= tim [ F@BL (X0t < Rl + [ o L EION Gy
=t [ @R 000 205t < B+ [ )Ny ()
= tim [ @S (1o 00t < B i) + [ oy SO )
= [ t@Pior = ohuntin) + [ j@IPy(or = 0N (e dyhin(da),

F Fx(E\F)

This establishes (3.18). Since ug charges on F, we conclude from the expressions (3.17) and (3.18)
that the measures U and V charge on F' X F' and F, respectively. O

The next corollary relates the Feller measures to the distributions of end places of excursions:
Corollary 3.5 For every ¥ € BY(E x E\d) and f € BT (E) that are extended to be zero off
E x E\ d and E, respectively, we have

1
U(z,y)U(dz, dy) = lim - E,, U(X,_, X, o0, 3.19
[ U dy) =t B | ST WX X, 00 (3.19)
S€IN[0,0), s<t

.1
[rova =tmiB. | ¥ Al 00| (3.20)

S€EIN[0,(), s<t

Proof. Take any positive measurable functions f,g on E and put

Zs = f(‘YS*)l(O,t](s) A= g(‘YaF)~

By the formula (3.10), we then have
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1 i
]tl,Lr(? ;Em |: sz f(}‘sf)g(an o 09)‘|

(0,0), s<t

= lim- E {/f (9(Xs ))sz]+ltif0n%Em

tlo t

S A(XO)Bx(9(X0,)

s€l,X;€E\F,s<t

[ @ (X D) + i [Z(lF.f)(Xs)1E\F(Xs)Hg(Xs)

s<t

/E £V 9K () + i

Em / (1r f)(X5) HQ(Z)N(XS-,dZ)st:|
0 E\F

/ F@)gW)P(Xoy € dy)purc(de) + / F (@) Hg(2) N (z, d2) (),
FxF Fx(E\F)

which, together with (3.17), leads us to (3.19) for ¥ = f&g. A monotone class argument establishes
(3.19) for general ¥ >0 on F x F.
Again by (3.10),

s€IN[0,¢), s<t

1
ltlfél fE |: Z f(Xsf)l{frF:oc} o 09‘|

lim = E Uf _)P% (oF = oc )dK}%—hm “E, l > f(XS)PXS(UF—oo)]

tl0 ¢
! sel, XseFE\F,s<t

= /Ff(m)P*z(UF = oo)ux (dz) + ltif(lji %Em

/ (1Ff)(XS)/ Py(or = oc)N(Xs,dy)st:|
0 E\F

[ 1@Psor = couclds) + [ (@R, (or = 0N (w.dy)un(dy).
F Fx(E\F)

which, together with (3.18), leads us to (3.20). a

Corollary 3.5 will be used in §5.

4 Feller-Neveu measure

This section is a continuation of the preceding one. For a > 0, we define the a-order Feller measure
U, by
Ua(f,9) = o(Haf, Hy),  f.g € B (E). (4.1)
We then have as in [15, §2]
Jim Ua(f,9) = U(f,9)- (4.2)

The notions U, and U go back to [6]. The next theorem is a consequence of Theorem 3.3.
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Theorem 4.1 For each fized f,g € By (F), define
©79((s,1)) := (], Hg — P Hg), 0<s<t. (4.3)

This uniquely ertends to a measure ©19 on (0,00) defined by
Of(du) = [ FWIEBG(Xor)iow € dupn(dn)
JF
J’_

| I l(Xan)iow € dl N, dyyan (). (4.4)
Fx(E\F)

There exist Borel sets By increasing to E such that ©F'8x(du) is o-finite on [0,00) for each n.
Furthermore,

Un(f, ) = /000(1 C el dy), o> 0. (4.5)

Remark 4.2 (i) The measure ©9 governs the distribution of the excursion length.

(if) When m(E) < oo, we see that (u{, Hyg) is finite by (3.7), right continuous, decreasing in ¢ by
Lemma 3.1 (iii), and

©/9((s,1]) = (ul.Hg) — (uf ,Hg),  0<s<1,

which therefore extends to a unique o-finite measure on (0,00). In the following proof for the
general case, we shall proceed differently. Such kind of measure that is related to Uy (f, g) via (4.5)
first appeared in [32]. So we call it the Feller-Neveu measure.

(iii) Letting @@ — oo in (4.5), we obtain
U(f,9) = ©79(]0, 00)),

which combined with (4.4) gives another proof of the first half of Theorem 3.4.
Proof. Clearly the measure ©/9(du) given by (4.4) is well-defined. By making use of Theorem
3.3, we first show that ©79((s,#]) defined by (4.3) is the charge of the measure 879 of (4.4) on the
interval (s, t];

O (5.) = [ F@IEo(Xan)is < or <t i) (46)

F

+ / (@) By [9(Xop )i 5 < o < 1] N(x, dy)pr(da),
Fx(E\F)

for 0 < s < t.
Clearly from the definition (4.3),

O19((5,1]) = (u, B.(g(Xop )i or < 1~ 5)),
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which combined with (3.12) leads us to

O((s,1]) = us,Em o <t—s))
/ fa v )iow < t— 8] Q2 dy)ur (de)

/ F@EL By (9(Xo0):op < £ — )] Nz, dy)ug (da)
Fx(E\F)

/f [ Ex, [9(Xop);or <t —s];s < R| pi(dz)

/ F@Ey [0(Xop )5 < 0w < 1] Nz, dy)yur (dr)
Fx(E\F)

/f 2 [9(Xop);s <op < t]uk(dr)
@B 0(Xop)is < or < (NG dyun (o).
Fx(E\F)
A comparison of the right hand sides of (3.12) and (4.6) gives

0M9((s,1]) < (ul,g), 0<s<t.

Since u£ is o-finite, ©9 extends to a unique measure on [0, co) satisfying the equation (4.4) with

a stated o-finiteness property.
We finally prove the relation (4.5). By letting t — oo in (4.3), we get from (3.2) the identity

©79((s,00)) := (uf, Hg), 0<s.

Without loss of generality, we may assume that ©79(du) is o-finite on [0, co). Then by the Fubini
theorem and (3.7),

[T emensy = o [7([ ) ot
o [Te ([ onan) o

oc
= a/ e 079 (s,00)ds
0

_ o —asy), f Ha)d
a//q e “*(us, Hg)ds
= a(Haf,Hg) = Ua(fvg)‘
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5 Lévy system of time change process and Feller measures

We continue to work with Borel standard processes X = (X;,(,P,) and X = ()?,,.f, f’r) on K
in weak duality with respect to m satisfying condition (A.1) and a set F € B"™ satisfying the
conditions (A.2) and (A.3) formulated in §3.

Recall the family S of all smooth measures on £ for X introduced in §2.3. Let

Sp={p €8 : the quasi support of 4 = F q.e.}. (5.1)

SF is non-empty by Corollary 2.4. We take and fix a 4 € Sp. There exists a PCAF A; of X with
Revuz measure u by virtue of Proposition 2.7. The support of A; coincides with F' q.e. on account

of Proposition 2.6.

In the same way as the proof of [16, Lemma 5.1.11], one can then show that
P,(op=inf{t >0: A, >0}) =1, qe z € F.

Hence, by restricting ourselves to outside a certain properly exceptional set including that for A,
we can assume from the beginning that not only the properties (I), (IT) and (IIT) of §3 but also

(IV) Ais a PCAF of X in the strict sense and
Py(op=inf{t >0: A4, >0}) =1 for every x € E.
Note that (I) and (IV) imply that F is just the support of A.
We consider the right continuous inverse 7; of A defined by
7 = inf{s > 0: A, > t} with inf := o,
and the time changed process Y = (Y4, , Py)zer defined by

v X for 0 <t < ¢ = Aug;
"o for t > (.

Tt is known (cf. [34, (65.9)]) that YV is a right process with state space F. We denote F' U {0} by
Fy.

Consider again the random set defined by (2.7):
M(w) = {t € [0,((w)) : Xi(w) € For X, () € F} U{¢()},

which is closed by (III) in §3 almost surely. Let I denote the set of left endpoints of those
components of the relatively open set M (w)€ in [0, 00).
We define, for t > op,
L(t) :=supl0,¢] N M
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and, for ¢ > 0,
R(t) := inf(t,00) "M =inf{s > t: s€ M} (5.2)

with the convention that inf () = co. When ¢ > o, we call (L(t), R(t)) the excursion straddling on
t. Clearly t — R(t) is right continuous and increasing. In view of (3.9), we can see that for every
z € E, Pg-as.,

R(t) =(opobi+1t)AC for every t € [0, (), (5.3)

while R(t) = oo for t > (. So Pg-as.,
R(t)ofs+ s = R(t+s) for every t,s,> 0.
We also note that
(a) fort € M, t = R(t—), and
(b) for t > o, R(t—) < R(t) if and only if ¢ € I; and in this case ¢t = R(t—) = L(t).
On account of (IV), for each fixed t > 0 and z € E, Py-a.s.,
T4, =inf{s: Ay > A} =inf{s >1t: As_100, >0} =0p 0, +1,

and so, by (5.3), Ry = 74, AC ift < ¢ and Ry = 74, if t > (. By the right continuity of ¢ — 74, and
t — R(t), we conclude from above by first applying to rational ¢ > 0 that for every z € E, P -as.,

A if ¢
R(t) = TA NG l <G for every t > 0. (5.4)
TA; ift 2 Cv

This means that ¢ — A; is constant on each connected component of M (w)® and particularly on
each excursion interval of sample paths leaving F. Since A, is continuousint and ¥; € F, 0 < ¢ < (,
the next lemma follows immediately from (5.4) and property (III).

Lemma 5.1 The following properties hold Py -a.s. for every x € E:

(i) Ya, = Xpy for every t >0,

(ii) the left limit Y;_ exists and in F for any t € (0,C) and Yy, = Xp(t—)--

We now prove that the time changed process Y is actually u-special standard. We prepare a
lemma.

Lemma 5.2 The right process Y has a right process Y in weak duality with respect to the measure
o
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Proof. On account of Remark 2.1, the process X also satisfies the condition (A.1). Moreover,
by Proposition 2.8, u € SF is also a smooth measure for X. Hence a PCAF A of X exists with
1 as Revuz measure by Proposition 2.7. Since the co- quasi support of y is q.e. equivalent to F
by Corollary 2.5, the support F of A with respect to X equals F' q.e. by virtue of Proposition 2.6
applied to X. Let ¥ be the time changed process of X with respect to AVYisa right process whose
state space equals F. We shall show that Y and Y are in weak duality with respect to the measure

1.
For a > 0, we introduce the a-energy functional of a-co-excessive function u and a-excessive
function v with respect to X by

La(u,v) = lim 6(“7” - 5Ga+5v)7
B—00
which, by the weak duality, also equals
li - 8G :
Jim B(u — BGarpu,v)

Recall the a-potential operator U associated with A defined by (2.12). The a-co-potential operator
ﬁ% associated with A is defined analogously. Due to the fundamental Revuz formula (2.13) and
the equation

USg —US g — BGayssUsg =0,

we have

LYUSS.Usg) = (USf.g)u  for f,g € BT(E), (5.5)

where (f, g),, denotes the integral [ f(z)g(z)u(dz). Similarly we see that the left hand side of (5.5)
is equal to (f,U%g), and consequently

(USf.9)u = (f.USg)u  for f.g € BY(F). (5.6)

Next we put for p > 0

(o]
Upag(z) = Ey {/ e P g (X)dA, | |
0
and observe the equation
Up.ag — Uig +pURU 19 = 0.

An analogous quantity and equation can be associated with A.

For a moment, we assume that p(F) < oo and U¢1, (73‘1 are bounded on E. Note that under
this assumption, by linearity, identity (5.6) holds for any f,g € B,(F). Now taking f,g € B;'(F)
and replacing f and g in the equation (5.6) by

f=pUsif  and g —pUgag
respectively, we arrive at

(ﬁzlgfvg)u = (f, U;;X,AQM for f,g € B:(E) (5.7)
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Now for a general € Sp, we can take an associated X-nest {E,} satisfying condition (iii) of
Proposition 2.8. We then let

t . t .
Hn = 1E'n, A A? :/ 1En(Xs)dA57 At = / 1E (X )dA
0 0

to get the equation (5.7) holding for 1, A", A". Replacing f, g in the resulting equation by 1g, -
f,1E, - g, respectively, and letting first n — co and then £ — oo, we see the validity of (5.7) for the
general p. Finally, by letting o | 0, we obtain the duality relation of the p-resolvents of ¥ and g
with respect to pu. O

It follows from Lemma 5.2 that the measure u is Y-excessive. In the sequel, the u-polar sets
and p-semipolar sets for process Y will be called Y -polar and pY -semipolar, respectively, in order
to distinguish them from m-polar set and m-semipolar set for X.

Lemma 5.3 (i) A subset B C F is m-polar if and only if it is u¥ -polar; a subset B C F is
m-co-polar if and only if it is p* -co-polar.

(i) Every pY -semipolar set is p¥ -polar, and every pY -co-semipolar set is uY -co-polar
(iii) The pY -polarity, p¥ -semipolarity, " -co-polarity and pY -co-semipolarity are all the same.

Proof. (i) This part in fact has been (implicitly) established in Fitzsimmons [10, Proposition 4].
Although the statement in [10] assumes that X is symmetric, its proof does not rely on the symmetry
of X and uses only the property that X is a standard process and the condition that m-semipolar
is m-polar. Fitzsimmons’ argument uses Hunt’s balayage theorem. For reader’s convenience, we
present below a slightly different proof, without using Hunt’s deep result.

If B C F is m-polar, by (iv) of §2.1, it is contained in a Borel properly X-exceptional set N.
Since E\ N is X-invariant and Y is a time-change of X living on F, F\ N is Y-invariant. Since the
smooth measure p does not charge on m-polar set, we have u(N) = 0. Thus N N F is a ¥ -polar
set by (iv) of §2.1, and so is B. This shows that any m-polar subset of F is a u¥-polar set.

Conversely, were there a nearly Borel (of X) set B C F that is uYpolar but not m-polar,
there would exist a compact subset K of B such that K is not m-polar by [34, p57]. Define
ok :=inf{t >0: X; € K} and f(x) := P,(0x < 00). Then f is an excessive function of X.

In view of (I) of §3, (5.3) and (5.4), we then have, P -a.s. on {ox < oo}, for z € E,

UKZR(UK)ZTA”K and Ya :XD'K € K.

TK
So if we define o}, := inf{t > 0: ; € K}, then
f(z) =Py(ox < o0) =P (o) <), z€F.

Here, to distinguish it from P, for the process X, PY denotes the law of the process Y starting

from z. Since K is py-polar, [i f(z)u(dx) = 0. On the other hand, by the Revuz identity (2.11),
li E (;)dA
i [ [ rexgan] = [ s
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and consequently,

0—E, [/000 f(Xt)dAt] > B, [Aw);ox < o], (5.8)

where A(w) is the random variable defined by

M) =By | [ 06004

Denote by K" the set of all regular points of K for X. Then X,,, € K" Pp,-a.s. on {ox < oo}
because K \ K" is semipolar for process X and hence m-polar by (A.1) in §2.2. Since f > 0 on
K7, the set {f > 0} is finely open, K" C F" = F by (I) in §3 and F is the support of the PCAF A
by (IV) in §5, we see that A > 0 Pj,-a.s. on {ox < oc}. This contradicts to the inequality (5.8)
and our assumption that K is not m-polar. Thus we have shown that every u¥-polar subset of F
must be m-polar.

Applying the above argument to the dual processes X and }77 we have every ;¥ -co-polar subset
of F' is m-co-polar. This completes the proof of (i).

(ii) Assume that B C F is an uY -semipolar set for process Y. Then by (vi) of §2.1,
P,(Y; € B for uncountably many t) = 0
for Y-q.e. y € F and hence by (i) for q.e. y € F. On the other hand, if we define the time sets
R(X):={t: X; € B} and R(Y):={t:Y; € B},
then it follows from [2, V(3.8)] that for z € E, P-a.s.,
R(Y) C R(X) and R(X)\ R(Y) is at most countable.
Therefore, by the strong Markov property of X,
P, (X; € B for uncountably many t) = E,, [PX

X; € B for uncountably many t)]

op (
En,
0.

—

Py, (Y; € B for uncountably many t)]

This implies that B is m-semipolar by virtue of (vi) of §2.1. So B is m-polar, and hence, by (i), is
uY -polar.
Applying the above argument to the dual process Y, we see that every Y -co-semipolar set is

uY -co-polar.

(iii) By (ii) of §2.1, a set B C F is m-polar if and only if it is m-co-polar. Thus we have that,
by (i), a subset of F' is uY -polar if and only if it is u¥ -co-polar. This together with (ii) establishes
(iii) of this lemma. a
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Proposition 5.4 The process Y is a p-special standard process on F having another p-special
standard process Y on F in weak dual with respect to the measure . Moreover, the semigroup of Y
map bounded nearly Borel measurable functions (with respect to'Y' ) on F into bounded nearly Borel
measurable functions (with respect to Y ) on F, and the semigroup of Y map bounded nearly Borel
measurable functions (with respect to 17) on F into bounded nearly Borel measurable functions (with
respect to Y ) on F.

Proof. On account of Remark 2.10, the first assertion follows from Lemma 5.1, Lemma 5.2 and
Lemma 5.3(iii). The second assertion follows from the fact that Y and Y are a time change of the
Borel standard processes X and X, respectively. a

Combining Proposition 5.4 with Lemma 2.12, we can conclude that the time changed process
Y on F admits a Lévy system (N.H). That is, N(z,dy) is a kernel on (Fy, B(Fy)) and H is a
PCAF of Y with bounded 1-potential such that for any nonnegative Borel function f on F x Fjy
that vanishes on the diagonal and is extended to be zero elsewhere,

E, Z f(Ys’—y Ys’) =E; (/0 /F \W f(XSa y)N(X57 dy)dﬁs> (5'9)

s<t

for q.e. (or equivalently u¥-q.e.) € F and ¢ > 0. Here, ¢ is the lifetime of ¥ and YC'* is defined
by
V. limtTZ Y:, if the limit limtch Y; exists in F)| (5.10)
¢—- ; :
a, otherwise.

The Revuz measure of H with respect to the Y-excessive measure p will be denoted as P
Define

J(dz,dy) := N(z,dy)fiy(dr) and f = N(z,{0})jt;7(dz). (5.11)

We call J and & the jumping measure and the killing measure of Y, respectively.
By (5.9), we have then the formula for the jumping and killing measures:

- 1
V(z,y)J(dz,dy) =1 lim -E U(Ys—,Ys) |, 5.12
[ ) i B | 3 w01 (5.12)

for any U € BT (F x F) that vanishes along the diagonal and is extended to zero elsewhere, and
any f € BT(F) that is extended to be zero off F,

1 .
/ f(@)i(dz) =t lim —E, [ f(Yz_); ¢ < 1], (5.13)
F tlo t
We note that, since A(w,dt) = U(Y,_, Y;)es(dt) is a homogeneous random measure for Y, the
jumping measure .J is well-defined by (5.12) for any right process Y with left limits up to the life

time and for any Y-excessive measure .
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The following theorem relates the jumping and killing measures of Y to the excursions for
process of X away from F.

Theorem 5.5 For any ¥ € BY(F x F) vanishing along d and f € BT(F),

, 1 S
/ U(w,y)J (dw, dy) =1 lim By, M U(Xy, Xpy) (5.14)
FxF s t<s,t€M, R(t)<oo
and
/f ﬂlm E > Lgpoapo b F(X) | (5.15)
t<s,tel

Proof. We note that for ¢t € M, ¢t = R(t—) and so (5.14) can be rewritten as

. 1 i
/ U(z,y)J (dz,dy) =1 lim —E,, > (X gy Xrg)
FxF 840 s
t<s,te M, R(t)<oo
The proof of this theorem is similar to the proofs of [15, Theorem 5.1] and [4, Theorem 4.2] but we
present a proof for completeness. Let A be the PCAF of X with Revuz measure p.
We take any U as in the statement of the lemma and extend it to Ey x Ey by setting its value
outside F' X F' to be zero. From the formula (5.12), we have

DN 10 R 1)

0<t<oo

/ (&, n)J(dE,dn) =1 lim oF,
FxF atoo

We now make a change of variable, replacing ¢ with A;. In virtue of Lemma 5.1, we then obtain

7 : —aAs
/F W) = BBy | S (X X))

teE M,R(t)<oo

=1 lim | oE"[Z,] p(dz),
atoo J

where

Sai= Y e MU(Xpiy, X))
teEM, R(t)<oo

It follows from (2.11) and [34, (32.6)] that

/ (e, ) H(de,dy) = 1 lima / E,[Za]u(dz)
FxF F

atoo
1 S
=1 ,ly#?o a <T 1513 JEm { /0 Ex, {Ea]dAuD
1 S
= 4tlim— <sup oE,, {/ Yq 080, dAu]> . (5.16)
s10 S \a>0 0
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Now

]
aEy, {/ 3400, dAu]
0

s
=aE,, / Z eia(AHruiAu)\I](XR(H»uf)f-, XR(H»U))dAu
0 teEMoby , R(t+u)<oo

S
= aBy, / e Al > e MU (X gy Xper)
70 t>u,te M, R(t)<oo

5

=E, M eiaAf\I’(XR(tf)faXR(t))/ Ly de™
teM, R(t)<oo 70

=E, Z e*“Af\II(XR(t,),,XR(t)) . (eaAsM —1)
teM, R(t)<oo

- I(;s + [(ts
where
I,s=En M (1 - e ) U(X oy, Xpey) |
t<s,te M, R(t)<oo
It =By | (e —1) Z e M (X gy Xpgy)

t>s,te M, R(t)<oo

It follows from (5.16) that

[ wtenae.an =i [supu;.s n m)} | (5.17)
FxF sl0 S a ! ’

Note that, since ¥ vanishes along the diagonal d, we can insert in the summand of I, the
condition that op < ¢, which is equivalent to A; > 0 in view of the property (IV) in §5.
From (5.17), we can then conclude that

. 1 i
[ wendtedy > tim Bl W Xng) | 618)
FXF 80 s
t<s,te M, R(t)<oo

because we see that I ¢ increases to the right hand side of (5.18) as & — oc by taking the above

note into account. If the right hand side of (5.18) is infinite, then the desired equality holds true
trivially.

Without loss of generality, we may and do assume that the right hand side of (5.18) is finite.
In order to obtain the converse inequality to (5.18), observe that we may take a strictly positive
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m-integrable function f on E because m is o-finite. By weak duality G; f is then strictly positive
on E and m-integrable. Define for n > 1,

1
En:{zeE:Glf(w)>E}, my =mlg , and 7, =inf{t>0: X; ¢ E,}.

Then m,(Fy,) < oo and limy, 00 7, = ¢, Py-a.s. for every z € E.
Let X™ := (X7', Tn, Ps)uer, be the subprocess of X killed upon leaving E,; that is,

X7 = Xy, fort <y,
ad, fort>m,.

Since X" is in weak duality under the measure m, with the subprocess of X killed upon leaving
E, (see §2), m,, is X"-excessive. We then define, for any u > 0 and n > 1,

n —aAg n n
Ea,u = Z € \II(XR(t*)* ’ XR(t))
u<t<oo,te M,R(t)<Tn
— Z eiaAt\I’(XR(t—)—vXR(t))'

u<t<oo,te M,R(t)<Tn

Note that E,, ((e*s — 1)X7 ;) increases to I ¢ as n — co. It can be easily verified that

a,s
aAsg B S o P 1
a,s — “a,0 Rl
where 07 is the shift operator for the process X": X7' 0 07 = X7, ,.

We next take a truncation function xn(z) =2z AN, = € R and set

I:s n,N — Emn (XN((EOKAIx : Zz,s) - XN(EZ,S)) .

Since 0 < xn(b) — xn(a) T b—a, N 1 oo for a < b, we see that I;—an increases to 12'5 when we
let N 1 oo and then n 1 oc.
Since the measure m, is X™-excessive and finite, we have

cts,n,N = En, (EX” (XN(EZ 0))) —En, (XN(EZ,S))
< En,(x ( )) En, (XN(ZE)S))
= En, (xn(35 ) xn (24 s))
< En,(Z00—Zas)
< En Z eiaASlII(XR(tf)f',XR(t))

0<t<s,teM,R(t)<oco

The last expectation in the above is finite under the present assumption, since

Ios+ 13 0n < Em > U (X p(—)—> Xr(t)

0<t<s,te M,R(t)<o0
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Therefore we have from (5.17)

- 1
/ U (&, n)J(dE,dn) = lim—sup (I + lim lim Iaan>
FxF

sl0 s o n—00 N—oo
1m
<10 m E R(t—)—» “V R(t) ’

0<t<s,te M,R(t)<oo

which, together with (5.18), completes the proof for (5.14).
Next we show that for any f € B¥(F),

1
/ F@Rdr) < m B |3 oy 000 (X )| (5.19)

t<s,teM

This is because, since the lifetime ¢ of V" is Ao, and Yz = X4, -, we have by (5.13) and the Revuz
identity (2.11),

1 .
J s = timem, 1070 <
- e )
= 1 C{lTroré aE, [ef"‘A“’f(XAco,)}

= 1 lima <T lsigléEm |:/0 (efaAocf(XAooi)) o GudAu:|>

atoo

1 S

= Tlﬁg;(T Clxlg oE,, [ /0 O g Ace f(XAw,)dAuD
1
S

<T lim E,, [(e24 — l)e’“A""f(XAocf)D

atoo

_
T

1
= Iim-E,, [f(Xa__); Ay = Ay
t s]J,O s [ (Xa-); A ]

t<s, teM

- T%iEm{ > 1{0Fm}oetf(xt)}

The last inequality is due to the property (IV) of §5. This proves (5.19). Note that for ¢ € M \ T
with oF 0 §; = 0o, we have t = R(t—) = R(t) = oo and so (5.15) follows. O

In §3, we have considered the Lévy system (N, H) of X and the Revuz measure py of H. We
define the jumping measure J and the killing measure x of X by

J(dx,dy) := pp(de)N(z,dy) and k(dz) := N(z,{0})pn(dz), (5.20)

respectively. Combining Corollary 3.5 with Theorem 5.5, we can establish the following identifica-
tion of the jumping measure .J and the killing measure % of the time changed process Y.
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Theorem 5.6 We have

J=U+ Jlpur (5.21)

and
k(dz) = V(dz) + k(dz)|r, (5.22)

where U and V are the Feller measure and supplement Feller measure defined by (3.3) and (3.4),
respectively.

Proof. The sum in the right hand side of the identity in Theorem 5.5 can be divided into two
parts: ¢t € I where t = R(t—) < R(t) =t+op o6, andt € M \ I where t = R(t—) = R(t). Thus
for U > 0 on F' X F vanishing along the diagonal d and off F' x F',

1
hil[f]l;Em Z Y(Xpty— Xr))
s t<s,te M, R(t)<oo
L1 o1
= 151151;13,” M U(X;, Xop 0 6;) +1;%1;Em Z' T(X, . X)).
t<s,tel,R(t)<oco t<s, X¢—,X:€F
= / ‘P(m,y)U(dm,dy)Jr/ U (z, y)J (dz, dy).
FxF FxF

In the last equality, (3.19) and the Lévy system for X are used. This proves (5.21).
By (3.20) and the Lévy system for X, for any f > 0 that vanishes on Ej \ F,

1
lim = Bm Y Tor=oo} 0 01f(Xi)
t<s,tel

1 o1
= lim - Em > FXi ) op—ce} 0 01 +lim B, [I{XC,EF}f(XC*ﬁ ¢<s|-
t<s,t€1N[0,¢

)
= /Ff(q;)V(dm)—i—/Ff(fE)ﬁ(dl’)-

In view of (5.15), this establishes the identity &#(dx) = V(dz) + x(dx)|F. a

This theorem extends a recent result of the authors [4] from symmetric Markov process X to
non-symmetric Markov process having a weak dual. It in particular shows that the jumping and
killing measure of Y are independent of the choice of y € Sp. In fact, this independence of u € Sp
can also be deduced from Theorem 5.5. One can also apply results from [11] and [18] to see this
independence at the sample path level; it is shown in [18] that two PCAFs having same fine support
are time-change to each other by a strictly increasing PCAF, while [11, Theorem 6.2] shows that
the correspondence between PCAF and its Revuz measure is invariant under time change.

From jumping measure .J and &, one can easily deduce a Lévy system for Y.
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Summary. Let a be a non-isolated point of a topological space E. Suppose we are
given standard processes X° and X° on Eo = E \ {a} in weak duality with respect
to a o-finite measure m on Ey which are of no killings inside Ey but approachable
to a. We first show that their extensions X and X to F admitting no sojourn at a
and keeping the weak duality are uniquely determined by the approaching proba-
bilities of X°, X° and m up to a non-negative constant do representing the killing
rate of X at a. We then construct, starting from X°, such X by piecing together
returning excursions around a and a possible non-returning excursion including the
instant killing. This extends a recent result by M. Fukushima and H. Tanaka [16]
which treats the case where X°, X are m-symmetric diffusions and X admits no so-
journ nor killing at a. Typical examples of jump type symmetric Markov processes
and non-symmetric diffusions on Euclidean domains are given at the end of the

paper.
1 Introduction

Let a be a non-isolated point of a topological space E and X° = {X?, ¢°, P}
be a strong Markov process on Ey = E \ {a} which admits no killings inside
FEy and satisfies

o(x) =P < oo,XgL =a)>0 for every x € Ej.
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154 Z.-Q. Chen et al.

We are concerned with a strong Markovian extension X of X" from Fy to E
such that X admits no sojourn at the one-point set {a}. Natural questions
arise: is X uniquely determined by X° and how can it be constructed from X°?

When both X° and X are required to be diffusions that are symmetric
with respect to a o-finite measure m on Ey with m({a}) = 0, affirmative
answers to these questions were given quite recently in M. Fukushima and
H. Tanaka [16]. It is shown in [16] that the entrance law and the absorption
rate for the absorbed Poisson point processes of excursions attached to X
away from a (due to K. It6 [24] and P.A. Meyer [M]) are uniquely determined
by the approaching probability ¢ to a for X and the measure m, yielding
the uniqueness of the extension X that admits no sojourn nor killing at the
point a. Conversely such extension X can be constructed from X° by piecing
together the associated returning excursions and possibly a non-returning one
away from a.

The purpose of the present paper is to generalize the stated results of [16] to
general standard processes XY and X which are not necessarily symmetric but
admitting weak dual standard processes X X0 and X respectively. We can no
longer use the Dirichlet form theory which has played an important role in [16].

Nevertheless, the entrance law and the absorption rate for the absorbed
Poisson point process of excursions of X at the point a can still be identified in
§2 and §3 in terms of the approaching probabilities to a by X° and X° and
m owing to the recent works on the exit system by P.J. Fitzsimmons and
R.G. Getoor [12] and by the present authors [5]. It turns out that we must
allow the killings of X and X at the point a in order to preserve the duality of
X% and X so that the uniqueness of extensions holds only up to a parameter
do that represents the killing rate of X at a (see Theorem 4.2.).

In §5, we shall construct such an extension X starting from X° by piecing
together the returning excursions around a and possibly a non-returning ex-
cursion from a including a killing at a. X° and its dual X are assumed to be of
no killings inside Fy. The sample path of the constructed process X is cadlag
and is continuous at the times ¢ when X; = a. If X© is of continuous sample
path, then so is X. In this construction, we can proceed along essentially the
same line laid in [16] although some natural additional conditions on X9 and
X0 including an off-diagonal finiteness of jumping measures will be required
due to the lack of the symmetry and the path continuity. But we shall see
that an integrability condition of the a-order approaching probability being
imposed on X in [16] can be removed under a fairly general circumstance.

As a typical example of a jump type Markov process, we consider in §6
the case where X is a censored symmetric a-stable process on an open set of
R™ studied by K. Bogdan, K. Burdzy and Z.-Q. Chen [3]. An example is also
given on extending non-symmetric diffusions in Euclidean domains. Finally we
remark at the end of §6 that the present results on the one point extensions
can be applied to obtaining an extension to infinitely many points.
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Extending Markov Processes in Weak Duality 155

2 Exit System and Point Process of Excursions
Around a Point

Let E be a Lusin space (i.e. a space that is homeomorphic to a Borel sunset
of a compact metric space), B(F) be the Borel og-algebra on E and m be
a o-finite Borel measure on E. We consider a pair of Borel right processes
X = (X4,¢,P,) and X = (X4,(,P,) on E that are in weak duality with
respect to m:

(C.1) /E G f (@)g()mde) = /E £(2)Gaglax)m(dz)

for every f,g € BT(E) and a > 0, where G, G, denote the resolvents of
X, X respectively.

We fix a point @ € E which is regular for {a} with respect to X:

(C.2) Py(o,=0) =1.
Here 0, = inf{t > 0: X; = a} with the convention of inf @ := cc.

Under (C.1), we may and do assume that both X and X are of cadlag
paths up to their lifetimes (c. [21, §9]).
Let Ey := E\ {a}, mg := m|g,, and

o(x) :=Py(o, < 00), Uo () :=E, [e"*7¢] for every x € E.

The corresponding functions for X will be denoted by @ and @i, (z), respec-
tively. For u,v € BY(Fy), (u,v) will denote the inner product of v and v in
L*(Eo;mo), that is, (u,v) := [ u(z)v(x)me(dz).

Denote by X = (X?,¢% PY) and X0 = ()/(\'?,50,132,) the subprocesses of
X and X killed upon leaving Fjy, respectively. It is known that they are in
weak duality with respect to mg. The X%-energy functional L(O)(@ -mg,v) of

the X-excessive measure 3 - mg and an X -excessive function v is then well
defined by

1 ~
L(O) . — 1 (s PO’\
(@ -mo,v) i t(w Y P, ),

where ﬁto is the transition semigroup of X0 (see [16, Lemma 2.1]).

We shall now work with the exit system of X for the point a. To this end,
it is convenient to take as the sample space {2 of the process X the space of
all paths w on Fo = F U A which are cadlag up to the lifetime ((w) and
stay at the cemetery A after ¢. Thus, X;(w) is just t-th coordinate of w. {2 is
equipped with the minimal completed admissible filtration {F;, ¢ > 0} for
{X}%, t > 0}. The shift operator 6; is defined by X;(0;w) = Xsit(w), s > 0.
We also introduce an operator k¢, t > 0, on {2 defined by

X (w if  s<t
XS(kt”):{A() it s>t
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156 Z.-Q. Chen et al.

We adopt the usual convention that any numerical function of E is extended
to Ea by setting its value at A to be zero.
Let us consider the random time set M (w)

M(w) :={t € [0,00) : X¢(w) = a}, (2.1)

where ~ indicates the closure in [0,00). The random set M (w) is closed and
homogeneous on [0, 00).

Define Ry (w) :=t + 04(0w) for every t > 0 and L(w) :=sup{s >0:s €
M (w)}, with the convention that sup( := 0. The connected components of
the open set [0,00) \ M (w) are called the excursion intervals. The collection
of the strictly positive left end points of excursion intervals will be denoted
by G(w). We can easily see that

t€Gw) ifandonlyif R (w)< Ri(w),

and in this case R;_(w) = t. In particular, L(w) € G(w) whenever L(w) < co.
We further define the operator i;, ¢t > 0, on {2 by i; = ks, 0 0;. Then

{isw:s € G} and {isw:s€ G,R; < 0}

are by definition the collection of excursions and the collection of returning
excursions respectively of the path w away from F, while i, (w) = 0, (w)
is the non-returning excursion whenever L(w) < oco.

Note that those excursions belong to the excursion space W specified by

W =A{ko,w:w € 2,0,(w) > 0}, (2.2)
which can be decomposed as
W=Wwruw- u{d} (2.3)
with
Wt={weW:o,<o0} and W~ ={weW:0,=o0cand (>0}

Here 0 denotes the path identically equal to A.

The unit mass dy,) concentrated at the point a is smooth in the sense
of [11] because {a} is not semipolar by the assumption (C.2). Hence there
is a unique positive continuous additive functional (PCAF in abbreviation)
0= {l;,t >0} of X with Revuz measure ;4. Clearly ¢ is supported by {a}
and any PCAF of X supported by {a} is a constant multiple of £. We call £
the local time of X at the point a.

Since the point a is assumed to be regular for {a}, {t > 0: X; = a} has
no isolated points, and the equilibrium 1-potential E,[e~7¢] is regular in the
sense of [2, Definition IV.3.2] because E*[e~ 7] = cE, UOOO e~'dl;] on E for
some ¢ > 0. Thus according to [26, §9] (see also [1,8,12] and [20]), there exists
a unique o-finite measure P* on (2 carried by {0, > 0} and satisfying
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Extending Markov Processes in Weak Duality 157
P [l-e 7] <00 (2.4)

such that

E,

ZZS~F005

seG

—P*(I)-E, [/ stzs] forze E,  (2.5)
0

for every non-negative predictable process Z and every non-negative random
variable I" on (2. Here E* is the expectation under the law P*. The pair (P*, ()
is the predictable version of the exist system for a originated in Maisonneuve
[26, §9]. The measure P* is Markovian with respect to the transition semigroup
of X. We are particularly concerned with the o-finite measure Q* on the space
of excursions W induced from P* by Q*(I") = E.(I o k). The measure Q*
is Markovian with respect to the semigroup {P?,t > 0} of X and satisfies

ZZS-Fois

seG

E,

— Q[ E. [/OOO stzs] . z€F, (2.6)

for every non-negative predictable process Z,; and every non-negative random
variable I" on W.
We define for f € BT(E)

vi(f) = Q[f(X)] = E¥[f(Xe);t <oa],  £>0.

By the Markov property of Q*, we readily see that {v; : ¢ > 0} is an entrance
law for X©: z/tPf = Vpts.

Proposition 2.1. (i) {v;}i>0 is the unique X°-entrance law characterized by

@ mg = / vy dt. (2.7)
0

Moreover vi(Ey) is finite for each t > 0.
(i) QW] =L mo,1 - ).

o0

Proof. (i). We put o, (f) = / e vy (f)dt. Then, for f € B (E) and for

0
v € Cp(FE) vanishing at a, we have, using (C.1), (2.6) and the Revuz formula
21, (2.13)),

(i, v)Gaf(a) = (Gof — GOf,v) = (f,Gov — GOv)

s+o,00
Z / e_atU(Xt)dt]

=Efn U:o e (X)) 1ase (t)dt] =E¢m

a seM
=E/n, Z e’o‘s/ ’ e “u(Xy)dt o 931 = Ua(V)Ef.m [/ easdﬁs}
seM 0 0
= Uy (v)éaf(a)
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Hence

Ug - Mo = Vays (2.8)
from which (2.7) follows by letting o | 0. Since @ - mg is a purely excessive
measure of X, the uniqueness follows (cf. [20]). The finiteness of v; follows
from (2.4).
(i) By (i) and [5, Lemma 3.1], L(®(3 - mg, v) = ltllI(I)l v (v) for any X -excessive

function v. Hence
LO@-mo 1 =) = Im Q°[(1 = )(X0)] = 1im Q*[lo, =oc 0 013 t < C A ]
= QW
U

Remark 1. In the next section, we shall identify Q* with the characteristic
measure n of the absorbed Poisson point process of excursions associated
with ¢. Proposition 2.1. was first proved by Fukushima-Tanaka [16] for n in
the case that X is an m-symmetric diffusion by making use of the Dirichlet
form of X. In a recent paper of Fitzsimmons-Getoor [12], various properties
of some basic quantities for the exit system of a one point set including those
in the above proposition have been obtained in the most general setting that
X is just a Borel right process with an excessive measure m, in which case
X can be taken to be a dual left continuous moderate Markov process. But
the present proof, taken from a recent paper by Chen-Fukushima-Ying [5], is
simpler under the condition (C.1) as far as Proposition 2.1. is concerned.

The next proposition is taken from Fitzsimmons-Getoor [12, (2.10) and
(2.17)]. Recall that L(w) := sup M (w).

Proposition 2.2. Put § = P*(0, = 00). Then the followings are true:
(i) Po(lo > t) = exp(—6t), t>0.

(if) Po(L < 00) =0 or 1 according to 6 =0 or ¢ > 0.
Let {7¢,t > 0} be the right continuous inverse of ¢ = {{;, ¢t > 0}, that is,
7 :=1inf{s > 0: ¢, > t}, (2.9)

with the convention that inf () = occ. Since ¢ is supported by a, we have (cf.
[4, §5]) P,-a.s.
Te, = Ry for every t > 0.

We see from the above that, after removing from {2 a P,-negligible set,

L(w) < oo if and only if /o (w) < o0,
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and in this case,
loo(W) =L (w), Tr—(w)=L(w) and 7o (w)= 0.
Hence, if we let
Jo(w) :={s € (0,0) : 75 (w) < 75(w)},
then
Jo(w) :={l, : t € G(w)} (2.10)

and s € Jy(w) implies that s = £ (w) for some ¢t € G(w) with 7,_(w) =
Ri_(w) =t and 75(w) = Ry(w).

In particular, {o(w) € Jp(w) whenever it is finite.

Finally the W-valued point process p = p(w) associated with the local
time ¢ is introduced by

Dp(wy = Je(w) and Ps(w) = ir,_w for s € Dy (2.11)

Note that {ps(w) : s € Dp(y} € W and {ps(w) : 5 € Dy, 7s <00} C WH
is the collections of excursions and of the returning excursions away from
a, respectively, while p,__(w)(= 0r(w)) € W~ U {9} is the non-returning
excursion whenever /. (w) < oo or, equivalently, L(w) < co.

The counting measure of p is defined by

np((s,t], )= > 1a(pu). A€BW), (2.12)

u€DpN(s,t]

and np(t, A) = np((0,t], A) is then F, -adapted as a process in ¢ > 0.
Using (2.10), we now make the time substitute in the relation (2.6) to

obtain
éoo
/ Z:.ds
0

Inserting the predictable process Z, = 1(g,_j(u), we arrive at the formula
holding for the counting measure of the point process p associated with ¢:

E,

Z Z‘rs, 'Foi‘rs,

seJy

= Q'[I-E, (2.13)

E.[np(t, 4)] = Q*[A] - Eg[t A Lso] for every t > 0 and A € B(W). (2.14)

This formula will be utilized in the next section.

3 Characteristic Measure of Absorbed Poisson
Point Process

In this section, we continue to work with the setting in §2 and investigate
properties of the point process (ps, Dp) defined by (2.11) for the local time
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¢ = {l;,t > 0} at the point a. By the observation made after (2.11), it then
holds that

loo =T where T =inf{s>0:ps;€ W~ U{0}}. (3.1)

In view of Proposition 2.2., T' is exponentially distributed with parameter
§d=P*(0, = 0).
Lemma 3.1. Under measure P,, p is an absorbed Poisson point process
with absorption time T in Meyer’s sense ([M]), that is,
P, (np((r +s1,r+t1], A1) € Hy, - ,np((r + sp, 7+ ], Ay) € Hy fn)

= 1{T>7"}Pa (np((slatl]»/ll) € Hy, - anp((snvtn];/ln) € Hn)
+1{T§T}1H1 (O) o lHn (0)7 (32)

forany s1 <ty,- 8, <tn, Hy,- -, Hy CZy, 7>0, Ay, -+, A, € B(W).

Proof. The proof is the same as in [M, §2] although [M] considered only the
conservative case. In fact, the identity 7,4, = 7 + 7, 0 6, implies ny((r +
s,m +t],4) = np((s,t],4) 0 0, and consequently we see from (3.1) and the
strong Markov property of X that the left hand side of (3.2) (with n = 1)
equals

Px, (np((s,t],4) € H) = L5y Pa(np((s,t],4) € H)
+1{T§T}P4(np((svt]v/1) € H)7

whose last factor is equal to 17(0). O

By virtue of [M, §1], there is on a certain probability space (.(NZ,IE‘) a W-
valued Poisson point process p = {p,s > 0} with domain Dy satisfying the
following property.

Let T = inf{s > 0 : p, € W~ U {8}} and consider the stopped process
{Ps,s >0}

B, =ps for s€Dy=DzN(0,T] (3.3)

Then the point process {ps,s > 0} under P, and {p,,s > 0} under P are
equivalent in law.

Let us denote by n the characteristic measure of the W-valued Poisson
point process {p,s > 0}.

Theorem 3.2. It holds that
n=Q" (3.4)
Therefore n is a o-finite measure on W with n(o, > t) < co for every t > 0,

and n is Markovian with respect to the transition semigroup {P?,t > 0} of
XO. The X°-entrance law {vi, t > 0} of n defined by
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Extending Markov Processes in Weak Duality 161
ve(f) =n(f(Xe);t <oa), t>0, feBY(E)

18 characterized by
(o]
/ vedt = @ - my. (3.5)
0

Define 6y by
do =n(¢ =0). (3.6)

Then T is exponentially distributed with parameter LO($ - mo, 1 — @) + 0o
P(T > t) = exp (—t (L(O)(Q- mo, 1 — @) + 50)) for everyt > 0. (3.7)

Moreover, vi(Eg) < oo for each t >0 and LOO($-mg, 1 — @) < oo,

Proof. Since {ps : s € Dy, ps € W'} and T are independent, we have
by (3.1)

Ea[np(t, A)] = E > 1a(Pu)| =n(A)-E[EAT] =n(A) Byt Als),

ueDBﬁ(O,t/\ZN“]

which compared with (2.14) leads us to (3.4).
Identities (3.5) and (3.7) are the consequences of Proposition 2.1. as

Q' (W~ U{d}) =Q (W) +Q ({9}) = L@ mo, 1 — ) + do.

Then o-finiteness of n and the last statement follow from (2.4). O

4 Duality Preserving One-Point Extension

Let E be alocally compact separable metric space, a be a non-isolated point of
E and m be a o-finite measure on Ey := E'\ {a}. Contrarily to the preceding
two sections, we shall start in this section with two given strong Markov
processes X? and X° on Ej that are in weak duality with respect to mq
and have no killings inside Ey. We are concerned with their possible duality
preserving extensions X and X to £ that admit no sojourn at a. It turns out
that we need to allow X and X have killings at a in order to guarantee their
weak duality but they are unique up to a parameter dg that represents the
killing rate of X at a.

We shall assume that we are given two Borel standard processes
X0 = (X?,PY,¢% and X° = (X?,PY, (%) on Ej satisfying the next three
conditions.

505
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(A.1) X0 and X0 are in weak duality with respect to mo; that is, for every
a>0and f, g € BT (Ey),

G f(x)g(a)mo(dw) = i F(@)Gog(x)mo(da),

Eq

where G% and ég are the resolvent of X0 and X 0 respectively.

(A.2) X0 and X0 are approachable to {a} but admit no killings inside Ey:
for every = € Ej,

P) (¢" <00, X =a) >0 and P (" <oo, Xo_ € Ey) =0, (4.1)

f’g (EO < 00, )/(\'go_ a) >0 and f’g (ZO < OO’XC%— € EO) =0. (4.2
Here for a Borel set B C F, the notation “Xgo_ € B” means that the left limit
of X? at t = ¢° exists under the topology of E and takes values in B C E.
We use the same convention for X.

We shall use the same notations as in [16]: for z € Ey and a > 0,

p(z) =P (° < oo,Xgo_ =a) and u,(z) == E) e’ Xgo_ =al.
(4.3)

As in §2, the X%-energy functional of X%-excessive measure p and X°-
excessive function v is denoted by L()(u,v). The corresponding notations
for X0 will be designated by @, G, L. We use (u,v) to denote the inner
product between u and v in L2(Ey, my), that is, (u,v) = on u(x)v(x)mo(dz).

We say that a strong Markov process X (resp. X ) on E is an extension of
X0 (resp. X°) if the subprocess on Eg of X (resp. X) killed upon hitting the
point a is identical in law to X (resp. X°).

Let us now consider two Borel right processes X = (X3, P, () and X =
()?t, P,, A) on E satisfying the next four conditions.

(1) X and X are in weak duality with respect to a o-finite measure m on
E with m|g, = mo.

(2) X and X are extensions of X9 and X° respectively.

(3) The point a is regular for itself with respect to X:

P.(o,=0)=1,

where o, = inf{t > 0: X; = a} is the hitting time of a by X.
(4) X admits no sojourn at the point a, that is,

P, (/ Liay(Xs)ds = O> =1 for every z € E.
0
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Under (1), we can and do assume that both X and X possess cadlag paths
up to their lifetimes.

Proposition 4.1. Assume that the above conditions (1), (2), (3) and (4)
hold. Then

(i) The measure m does not charging on {a}: m({a}) =0
(i) X admits no jumping from Eq to the point a: for every x € Ey,

P, (X,— € Ey, Xy =a for somet e (0,¢)) =0, (4.4)
(i) X admits no jump from the point a to Ey in the following sense:
P,(X,— =a, Xy € Ey forsomete (0,¢))=0 forqe zecE. (4.5)

Here q.e. means except on an m-polar set for X.
(iv) The one point set {a} is not m-polar for X. Let functions ¢ and us be
defined as in (4.3). Then

o(x) =Pyo, < 00) and ua(z) = E, [e7*77] forxz € Ey.  (4.6)
(v) Ua, Uo € L*(Eg,mo) for every a > 0.

Proof. (i). This is immediate from (1), (4) for X as

@af(a)m({a}) = /Ef(m)Gal{a}(x)m(dx) =0 for every f € B (E).

(ii). It follows from (4.1) and (2) that
P, (Xy,— € Eyg, 04 <00)=0 for every z € Ej. (4.7)

For any open set O that has a positive distance from {a}, let {c”,n > 0},
{n™,n > 0} be the stopping times defined by

n

=0, 00 =04, N =0"""+0000, 01, o8 =0" + 0400y (4.8)

with an obvious modification after one of them becomes infinity. Clearly the
time set

{t€ (0,((w)) : Xt—(w) € 0, X(w)=a} C{o}(w); n=0,1,2,---}.

Thus it follows from the strong Markov property of X and (4.7) that for every
x € Ey,

P, (there is some ¢ > 0 such that X;_ € O, X; =a) = 0.

Letting O increase to Ey establishes (4.4).
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(iii). Clearly, property (ii) also holds for X:
f’x ()A(t, € Ey, )A(t =a for some t € (O,E)) =0 for every x € Fy. (4.9)

We combine the above with a time reversal argument based on the stationary
Kuznetsov process (P, Z;, « < t < [3) associated with X and X as was formu-
lated in [21, §10] : the o-finite measure P on a path space D((—o00,0), EA)
with a random birth time a and a random death time [ is stationary under
the time shift of the path, and furthermore, if we put

Z = Z(_y— for t€R, a=—0F and Bz —a,

then {Z;, 0 <t < B} (vesp. {Z;, 0 <t < 3}) on {Z, € E} (vesp. {Zy € E})
is a copy of {X;, 0 <t < (} (resp. {)A(t, 0<t< Z}) under P, (resp. 13m)
We shall use the formula (10.5) of [21, §10] which express a precise meaning
of this property.

Consider the set

A={Z,_ =aand Z, € Ey, for some t € (o, 3)}.

Then

~

A={Z,_ € Ey and Z, = a, for some t € (&, B)},

and thus A = U A, with
reQt

AT:{a<r<B, Zg,eEo, Zt:a for some ¢t > r}.

According to (10.5) of [21, §10], P(4,) is equal to the integral of the left hand
side of (4.7) with respect to m for each rational r. Therefore P(A) = 0.

Denote by h(z) the function of # € E appearing in the left hand side of
(4.5). By (10.5) of [21, §10] again, we have

/ h(z)m(dx) =P (Z,— = a and Z; € Ey, for some t € (0,0), a <0< j)
B
<P(A) =0.

Consequently, h = 0 m-a.e. and hence q.e. on E because h is X-excessive
(cf. [5, §2]).

(iv). On account of [2, p. 59] (see also [21, Proposition 15.7] when E is a
Lusin space),

P,(0< o0, <0,) =0, whereo, =inf{t: X, =a}, we€E.
On the other hand, (A.2) and (2) imply for ¢° = o, A ( that for x € Ey,
P.(o, < 0)) <P, (o, <00,X,, - #a) < Pz(CO < 00, Xco_ € Ey) =0.
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Hence P, (0, =0.,) =1 and
p(x) =P, (¢" < 00,Xc0_ =a) =P,(0, < 0) forz € Fy.
In particular,
P(o, < o0) = /E o(z)m(dz) > 0
by (A.2) and therefore {a} is not m—poolar for X.

(v). By the strong Markov property of X ,
Gaf(x) = GOf (@) + a(2)Caf(a), @€ E.

We can take a non-negative m-integrable function f on E such that CA;af (a) > 0.

Then 1
Gof(a)(Ta,1) < (Gaf,1) = (f,Gal) < ~(f,1) < 0

«

yielding the mg-integrability of . Similar, we have u, € L'(Eg, mg). O

Theorem 4.2. Assume that X and X are two Borel right processes on E
satisfying conditions (1), (2), (3) and (4) in this section. Let {Go,a > 0}
and {Ga,a > 0} denote the resolvents of X and X, respectively. Then there
exist constants &g > 0, 50 > 0 such that

LG -mo, 1= ¢) + 60 = LO(p - mo, 1 — 3) + bo, (4.10)

and for every f € BT(E) and o > 0,

_ (Ua, £)
Gafla) = a(Ua, @) + LO(P-mo, 1 — @)+ o’ (4.11)
Gof(z) = G2 f(2) + ua(2)Gof(a) for x € Ey, (4.12)
~ _ (uonf)
Cofla) = (tt, @) + LO) (o - mg, 1 — §) + S0 (4.13)
Gof(z) = GO f(2) + Tia(2)Ga f(a) for x € Ey. (4.14)

Corollary 4.3. Borel right processes X and X onE satisfying conditions
(1)-(4) of this section are unique in law up to a parameter oy satisfying

0o Zmax{z(o)(@-mo,l—@—L(o)(go mo, 1 — ), 0}.

Proof of Theorem 4.2. In view of conditions (1)-(4) of this section and
Proposition 4.1., X satisfies the conditions (C.1)-(C.2) of §2 so that Theorem
3.2. is applicable to X.

The identity (4.12) is a simple consequence of the strong Markov property
of X applied to the hitting time o,. In order to show (4.11), we consider the
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local time ¢ = {¢;,t > 0} of X with Revuz measure d;,} and the W-valued
point process p associated with ¢ defined by (2.11). By Lemma 3.1., p under
P, is an absorbed Poisson point process and admits the representation (3.3)
in terms of a W-valued Poisson point process p defined on some probability
space (£2,P) together with its hitting time 7" of W~ U {0}.

Let n be the characteristic measure of p. Then, for any non-negative pre-
dictable process {a(t,w,w), t > 0,w € W,w € 2}, we have

E Za(s,ﬁs,&) —E

s<t

/ a(s, w,w)n(dw)ds| , (4.15)
W x(0,t]

because the compensator of p equals ¢ n(-) (cf. [23, §I1.3]).

We now proceed along the same line as in [16, Remark 4.2]. The terminal
time of w € W is denoted by ((w): for w = k,, (w) with w € 2, ((w) = g4 (w).
We put for f € BT(E)p)

. ¢(w)
fa(w) = /0 e f(w(t)dt, weW, a>0.

Note that ¢ — X;(w) has only at most countably many discontinuous points.
Thus by (2.2) and the condition (4), M (w) has zero Lebesgue measure almost
surely. So we have P,-a.s.

/0 et f(X

Z/ et (X dt—i—/T e~ f(X,)dt

s<loo £oo =
= 3 e falp) + e falpen), (416)
s<loo

which is equivalent in law to

Z e f (ph) + e_‘15(7~1_)fa(1~);)7 under P, (4.17)

where {p+,s > 0} is a Poisson point process defined by pf = p; for s €
Dy+ = {s € Dy : ps € W'} and S(s) = 3, ((P,}). The characteristic
measure of {pl, s > 0} is the restriction n™ of n on W.

First we claim that

E [670‘5(5)} = exp(—a(Uq, ¢)s). (4.18)
Since
—aS(s) _ 1 _ —aS(r) _ —aS(r—) —as(r=) | ,—al(pf) _
e 1 ; {e e } ; e { op } ,
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it follows from (4.15) that
~ s ~
E [e‘as(s)} —-1= —c/ E [e‘asm} dr,
0
with
¢
c=ntT(l-e)=n(l-e;(<o0)=n a/ e”dt; ¢ < 00
0
= a/ e “n(t < ¢ < oo)dt.
0
Due to (3.5) (see also (2.8)), we have accordingly

c= a/ eiatyt(so)dt = a(ﬂav 90)7
0

which is finite by Proposition 4.1.(v). The identity (4.18) then follows.
On the other hand, we have from Theorem 3.2. and the basic properties
of Poisson point processes,

(1) T has an exponential distribution with exponent LOY(B-mg, 1 — )+ do,
where &y is defined by (3.6).
(ii) The three objects {py,s >0}, T and pz are independent.
(iif) The law of p is = (W~ U{9}) " 'n~ = (LB mo, 1 — ) + o) 'n",
where n~ is the restriction of n on W~ U {J}.

Taking these facts and formula (4.15) for p* into account, we get from
(4.16), (4.17) and (4.18),

Gafl(a)

E|> et B) +e T fu(B7)
s<%

ZA: -~ ~
/ e-““avw‘*ds] n* (f2)
0

+B (0@ 0T) (LOG mo,1 - ) +d0) 0 (fa)

E

_ n* (fa)
(s p) + LO(@ - mo, 1 = ) + b
N n”(fo)
(Tia, ) + LO(G - mo, 1 — ) + do
n(fo)

a(ﬂm@) + L(O)(QB mOv]- - SO) + 607

which coincides with the right hand side of (4.11) because we have from
Theorem 3.2.
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n(f,) = / T e (f)dt = (G, ).

(4.13) can be obtained analogously.

Under the weak duality assumption (1), the denominators of (4.11) and
(4.13) must be equal. Since (U, ) = (ua, P) (see the first two equations in
the proof of Lemma 5.8.), we must have the identity (4.10). O

In the above proof, we did not use the property of X having no jumps
from the point a to Ep, which is proved in Proposition 4.1.(iii). But this
property reflects on the following property of the characteristic measure n of
the absorbed Poisson point process p considered in the above proof.

Proposition 4.4. n{w(0) #a} = 0.

Proof. By (4.5), we have Eo (> . 1a01s) = 0 for A = {w(0) # a} and we
get n(A) = Q*(A) =0 from (2.6) and (3.4). O

Remark 2. In this section, we have assumed that E is a locally compact
separable metric space. But all assertions in this section remain valid for a
general Lusin space E except that the identities (4.6), (4.12), (4.14) hold only
for q.e. z € Ey rather than for every x € Ej, because we need to replace
the usage of [2, p. 59] by [21, (15.7)] in the proof of (4.6). The uniqueness
statement in Corollary 4.3. should be modified accordingly in the Lusin space
case.

We also note that the expression (4.11) of the resolvent has been obtained
in [12] by a different method for a general right process X and its excessive
measure m, in which case X can be taken to be a dual moderate Markov
process. But the present proof is more useful in the next section.

5 Extending Markov Process via Poisson Point
Processes of Excursions

As in §4, let E be a locally compact separable metric space and a be a fixed
non-isolated point of E and mg be a o-finite measure on Ey := E \ {a} with
Supp[mg] = E. We extend mg to a measure m on E by setting m({a}) = 0.
Note that m could be infinity on a compact neighborhood of a in E. Let
EA = EU{A} be the one point compactification of E. When E is compact,
A is added as an isolated point.

5.1 Excursion Laws in Duality

We shall assume that we are given two Borel standard processes X° =
{X?, PY, CO} and X0 = {X’to, f’g, ZO} on FEj satisfying the following conditions.

x
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(A.1) X% and X0 are in weak duality with respect to mo, that is, for every
a >0, and f,g € BY(Ey),

/ & f(@)g(@)mo(dr) = | F(@)Cog(x)moldz),
Eq Ey

where GY and CA}’g are the resolvents of X and X Y. respectively.
(A.2) X9 and X satisfy, for every x € Ey,

P (¢° <00, X%_ € {a, A}) =PY(¢ < o0), (5.1)
f’g (ZO < o0, )?CQO— :a) >0,
P° (8) <oo, X5 €fa, A}) =P < o) (5.2)

Here, as in §4, for a Borel set B C E 4, the notation “XgL € B” means that
the left limit of ¢ — X} at t = (¥ exists under the topology of E4 and takes
values in B. R

The first condition in (5.1) (resp. (5.2)) means that X9 (resp. X°) is ap-
proachable to the point a, while the second condition in (5.1) (resp. (5.2))
implies that X° (resp. X’O) admits no killings inside Ej.

As in §4, we put for x € Ey and a > 0,

o(x) =P (" <oo, Xpo_=a) and u(z):=E) [efaco; X%_=al.
(5.3)

The corresponding notations for X0 will be designated by @ and u,. As in §2,
the X%-energy functional L) (3 - mg,v) of the X -excessive measure @ - mq
and an X Y-excessive function v is well defined. Similarly the X Y-energy func-
tional L (- myg,) is well defined. The inner product of u,v in L?(Ey, mq)
will be denoted by (u,v), that is, (u,v) = [ u(x)v(z)me(dzr). The space of
all bounded continuous functions on Ey will be denoted by Cy(Ep).
We impose some more assumptions:
(A.3) uq, Ty € L*(Eg, mg) for every a > 0.

(A.4) G f(z), éof(x), x € Ey, are lower semi-continuous for any Borel
f > 0. Here G° denotes the O-order resolvent of XY:

GO f(x) = E, [ / N f(Xt)dt] = lim G f(2)

for x € E and Borel function f > 0 on E. The 0-order resolvent GO of X0 is
similarly defined. R

‘We note that, if Gg(cb(Eo)) C Cb(Eo), Gg(cb(Eo)) C Cb(E()), a >0, then
(A.4) is satisfied by the monotone class lemma.
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The next condition will be imposed only when XY is non-symmetric,
namely, when X" # X0

(A.5) lim uy(x) = lim 4, (z) = 1, for every a > 0.

r—a

The next condition (A.6) will be imposed only when X is not a diffusion,
namely, when

P), (X{_ # X} for somet € (0,¢%) > 0.

Note that X° then has the same property in view of [21, §10]. According
to [31, (73.1), (47.10)], the standard process X° on Ej has a Lévy system
(N, H) on Ey. That is, N(z,dy) is a kernel on (Ey, B(Ep)) and H is a PCAF of
XY in the strict sense with bounded 1-potential such that for any nonnegative
Borel function f on Ey x (Eo U {Ap}) that vanishes on the diagonal and is
extended to be zero outside Fy X Fo,

B | so x| = [ [ [ seovedan) 6
0 JEg

s<t

for every x € Ep and ¢ > 0. Similarly, the standard process X0 has a Lévy
system (N, H). Let py and pg; be the Revuz measure of the PCAF H of X"

and the PCAF H of X° with respect to the measure mg on Ey, respectively.
Define

Jo(dz,dy) = N(z,dy)pg(dz) and  Jo(dz,dy) = N(x,dy)pﬁ(dx). (5.5)

The measures Jy and fo are called the jumping measure of X° and X 0,
respectively. It is known (see [18]) that

Jo(dz,dy) = Jo(dy,dz)  on Ey x Ey. (5.6)

We now state the condition (A.6).

(A.6) Either E\ U is compact for any neighborhood U of a in E, or for any
open neighborhood U; of a in E, there exists an open neighborhood Uz of a
in F with Uy C U; such that

Jo(Us\ {a}, Eo\U1) < oo and  Jo(Us \ {a}, By \ U1) < .

Throughout this section, we assume that we are given a pair of Borel
standard processes X° and X° on Ej satisfying conditions (A.1), (A.2),
(A.3), (A.4), and additionally (A.5) in non-symmetric case and (A.6) in
non-diffusion case. We aim at constructing (see Theorem 5.15.) under these
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conditions their right process extensions X, X to E with resolvents (4.11),
(4.13) respectively. Theorem 5.16. will then be concerned with some stronger
conditions (A.1)” and (A.4)’ to ensure the quasi-left continuity of the con-
structed processes so that they become standard.

We note that, if XY is an mg-symmetric diffusion on Fy, then the present
conditions (A.2), (A.3) are the same as the conditions (A.1), (A.2), (A.3)
assumed in [16, §4], while the present (A.4) is weaker than (A.4) of [16, §4]
as is noted in the paragraph below (A.4). Therefore the results of this paper
extend the construction problem treated in [16, §4] to a more general case.
However we shall proceed along the same line as was laid in [16, §4].

In Theorem 5.17. at the end of this section, we shall present a stronger
variant (A.2)’ of the condition (A.2) and prove using a time change argument
that, under the conditions (A.1), (A.2)’, (A.4) and additionally (A.5) in
non-symmetric case and (A.6) in non-diffusion case, the integrability condi-
tion (A.3) holds automatically and therefore can be dropped.

As is shown in [5, Lemma 3.1], the measure @ - mq is X"-purely excessive
and accordingly there exists a unique entrance law {; };~o for X° characteri-
zed by

@-mo=/ predt. (5.7)
0

Analogously there exists a unique X entrance law {it }+>0 characterized by

w-my = / fiedt. (5.8)
0

Further by [5, Lemma 3.1], the Laplace transforms of p, fi; satisfy

/ ¢y, f)dt = (A, /) and / O Gy, f)dt = (ug ) (5.9)
0 0

for every a > 0 and f € BT (Ep). On account of the assumption (A.3), we
then have that for every ¢ > 0,

wB) <o () <oo, and [ pu(Bds <o, [ (o) < e
’ ’ (5.10)
We now introduce the spaces W’ and W of excursions by
W' = {w : a cadlag function from (0,((w)) to Ey for some ¢(w) € (0,00]},
W= {w € W':if ((w) < oo then w(¢(w)—):= lim w(t) € {mA}} :

#1¢(w)
(5.11)

We call ¢(w) the terminal time of the excursion w.
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We are concerned with a measure n on the space W specified in terms of
the entrance law {11;, t > 0} and the transition semigroup {P?,¢ > 0} of X" by

i)

/ Fr(w(t2)) fa(w(t2)) - fu(w(tn))(des

7Nt1f1 to— t1f2 n 1 —tp_ an 1P t —tn fn, (512)

for any 0 < ¢t < to < -+ < tpn, f1,[2," -, fn € By(Ep). Here, we use the
convention that w € W satisfies w(t) := A for w € W and ¢t > {(w), and any
function f on Ej is extended to Eg U A by setting f(A) = 0. Further, on the
right hand side of (5.12), we employ an abbreviated notation for the repeated
operations

(fl to—ty <f2 tn 1—tn_2 (f”_lpgb_tnflfn> ))

Proposition 5.1. There exists a unique measure n on the space W satisfying
(5.12).

Proof. Let n be the Kuznetsov measure on W’ uniquely associated with the
transition semigroup {P?,t > 0} and the entrance rule {n,,u € R} defined
by

N =0 foru<O0 and Ny = ey for u >0,

as is constructed in [8, Chap. XIX, §9] for a right semigroup. Because of the
present choice of the entrance rule, it holds that the random birth time « for
the Kuznetsov process is identically 0 (cf. [20, p. 54]).

On account of the assumption (A.2) for the standard process X" on Ej,
the same method of the construction of the Kuznetsov measure as in [8, Chap.
XIX, §9] works in proving that n is carried on the space W and satisfies
(5.12). O

We call n the ezcursion law associated with the entrance law {u;} for
XO. Tt is strong Markov with respect to the transition semigroup {P?,t > 0}
of X°. Analogously we can introduce the excursion law n on the space W
associated with the entrance law fi; for X°.

We split the space W of excursions into two parts:

Ti={weW:{(w) <ocoand w(¢(—) =al and W~ =W\ WT. (5.13)
For w € W™, we define time-reversed path w € W’ by

(1) = w((¢ ~ )-) =lHmw(C ), 0<i<C (5.14)

The next lemma asserts that the excursion laws n and n restricted to W+
are interchangeable under this time reversion.
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Lemma 5.2. For any t; > 0 and fi € By(Sy), (1 <k <n),

{ka (t1+ - +tk)); W+} :Ntlflptogh"'Pt(i,lfnflpt(ifn%

(5.15)
{ka (t+- +te); W }_n{ka (ti+ -+ t)); W*}.
(5.16)
Proof. (5.15) readily follows from (5.12) and the Markov property of n. As
for (5.16), we observe that, for o, ,a, >0,
/ o[ e Limaktip {H Fro(w(ty +- +tk));W+}dt1---dtn
0 0
— n{P(w);¢ < 00, w((~) = a}, (5.17)

where, with t + 0 := 0,

F(w) = n! / I1 {e’“k(t’“’t’“—l)fk(w(tk))} dty -~ dt,
0<t1<-<tn<( 1
Hence, for (5.16), it suffices to prove for fi, € Cp(Ep), 1 < k < n,
n{F(w);¢ < oo, w((—) =a} =n{F(0);¢ < o0, w((—) = a}. (5.18)

Changing of variables ( —t; = s for 0 < k < n in the following expression

n

F(@) = n! /0<t1< <tn<(¢ kl;[l {e_ak(tk_tkﬂ)fk(w((g - t’“)_))} dty -~ din,

where 4 := 0, and noting that

sop=C and 0<t; <---<t,<( ifandonlyif 0 <s, <---<s1 <C(,

we obtain
F(w) = n! / H {efa’c(skflfs")fk(w(sk))} dsy ---ds,,
0<sn<<s1<C 1
=n! / Iy, .5, (w)dsy -+ - dsp,
0<5, < - <851 <00
where

n

Ty, (w) = TT e uw(sp)) | - e fi(ls1)) 10,00 (51).

k=2
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On the other hand, we get from (5.10) and the Markov property of n that
0 {L, 55, (0); ¢ <00, w((—) = a}
= 8 {fu(w(sn))em o Cn 7 f(u(sy))em 20
fiw(sn)ua, (wls)is < ¢}

n

o ap(sp_1—sk ~ 50 DO
=e€ k=2 /’LsnfnPS‘n_l—Snfn_lpsn_Q—Sn_lfn_l

P 2P il
Therefore,
0 {F(@); ¢ < oo,w((—) =a}
= [ s 68, 11 GE, - G FaGE, i
In view of (5.8), the weak duality (A.1), (5.15) and (5.17), we arrive at
w); ¢ <oo,w((—)=a}
@ mo, fuGl farrGS, - f3G5, 2G5, filla, )

F

n

—~

—~ T~

f?’L907 ng fn_ngn—l U f3G33f2G32f1a011)

NG, f2GY [+ Go, fup, Tay)

—~

- / e 1y, LG FoG0 fy - GO fupdty
0
=n{F(w); ¢ <ooand w((—) =a},

the desired identity (5.18). This establishes (5.16). O

Next we define

W, ={weW: w(l+) = ltiirglw(t) =a}. (5.19)

Lemma 5.3. n{W\W,} =0 and n{W\W,}=0.

Proof. The preceding lemma implies that
n{WH\W,} =n{W*n(w(0+) =
=n{W*n(@(+) =

=n{W'n(w(-)=a)
=0.
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We then have for each ¢ > 0
n{p(w(t)); (€ > ) N (w(0+) =a)} =n {(WT\Wa) N (¢> 1)} =0.
As ¢(x) > 0 for every x € Fy by the assumption (A.2). we conclude that
n{(W\Wy)Nn({>t}=0  forevery t >0,

and therefore n {(W \ W,)} = 0 after letting ¢ | 0. The same property of n
can be shown analogously. O

Lemma 5.4. For any neighborhood U of a in E, define
Tu(w) =1inf{t > 0:w(t) ¢ U} forw e W.
Then
n{ry <(} <oo and — n{ry <{} < oco.

Proof. We only give a proof for n. Let V' be any neighborhood of a in E. It
suffices to show
n(ry <¢) < oo
for some neighborhood U of a with U C V. We choose such U as follows. Let
us fix a relatively compact open neighborhood U; of a in E. When X is a
diffusion, we put U = V N U;. When X© is not a diffusion and the second
condition of (A.5) is fulfilled, we take Us in the condition for U; and put
U=VnUs.
By virtue of the relation

p—u = G?gp = GOy

and the assumption (A.4), the function G{¢ is lower semi-continuous on Ej.
Furthermore, since ¢ is X -excessive and strictly ~ positive by assumption
(A.2), GY¢ is moreover strictly positive on Fy. As U; is compact in E,

§:= = inf Glp(x)>0. (5.20)
IGUl\U

Since GYyp(x) = / e'P,(t< (< oo,Xgo_ = a) dt, we have
0

P,(6<(’< oo,Xgo_ =a) >4 for every x € Uy \ U. (5.21)

We shall use the notation 7y not only for w € W but also for the sample
path of the Markov process X°. Using the preceding lemma, we have

n{ry <’} = lifgn{e <<} = 1%1/ pre(dz)PO {ry < (O} =T + 11,
€ € U
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where

I:= liﬁ)l pre(dz)PY (rv < ¢°, X7 €U\ U),
€ U

Ja— 0 0 0
I1: = lim Uue(da:)Pm (v < ¢, X2 € By \Uy).

From (5.21) and (5.10), it follows that
I< mw/ pe(dz)E2 [6‘1PX9U (0 <¢” <00, Xg_ =a);
U
TU < CO, XSU EUl \U:|

<6t liﬁ)l pe(dz)PO(5 < (¥ < oo,Xgo, =a)
€ Eo

< 6‘113%1 ; pre(dz)PR(6 < ¢¥)

=6t E
§ Elffoluew( 0)
< 6 us(Ey) < oo.

IT may not vanish when X" is not a diffusion. In this case, let (N(x,dy), H)
be the Lévy system of X appearing in the condition (A.5). Note that

TU
IT=lim | pie(da)E; [ / lu(XN(XT B\ U1>st]
€ U 0

<t [ i | [T o B\ va
€ FEy 0

“tim [ pe(de) G ()
el0 Eo

where pg(dx) = 1y(z)N(z, By \ Ur)pm(dz) is the Revuz measure of the
PCAF of X°

t
Kiim [ WXONXLE\UDAH, =0,
0

and GO (z) := E, [Ko]. Note that px is a finite measure on Ey by assump-
tion (A.5). For a > 0 and x € Ey, we define

Guk(z) = E, [/ e_‘”‘th] .
0
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Observe that aG%GOuk increases to GOug as a T oo. We have, by (5.7), the
identity GO GOux = GOGOux and [21, (9.3)],

[ elin) @) = im0 [ peld) 606 c(a)
Eq Eq

oo

—tim [ (P, aGlpu)dt
a— 00 0

< lim (e, @GO pg)dt = lim (@ - mg, oG )
a— 00 0 a—00

= Jim (0G37 ix) = [ Blalunlde) < (o) < .

a— 00

Hence we get the desired finiteness of 1.
When the first condition of (A.5) is fulfilled, the first half of the preceding
proof is enough if we replace U, Uy with V, FEj respectively. 1

Lemma 5.5. n(W~) = L%%-mg,1 — ) < oo and
A(W™) =L%¢-mp,1 — ) < oo.

Proof. Since n(C >t W_) = (ug, 1 — ), the first identity follows from
[5, Lemma 3.1] by letting ¢ | 0. Take a relatively compact neighborhood U
of ain F. Since a € F and A is a one-point compactification of F, we have

{¢ <ooand w(¢—) = A} C{ry < (}. (5.22)
Hence for any ¢t > 0,
n(W~) =n{¢<oo,w((—)=A}+n{¢=o0}
<n{my <{}+n{¢>1t}
=n{ry <} + m(Eo),

which is finite by Lemma 5.4. and (5.10). The second assertion can be shown
similarly. O

5.2 Poisson Point Processes on W, U {0} and a New Process X¢

By Lemma 5.3., the excursion law n is concentrated on the space W, defined
by (5.19). In correspondence to (5.13), we define

W= {w ewt: ltif{)lw(t) = a} and W, = {w ewW™: ltilrgw(t) = a},
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so that W, = W,5 + W, . In the sequel however, we shall employ slightly
modified but equivalent definitions of those spaces by extending each w from
an Fy-valued excursion to E-valued one as follows:

W, = {w: a cadlag function from [0,{(w)) to E for some ((w) € (0, x]
with w(0) = a, w(t) € Ey for t € (0,¢(w)) (5.23)
and w(¢(w)—) € {a, A} if {(w) < co}.

Any w € W, with the properties ((w) < oo and w(¢(w)—) = a will be

regarded to be a cadlag function from [0, {(w)] to E by setting w({(w))
We further define

W, :={w: a cadlag function from [0,¢(w)] to E for some ((w) € (0,00
with w(t) € Ep for t € (0,{(w)) and w(0) = w({(w)) = w({(w)—) = a},
W, =W, \ W},
The excursion law n will be considered to be a measure on W, defined
by (5.23). Let us add an extra point 0 to W, which represents a specific
path constantly equal to A. Fix a non-negative constant dy and we assign

a point mass dy to {0} and extend the measure n on W, to a measure n
on W, U {0} by

) n(A) it Acw,
n(4) = { n(ANW,) +d if deA (5.24)

for A € W, U{9d}. The restrictions of i to W, and W, U{d} are denoted by
n* and n~, respectively.

Let p = {ps : s € Dp} be a Poisson point process on W, U {9} with
characteristic measure n defined on an appropriate probability space (£2,, P).
We then let p™ and p~ be the point processes obtained from p by restricting
to W, and W, U {0} respectively, that is,

Dp+ ={s€Dp: ps € W, and  D,- ={s€Dyp: p; € W, U{d}}.
(5.25)
Then {p},s > 0}, {p,,s > 0} are mutually independent Poisson point

processes on W and W, U {0} with characteristic measures n* and n~—,
respectively. Clearly,

P:=p; + P;-
Recall that ¢(p;") denotes the terminal time of the excursion p,". We define
J(s) = ZC(pTJF) for s >0 and J(0) := 0. (5.26)
r<s
Lemma 5.6. (i) J(s) < oo a.s. for s > 0.
(ii) {J(s)}s>0 is a subordinator with

E [e*aﬂﬂ = exp (—(Ta, ©)5) - (5.27)
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Proof. (i) We write J(s) as J(s) =1 + II with
I'= Y <) and II:= > (P
r<s, ¢(p)<1 r<s, ¢(p)>1

Since nt(¢ > 1) < u1(Ep) < oo by (5.10), 7 in the sum IT is finite a.s. and
hence IT < oo a.s. On the other hand,

E(I) = sn*(¢; ¢ <1) < snt(CAL)

1 1 1
=sn" {/0 1(070(t)dt} =s /o nt(¢>t)dt < 5/0 1 (Eop)dt,

which is finite by (5.10). Hence I < oo a.s.

(ii) This can be shown exactly in the same way as that for (4.18) in the proof
of Theorem 4.2. by using the identity (5.9).

O

In view of Lemma 5.4. and Lemma 5.6., by subtracting a P-negligible set
from 2, if necessary, we may and do assume that the next three properties
hold for every w € §2,:

J(s) < o0 for every s > 0, (5.28)
lim J(s) = oo, (5.29)

and, for any finite interval I C (0,00) and any neighborhood U of a in E,
{sel:my(pl) <((ph)} is a finite set. (5.30)

Let T be the first time of occurrence of the point process {p;,s > 0},

namely,
T =inf{s >0:s€Dp-}. (5.31)

Since by Lemma 5.5.
0~ (W, U{d}) =n(W,) +dy = L°($ - mo,1 — ) + b < o0,
we see that T" and p;. are independent and
— dist

P(T > t) = e~ (LEmol=0+00)t  anq  po M ([(5mo,1— @) +80) " .
(5.32)

We are now in a position to produce a new process X = {X;, t > 0} out
of the point processes of excursions p*.

(i) For 0 <t < J(T—), there is an s > 0 such that

J(s=) <t < J(s).
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We define
X0 {apj(t - J(s=)) ?f J(s) = J(s—) > 0j (5.33)

It is easy to see that X® is well-defined.
(ii) If p7 € W, , then we define

Cw:=JT—)+{(py) and X :=pp(t—J(T-)) for J(T—-)<t<(y.

(5.34)
(iii) If p; = 0, then we define
Co = J(T—). (5.35)
In this way, the E-valued path
(X 0<t<(}
is well-defined and enjoys the following properties:

X§ =a, iscadlagint € [0,(,) and continuous when X; = a,

and X¢ _ € {a, A} whenever (, < oc0. (5.36)

The second property is a consequence of (5.30). If p, € W, and ¢, < oo,
then X¢ = A. If T'< oo, py = 0, then T' ¢ Dy+ and hence by (5.35), we
have X¢ = Xf;(Tf)f = a. Thus the third property holds.

For this process X = {X/,0 <t < (,, P}, let us put

Gaf(a) =E

Cw
/ e“"tf(Xt“)dt] . a>0, feBE). (5.37)
0

Similarly we assign a non-negative mass go to the death path 0 and extend
the measure 1 on W, to a measure n on W,U{d}. By making use of the Poisson
point process p on W, U {8} with the characteristic measure n on a certain
probability space ({24, P), we can construct a cadlag process {X¢,0 < t <
a;,, 13) on E quite analogously. The corresponding quantity to (5.37) is denoted
by @af (a). We can then obtain the first identity of the next proposition
exactly in the same way as in the proof of Theorem 4.2. using (5.9), Lemma
5.6. and (5.32). An analogous consideration gives the second identity.

Proposition 5.7. For a >0 and f € B(E), it holds that

_ (Uo, f)
Gl = (G ) ¥ TG o T =) 165 (5:38)
Gaofla) = (Ua, /) (5.39)

(i, @) + LO(ip - mo, 1 = ) + 8o
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For a > 0 and f € B(E), define
Gof(x) := Gf(z) 4+ Gaf(a)ug () for x € Ey, (5.40)
Gof(z) := GO f(z) + Gofla)ia(z)  for z € Ey. (5.41)

Lemma 5.8. {Go, @ > 0} and {Ga, o > 0} are sub-Markovian resolvents
on E. They are in weak duality with respect to m if and only if

LO(G - mo,1 — ) + 8 = LV (g - mo, 1 — B) + do. (5.42)

Proof. By making use of the resolvent equations for G, (A?g, their weak
duality with respect to mgy and the equations

Uo () — ug(x) + (@ — B)Gup(z) =0, «a,3>0, € Ey, (5.43)
U (z) — Ug(z) + (a — B)G Ug(x) =0, o,B>0, x € Ey, (5.44)
we can easily check the resolvent equations
Gof(z) — Gaf(z) + (a — B)GaGsf(z) =0, x€E,
Gof(x) = Gaf(a) + (@ — f)GaGaf(x) =0, € E.
Moreover we get as in [16, Lemma 2.1] that

a(aaaSD)—’—a(aoul _90)
O‘(aaa@) + L((O\ mo, 1- SD) + 60
<1 —un(z)tus(z) =1, z€ Ey,

aGal(z) = aG°1(2) + ug ()

and similarly, aGy1(a) < 1.
The m-weak duality

/ G f()g(x)m(de) = / f@)Gag(e)m(dz), f.g € B (E),
E E

holds if and only if the denominators of the right hand sides of (5.38) and
(5.39) coincide. Since (Uq, @) = (uq, ®) by the above equations for uy, U, we
get the last conclusion. O

5.3 Regularity of Resolvent Along the Path of X¢

Let {U,} be a decreasing sequence of open neighborhoods of the point a in E
(o]

such that U,, D U,y and ﬂ U, ={a}. Fora>0and 0 < p <1, let

n=1

A=A, ,:={z € Ey:uy(z) < p}.
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We then define
o i=inf{t >0: X €U, NEy}, 7,:=inf{t >0: X €U,n A},

and o := lim,, o 0,, with the convention that inf ) = co. The stopping time
o may be called the approaching time to a of X0.

The next lemma can be proved exactly in the same way as the proof
of [16, Lemma 4.7].

Lemma 5.9. For any a >0, p € (0,1) and z € Ey,
lim P2 {r, <o < oo} =0. (5.45)

n—oo

Lemma 5.10. The following are ture.
(i) For any x € Ey, PY-a.s. on {o < oo},
ltiTm uo (X)) =1 for every a > 0. (5.46)

(ii) n(ANW;F) =0 where

A= {w € W, : Ja >0, lirﬁicnfua(w(t)) < 1}.
(iii) n(/T) = 0 where

A= {w €W, :3a >0, lirﬁ%nfﬂa(w(t)) < 1}.

Proof. Let 0 < p < 1. If 0 < o0 and if lim,;,uq(X{) < p, then for any small
€ > 0 there exists t € (o —¢,0) such that u,(X?) < p, and so 7, < o for all n.
Therefore by the preceding lemma

PY (limTinfua(Xf) <p, o< oo) =0.
tlo
Since u,, is decreasing in a and p can be taken arbitrarily close to 1, we obtain
(5.46).

(ii) follows from (i) as
n(ANW;) = lilrgln(/lﬂ Wrn{e<¢})
= lif{)l pe(dz) PO (lirﬁinfua(X?) <1, 0 < oo for every o > O) =0.
€ EO o

(iii) Part (ii) combined with Lemma 5.2. and a similar reasoning as in the
proof of Lemma 5.3. leads us to

n(AnNWH) =n({w e Aynw;) =0,
and also n(A) = 0. O
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Denote by QT the set of all positive rational number and by Cy(E) the
space of all bounded continuous functions on E. Let us fix an arbitrary
countable subfamily L of Cy(E). We extend functions u,(z) and GO f(x) for
f € Cy(E) to be functions on E by setting us(a) = 1 and GY f(a) = 0
respectively. Functions u, and @g f are similarly extended to E.

As u, and GY f for a non-negative f € C,(E) are a-excessive with respect
to the process X0, it is well-known (cf. [2]) that

ua(X?), GO f(X?) are right continuous in ¢t € [0,() PY—as. z¢€ L(?o. |
5.47

Suppose that X° is mg-symmetric: X9 = X°. Then Uy = Uy and hence
by Lemma 5.10.

n (1199l inf ua (w(t)) < 1) =0.

On account of (5.47) and the inequality aG91(z) < 1 — un(z), = € E, after
subtracting a suitable n-negligible set from W, if necessary, we may and do
assume that, for any f € L, a € QT,

e (w(t)) and G f(w(t)) are right continuous in ¢ € [0,¢) for w € W,,
ba(w(C=)) = 1, G F(w(C—)) = 0, for w € W (5.43)

When X° is non-symmetric, u, # U, and the above argument does not
work. However, since we have assumed in this non-symmetric case the condi-
tion (A.5), the above property (5.48) holds by Lemma 5.3.

Lemma 5.11. Let 0 < p <1 and set, for a > 0,

Wp = {w e W, sup {1 —ua(w(t))} > p} .
0<t<¢

Then nt(W,) < co.
Proof. Define § := —1 log(1—£) > 0. For any  with 1 —uq(z) > p, we have
Plc>6)>E)[1—e*0>0] =E)[1-e ] -E)[1-e ;0 <]
21— ua(@) —(1—e ) 2 p— (1—e ) = 2.
Therefore if we define

Ti=inf{t>0: 1—us(w(t)) > p},

then for any neighborhood U of a,
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nt(W,) =n*(r < (%) = 1if{)1n+(e <7<

=1lim [ p(de)Po(r < (Y < o0)
610 EO

< liminf/ pe(dz)E2 Ki) PYo(o > 6);7 < CO}
Eq T

el

IN

2
Sliminf [ p(dr)Poo > 6, ¢° < 00)
p o elo JE,

2 2
Slim [ pe(dz)PUCY > 6) + S lim [ pe(dr)PC° < 00, Xeoo = A)
p elo JE, p elo JE,

IN

2 2
< —lim pes5(Ep) + —n(my <€),
_pewuw( 0) 5 (tr < Q)

which is finite in view of (5.10) and Lemma 5.4. O

In last subsection, we have constructed a process X = {X7,t € [0,(,)}
starting from a out of the Poisson point processes p™ and p~ on W, and W, U
{0} defined on a probability space ({2, P), respectively. A process {)?f, t e
[0, E@)} can be constructed similarly.

Proposition 5.12. Let v(x) = G, f with f € Cy(E) be defined by (5.38) and
(5.40). Then v(X) is right continuous in t € [0,(,) and is continuous when

Xt = a for every f € L and every o € Q7T P-a.s. An analogous property holds
for X¢.

Proof. We already saw that the functions u, and G f for f € L, a € QF,
have the property (5.48) along any sample point functions of p* = {p, s > 0}
and p~ = {p;,s > 0}. Moreover, by Lemma 5.11., after subtracting a suitable
P-negligible set from 2 if necessary, we can assume that, in addition to the
properties (5.28), (5.29) and (5.30), p™ satisfies the following property for
every sample point w € §2: for any finite interval I C (0,00) and for any

p€(0,1),

sel: sup (1—us(pi(t))>py isa finite set. (5.49)
0<t<¢(pd)

Combining this with the inequality aG21(z) < 1 — us(z), x € E, it is not

hard to see that us(X), GYf(X?) and hence v(X}) enjoy the properties in
the statement of the proposition. O
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5.4 Constructing a Standard Process X on Ey U {a}

Combining the given standard process X? on Fy with the process X¢ con-
structed and studied in the last two subsections, we can now construct a right
process X on E := Ey U {a} whose resolvent coincides with {Gq, o > 0}
defined by (5.38) and (5.40). We will only do the construction of X. But
obviously the analogous procedure allows us to construct out of X0 a right
process X on E with resolvent given by (5.39) and (5.41), and these two right
processes on £ are in weak duality with respect to m if and only if their killing
rates g and dp at a satisfy the relation (4.10).

With the preparations made in the last subsections, we can now just fol-
low the corresponding arguments in [16, §4] without any essential change to
construct the desired process X on FE.

First, using the approaching time o to a of X defined in the beginning of
the last subsection, we define P, f(z) for t > 0,z € E, f € B(E), as follows:

Pifa) :=E(f(X{); t <Cu), (5.50)
Pif(x) := P2 f(2) + B2 [Py f(a); o <] forx € Ey.  (5.51)

Evidently the Laplace transform of P; equals the resolvent G, in view of (5.37)
and (5.40) and we can see exactly in the same way as the proof of [16, Lemma
4.10] that {P;, t > 0} is a sub-Markovian transition semigroup on E:

Pt+3:PtP3 with Pt1§1 fOI‘t,S>O.

Proposition 5.13. (i) X* ={X?,0<t < (,,P} is a Markov process on E
starting from a with transition semigroup {P:,t > 0}.

(ii) P(o, = 0, 7, = 0) = 1, where 0, = inf{t > 0 : X7 = a} and
Ta = ll’lf{t >0: X? c E()}.

Proof. The proof of [16, Proposition 4.4] still works to obtain the first asser-
tion (i). The only places to be modified in the proof are to replace L(mqg,)
appearing there with L°($ - mg, 1 — ) + &g in the present case.

The second assertion (ii) follows from (i) and Proposition 5.12. just as the
proof of [16, Lemma 4.12]. O

In §5.1, we have started with a standard process

X' ={Xx?, 0<t<(" P

T

ZCEE()}

on Ey, where PY,
say £2°.
In §5.2, we have constructed a cadlag process

x € Ey, are probability measures on a certain sample space,

X*={X{(), 0<t < (v, P}
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on F starting from a by piecing together excursions away from a, where P is
a probability measure on another sample space, say {2, to define the Poisson
point process with value in (W, U {9}, n).

For convenience, we assume that (2° contains an extra path 5 with
PY({n}) = 0 for every x € Ey, and we set P) = §,,, n representing the constant
path taking value a identically.

We now define

2=0x, P,=P’xP forzckE. (5.52)

Note that (°(w?) < o(w?) and (°(w°) = o(w®) when o(w®) < oo. For w =
(W0, w') € 12, let us define X; = X,(w) as follows:

(1) When w° € £2°\ {n},

B X2 (wW0) 0<t< (W) <o) <oo
Xe(w) = X w0y (@) o(w?) <t < oW’ + (v, if o(w?) < cc.
(5.53)
(2) When w° =7,
Xi(w) = X (w') for 0 <t < (. (5.54)

The lifetime ((w) of X;(w) is defined by

CO(WO) if U(WO) — o0,
((w) = {a(wo) T+l if o(w) < 0. (5.55)

Combining Proposition 5.13.(i) with the Markov property of {X?, ¢ > 0,
PY. x € Ey}, we readily get as in [16, Lemma 4.13] the next lemma:

Lemma 5.14. X ={X;, 0<t <, P,, x € E} is a Markov process on E
with transition semigroup {P;,t > 0} defined by (5.50) and (5.51).

The resolvent {G,, a > 0} of the Markov process X is defined by
Gaof(r) = Eq {/ e_o‘tf(Xt)dt} , reFE, a>0, feB(E). (556)
0

The resolvent of X is denoted by G2.
Theorem 5.15. The process X enjoys the following properties:

(i) X is a right process on E. Its sample path {X;, 0 <t < (} is cadlag on
[0,00), continuous when Xy = a and satisfies

Xco €{a,A} when (< oo.

(ii) The point a is regular for itself with respect to X in the sense that for
the hitting time o, = inf{t > 0: X; = a}

P.(o, =0)=1.
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(iii) X© is identical in law with the subprocess of X killed upon hitting a.
(iv) The resolvent Go f admits the expression (5.38) and (5.40) for f € B(E).
(v) If X° is a diffusion on Ey, then X is a diffusion on E.

Proof. (iv) follows from Lemma 5.14. and a statement next to (5.51).
(i). On account of (A.1), we may assume that

X2(w°) is cadlag in t € [0,¢%(w?)) and
Xg()(wo)_(wo) € {aU A} when ¢°(w°) < oo,

for every w® € 0. We have already chosen 2’ in a way that {X¢(w’), 0 <
t < (.} has the property (5.36). Hence the sample path ¢ — X;(w) has the
stated property in (i).

Take a countable linear subspace L of Cy(F) such that, for any open set
G C F, there exist functions f, € L increasing to I5. We then see from the
expression (5.40) of G, f, (5.47) and Proposition 5.12. that, for any v = G, f
with f €L, a € Q™,

v(Xy) is right continuous in ¢ € [0,() P, -a.s. for z € E.

Therefore X is strong Markov by [2, p. 41].
(ii) follows from Proposition 5.13.(ii).
(iii) and (v) are also evident from the construction of X. O

The right process X in the above theorem becomes a standard process if
either condition (A.1) or (A.4) is replaced by the following stronger counter-
part, respectively:

(A.1)’ X° and X are standard processes on Fjy in weak duality with
respect to m and

every semipolar set is m-polar for X°. (5.57)
(A.4)’ For any a > 0, uq, Uy € Cy(Ep) and
Go(Ch(Eo)) € Co(Eo), Go(Co(E)) € Cy(Eo).

We note that condition (5.57) is automatically satisfied if X© is
m-symmetric or more generally if the Dirichlet form of X° on L?(Egy;mo)
is sectorial (cf. [4]). (A.4)’ implies (A.4) as we noted right after the state-
ment of the latter. Recall that a right process is called a standard process if
it is quasi-left continuous up to the lifetime.

Theorem 5.16. (i) Suppose that the standard processes X° and X0 on FEy
satisfy (A.1), (A.2), (A.3), (A.4)’ and additionally (A.5) in non-symmetric
case and (A.6) in non-diffusion case. Then the right process X on E in
Theorem 5.15. is quasi-left continuous up to the lifetime.
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(ii) Suppose that the standard processes X° and X0 on E, satisfy (A.1),
(A.2), (A.3), (A.4) and additionally (A.5) in non-symmetric case and
(A.6) in non-diffusion case. Then the right process X on E in Theorem 5.15
s quasi-left continuous up to the lifetime for X-q.e. starting point v € E.

Proof. (i) If condition (A.4)’ is satisfied, then along any cadlag path of X,
we trivially have

limua (X?) = ua (X)) and ligngf(Xg) =GY%(X; ) for t € (0,¢),

sTt

(5.58)
for any @ > 0 and f € Cp(Ep). Combining this with Lemma 5.10.(i) and
Lemma 5.11., we easily see as in the proofs of Proposition 5.12. and Theorem
5.15.(1) that

11%1 Gof(Xs) =Gof(Xi—), te€(0,¢), Py-as. (5.59)

for any # € F and for any a > 0, f € Cy(E), from which the quasi-left
continuity of X follows.

(ii) Here we use the terminologies adopted in [5]. From condition (A.1)’, we
can deduce as in [5, Lemma 2.2] that (5.58) holds P%-a.s. for X%-q.e. z € Fj
for each a@ > 0 and each f € Cy(Ep). In particular, there exists a Borel set
B C Ey with m(B) = 0 such that Ey \ B is X%invariant and (5.58) holds
PY-a.s. for any € Ep\ B and for any o € QT, f € L, where L is a countable
subfamily of Cy(Ep).

Let us observe that the set E'\ B is invariant for X of Theorem 5.15. Since
the restriction of X° to the Lusin space Ey \ B is a standard process again,
the entrance law {us,t > 0} uniquely characterized by the equation (5.7) is
carried by FEy \ B for every t > 0 and accordingly the excursion law n of
Proposition 5.1. is carried by the path space (5.23) with E, Ey being replaced
by E\ B, Ey\ B respectively. Hence E \ B is X-invariant by the construction
of X.

Now we can see by the same reasoning as in the proof of (i) that (5.59)
holds for any 2 € E'\ B and for any o € QF, f € L. Taking L as in the proof
of Theorem 5.15.(i), we conclude that X is quasi-left continuous for every
starting point z € E '\ B. a

To formulate the last theorem in this section, we need the following
stronger variant (A.2)’ of the condition of (A.2):

(A.2)’ For every x € Ey,

P)(¢" <00, X =a) >0, P)(X¢_ €{a,A}) =1,

P2((° < oo, A%_ ) >0, 132(1107 €{a,A})=1.

Il
S
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Theorem 5.17. We assume that mo(U N Ey) < oo for some neighborhood
U of a in E. Suppose that the pair of standard processes X° and X0 on
Ey satisfy the conditions (A.1), (A.2)’, (A.4) and additionally (A.5) in
non-symmetric case and (A.6) in non-diffusion case. Then the integrability
condition (A.3) is fulfilled by X° and X0,

Proof. Notethat the condition (A.3) holdsifmg(Ey) < co. Whenmg(Ey) = oo
let v(x) be a continuous function on Ej such that 0 < ~(z) < 1 on Ej,
v(z) =1lonUN Ey and [ ~(x)mo(dzr) < oco. Define for ¢ > 0,

Tt ::inf{s>0:/7(X$)dr>t}
0

ﬂ::inf{s>0:/7()??)dr>t}.
0

Then the time changed processes Y = {Y}? := X? /¢ > 0} and YO = (Y0 .=
X%, t > 0} are standard processes on Ej satisfying (A.1) with respect to the

and

finite measure g = v(z)mg(dx). Clearly condition (A.3) holds for Y° and
the reference measure ug. Note that since y(z) < 1, we have

w>t and T >t for every t > 0.

Let GaYO denote the 0-order resolvent of Y. It is easy to check that for any
non-negative Borel function f on Fy, GY° f = G°(vf). Therefore Y° and yo
inherit the conditions (A.2)’, (A.4) and in non-symmetric case (A.5) from
X0 and X°.

Let (N, H) be a Lévy system of X°. Since its defining formula (5.4) remains
valid with the constant time ¢ being replaced by any btoppmg tlme it follows
from it and a time change that Y° has a Lévy system (N, HY ) where

th0 =H,, for every t > 0.

According to [10, Theorem 6.2], the correspondence between PCAF and its
Revuz measure is invariant under a th‘lCtly increasing time change. Therefore
the Revuz measure of the PCAF of HY" with respect to the measure pg is
the same as that ug of PCAF H of X with respect to the measure m. Hence
Y? has the same jumping measure Jo(dz,dy) := N(z,dy)um(dy) as that of
XY, The same applies to Y0. Therefore Y° and Y° also inherit the condition
(A.6) from X° and X0,

Thus by Theorem 5.15., there are duality preserving standard processes Y’
and Y on E = Ey U {a} Cxtcndmg Y? and Y°. Define for ¢ > 0,

o ::inf{s>0: / 'y(YT)_ldr>t}
0
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and .
o = inf {s >0: / ’y(?})_ldr > t} .
0

Then X = {X; := Y,,,t > 0} and X = {X; := Y5, ¢ > 0} is a pair of
standard processes on E in weak duality with respect to m. Clearly X and X
extend XY and X, they spend zero Lebesgue amount of time at {a}, and for
X and Y, a is a regular point for {a}. Therefore by Proposition 4.1.(v), X°
and X° must have the property (A.3). O

Remark 3. In this section, we have assumed that E is a locally compact
separable metric space, a is a non-isolated point of E and A is added to FE
as a one-point compactification. This assumption is used only to have (5.20)
and (5.22).

The local compactness assumption on E can be relaxed and be replaced
by the following conditions. Let F be a Lusin space and a a non-isolated point
of E and mg be a o-finite measure on Ey := F \ {a}. Let A be a cemetery
point added to E. Let X 0 and X9 be Borel standard processes on Fy with
lifetimes ¢° and ¢°, respectively.

We say X?o_ = a if lim;y¢0 X = a under the topology of I, and Xgo_ =A
if the limit lim;co X; does not exist in the topology of E. The same applies
to the process X0,

Let {FP,t > 0} be the minimal admissible completed o-field generated
by X°. We assume X° and X satisfy the conditions (A.1), (A.4)’ and
additionally (A.5) in non-symmetric case and (A.6) in non-diffusion case.
We also assume, instead of (A.2), that

(A.2)” There is an open neighborhood U; of a such that its closure U; is
compact in F. Further

¢% is {FP}-predictable, ¢(x) > 0 on Ep, and liminf ¢(x) > 0, (5.60)

(¥ is FO-predictable, $(z) > 0 on Ey, and liminf 3(z) >0, (5.61)

where ¢ is defined by (5.3) and ¢ is defined analogously for X0,

We claim that under the above assumptions, all the main results in this
section, including Theorem 5.15., remain true. Note that the existence of
an open neighborhood U of a with U; being compact in E guarantees the
validity of (5.20). So it suffices to show that (5.22) holds almost surely under
measure n for some neighborhood U of ¢ under condition (5.60). As ¢ :=
liminf, ., ¢(xz) > 0 and ¢ is lower semi-continuous by (A.4)’, U := {x €
Ey : ¢o(x) > ¢/2} U{a} is an open neighborhood of a. On the other hand, for
x € Ey, we have P%-a.s. on {t < (°},

o(X{)=E

v l{CO<oo and X[C)Oi:a} FE} :

534



Extending Markov Processes in Weak Duality 191
As ¢V is {FP}-predictable, it follows that

lim p(X;) =1

£1¢0 {co<oo and x9; =a} P,-a.s. for every x € Ej.

Hence
{CO < oo and Xgo_ = A} C {78 < CO} P,-a.s. for every x € Fj.

Here 7 := inf{t > 0: X? ¢ U}. This shows that (5.22) almost surely under
measure n. Since condition (A.2)” is invariant under the strict time change
as in the proof of the preceding theorem, condition (A.3) is automatically
satisfied. This proves our claim.

Note that condition (5.60) is weaker than the following condition

P? (¢° < 00) =PY (¢° < oo, XEL =a) for every = € Ej. (5.62)
t

6 Examples and Application

Several basic examples of Theorem 5.15. have been exhibited in [16, §6] when
X0 are symmetric diffusions on Ey in which cases their extensions X are
symmetric diffusions on E by [16, Theorem 4.1] there or by Theorem 5.15.(v)
of the present paper. In this section, we first consider a simple case where X© is
of pure jump type and admits no killings inside Ej. A typical example of such
a process is a censored stable process on an Euclidean open set studied in [3].
We then consider the case that X is an absorbing barrier non-symmetric
diffusion on an Euclidean domain. As an application, we finally consider an
extension of X by reflecting at infinitely many holes (obstacles).

6.1 Extending Censored Stable Processes in Euclidean Domains

Let D be an open n-set in R™, that is, there exists a constant C; > 0 such
that
m(B(z,r)) > Cy 1" forallz € Dand 0 <r <1.

Here m is the Lebesgue measure on R”, B(z,r) :={y € R": [z —y| < r} and
|| is the Euclidean metric in R™. Note that bounded Lipschitz domains in R™
are open n-set and any open n-set with a closed subset having zero Lebesgue
measure removed is still an n-set. For an n-set D (which can be disconnected),
consider for 0 < o < 2 the Dirichlet space defined by

F = {u € L*(D;dx) : /DXD dedy < OO} )
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B B 3 1) L R M
DxD |z — gyt
. a2%~ II“("‘*'") n .. ..
with A, o, = —r7+—2. When D = R", (£, F) is just the Dirichlet form on

/20 (1—
L?(R", dx) of the symmetrlc a-stable process on R™.

We refer the reader to [3] for the following facts. The bilinear form (&, F)
is a regular irreducible Dirichlet form on L?(D;1p(x)dx) and the associated
Hunt process X on D may be called a reflected a-stable process. It is shown
in [6] that X has Holder continuous transition density functions with respect
to the Lebesgue measure dz on D and therefore X can be refined to start
from every point in D.

The process X = (X, PY, (%) obtained from X by killing upon leaving D
is called the censored a--stable process in D, which has been studied in detail
in [3]. The process X is symmetric with respect to the Lebesgue measure and
its Dirichlet form on L?(D,dx) is given by (€, F°), where FY is the closure
of C¢(D) in F with respect to & := € + (-, *)12(D,dx)- The process X9 has no
killings inside D in the sense that

P, (CO < oo and Xgo_ € D) =0 for every x € D.

Let 7p := inf{t > 0: X, ¢ D}. Note that for 3 > 0, ug(z) = E, [e777)]
is a B-harmonic function of X° and so it is continuous on D (see [ (3.8)]).
For any bounded measurable function f on D, we extend its definition of D
by defining f(z) = 0 on 0D. By [6], Gof(z) = E, [[;° e P f(Xy)dt] is a
continuous function on D. Applying strong Markov property of X at its first
exit time 7p from D, we have for G%f(x) =E, [ OTD e PLF(Xy)dt],

Ghf(z) = Gaf(z) — By [e PP Gaf(X,,)] for z € D.

Since z — E, [e7#"?Gf(X;,)] is a B-harmonic function of X? and thus
it is Contmuous on D, we conclude that G9 3/ 1s continuous on D. Hence the
conditions (A.1) and (A.4)’ in §5 are always satisfied for censored a-stable
process in any open n-set D. In view of [15, §5.3], a Lévy system of X0 is
given by (N(z,dy),dt) with

N(z,dy) =2A,4 |z — y|_("+a)dy

and the condition (A.6) of §5 is clearly satisfied.

Note that if D is an open subset of D, then X and its subprocess killed
upon leaving D have the same class of m-polar sets in Dy. If a closed set
I' C 0D has a locally finite and strictly positive d-dimensional Hausdorff
measure when n > 2 and is non-empty when n = 1, then by [3, Theorem 2.5
and Remark 2.2(i)]

or(z) = P2 < oo, Xgo_ er >0 for every x € D (6.1)

if and only if « > n —d when n > 2 and o > 1 when n = 1.
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In the following D C R™ is a proper open n-set, I is a closed subset of
0D that satisfies the Hausdorft dimensional condition proceeding (6.1). The
topology on D* = D U {a} will be defined in the following three special cases
separately.

(i) Disanopen n-set, I' = 9D, and o € (n—d, n). Let D* be the one point
compactification of D. Note that ¢(x) = 1 on D with D is bounded, and
0 < ¢ <1on D when D is unbounded with compact boundary.

(ii) D is an n-open set having disconnected boundary dD. A prototype is
a bounded domain D with one or several holes in its interior. Suppose
that 0D = I"U Iy, where I and I, are non-trivial disjoint open subsets
of 0D, with I" being compact and satisfying the Hausdorff dimensional
condition proceeding (6.1) and o € (n—d, n). In this case, 0 < pp(z) <1
for z € D. We prescribe a topology on D* as follows. A subset U C D*
containing the point {a} is a neighborhood of a if there is an open set
U; C R? containing Iy such that U3y N D = U \ {a}. In other words,
D* = DU {a} is obtained from D by identifying I" into one point {a}.

(iii) « > 1 =n, D = (0,00) and I' = {0}. In this case pr(z) = 1. D* =
[0, 00).

In every case, condition (A.2)” in §5 is fulfilled. Indeed the first half of
(A.2)’ follows from (6.1). Its second half can be also verified although the
proof will be spelled out elsewhere. Consequently, condition (A.3) is auto-
matically satisfied by Theorem 5.17.. Therefore, in each case, we can construct
the extension X on D* of X° on D satisfying the properties of Theorem 5.15.
by means of the Poisson point process around {a}. X is a standard process
by Theorem 5.16. but admits no jump from D to a nor from a to D.

In case (iii), X coincides with the process on [0,00) considered in the
beginning of this section and may be called a reflecting a-stable process. But
it differs from the two closely related processes on [0, 00) that are defined by
the symmetric a-stable process z; on R as

XM = S v
. ) ’
Ty — lnfaogsgt Ts t> oo

and investigated in detail by S. Watanabe [W], because both X and X
admit jumps from (0, 00) to 0.

Note that given an open n-set with disconnected boundary, extensions in
case (i) and (ii) can be different. For example for D = {z € R™": 1 < |z| < 2}
with I := {x € R" : |z| = 1}, the process X in case (ii) is transient and gets
“birth” only when X° approaches I', while in case (i), the extension process
is conservative and gets “birth” when X approaches 9D.
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6.2 Extending Non-Symmetric Diffusions in Euclidean Domains

Let D be a proper domain in R™ and m be the Lebesgue measure on D.
Assume that 9D is regular for Brownian motion, or, equivalently, for %A. Let

L

T (“”a >+Zb

where a : R — R? @ R” is a measurable, symmetric (n x n)-matrix-valued
function which satisfies the uniform elliptic condition

A71In><n S CL() S )\Inxn

for some A > 1 and b = (by,---,b,) : R® — R™ are measurable functions
which could be singular such that

" —0onD.

1p|b]* € K(R™), Z am

Here K(R™) denote the Kato class functions on R™. We refer the reader to [7]
for its definition. We only mention here that L?(R", dz) C K(R"™) for p > n/2.

Let X© be the diffusion in D with infinitesimal generator £ with Dirichlet
boundary condition on dD. It is clearly that X Y has a weak dual diffusion
X% in D with respect to the Lebesgue measure m on D whose generator
is L*, the dual operator of £ with Dirichlet boundary condition on 0D so
that X0 satisfies condition (A.1). The conditions (A.4)’, (A.5) are satisfied
by [7, Lemma 5.7 and Theorem 5.11]. Condition (A.2)’ is also satisfied. Its
first half is clear and the proof of the second half will be spelled out elsewhere.
So condition (A.3) is automatically satisfied by Theorem 5.17. and we can
apply Theorem 5.15. to construct a weak duality preserving diffusion extension
X of X° to D* := D U {a}, where the topology on D* can be prescribed as
in the three special cases (i)-(iii) in §6.1.

6.3 Extending by Reflection at Infinitely Many Holes

In this paper, we restrict ourself to consider duality preserving one-point
extension of standard processes X° and X°. The method of this paper allows
us to do finite many points {a1,---,a,} or countably infinite many points
{a1,-- ,an, -} extensions, with an obviously modified conditions on a;’s
and with no killings at nor direct jumps between {a1, as, - -}, provided that
X0 is symmetric (that is, X° = X°). One way to do it is to do one-point
extension one at a time. We leave the details to the interested reader.
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Thus, for example, consider a domain D C R™ whose complement R™ \ D
consists of a countable number of strictly disjoint, non-accumulating compact
holes {K1, Ks,---}. Let D* := D U{ay,as,---} be the topological space ob-
tained by shrinking each set K; to a point a; and adding all of them to D. Let
D§ = D and for each ¢ > 1, we define D} := D}, U {a;}, the space obtained
by adding K; to D} ; as one point just as in (ii) of §6.1. Given an appropriate
symmetric Markov process X° on D, for i > 1, the extension X’ to D} can
be constructed from X*~!' on D} ; by means of Theorem 5.15 with y = 0.
The extension X of X° on D to D* := D U {ay,as,---} is obtained as the
limit of X*’s. The process X is then symmetric on D* and its Dirichlet form
may be described in terms of the Feller measure for X° on D studied in detail
in [4,13,25].
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